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Preface

Let M be a compact m dimensional Riemannian manifold with smooth
boundary @M . Let V be a smooth vector bundle over M . Choose a system
of local coordinates x = (x1; :::; xm) for M and a local trivialization of V . We
say that a second order partial di�erential operator D on C1(V ) is of Laplace
type if locally we can express

D = �
 X

��

g�� � Id @2

@x�@x�
+
X
�

A� @

@x�
+B

!
:

Here A� and B are matrix valued. The condition that D is of Laplace type
is invariantly de�ned; it neither depends on the particular coordinate system
which was chosen nor on the particular trivialization of V which was chosen.
Equivalently, D is of Laplace type if the leading symbol of D is scalar and
given by the metric tensor.
Let DB be the realization of an operator D of Laplace type with respect to

a suitable boundary condition. Let � 2 C1(V ) describe the initial temper-
ature distribution. Since DB is strongly elliptic, the subsequent temperature
distribution u := e�tDB� for t � 0 is characterized by the equations:

(@t +D)u = 0; ujt=0 = �; and Bu = 0 :

Let � 2 C1(V �) be the speci�c heat of the manifold and let dx be the
Riemannian measure on M . The total heat content

�(t) :=

Z
M

e�tDBh�; �idx

has a complete asymptotic expansion as t # 0 of the form:

�(t) �
1X
n=0

�n(�; �;D;B)tn=2:

The operator e�tDB is of trace class on L2(V ). Let F be a smooth smearing
endomorphism which is used for localization and for recovering divergence
terms. As t # 0 there is a complete asymptotic expansion of the form:

Tr L2(Fe
�tDB) �

1X
n=0

an(F;D;B)t(n�m)=2:
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vi Preface

Both the heat content coeÆcients �n and the heat trace coeÆcients an are lo-
cally computable. The determination of these coeÆcients for various boundary
conditions will comprise the remainder of this book. In Chapter 1, we outline
the analytic and di�erential geometric preliminaries we shall need. In Chapter
2, we study the heat content coeÆcients �n, and in Chapter 3, we study the
heat trace asymptotics an.
The research for this book was partially supported by the N.S.F. (USA)

and the M.P.I. (Leipzig, Germany). It is a pleasant task to acknowledge useful
conversations with L. Davis, S. L�opez Ornat, J. H. Park, I. Stavrov, and G.
Steigelman. The book is dedicated to my mother M. R. Gilkey and father J.
G. Gilkey.
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Chapter 1

Analytic preliminaries

1.0 Introduction

In Chapter 1, we present the necessary di�erential geometric and analytic facts
which we shall need in Chapter 2 and in Chapter 3. Throughout this book, we
shall let M be a smooth compact m dimensional Riemannian manifold with
smooth boundary @M ; we say M is a closed manifold if @M is empty. We
adopt the Einstein convention and sum over repeated indices.
In Section 1.1 we introduce some of the notions from di�erential geometry

that we shall need. We discuss the Levi-Civita connection, the Riemann curva-
ture tensor, geodesic normal coordinates, and the second fundamental form.
We study the interior and the boundary geometries. We introduce Cli�ord
module structures and show that there exist compatible connections.
Let x = (x1; :::; xm) be a system of local coordinates on M . Let @x� := @

@x�
and g�� := g(@x�; @

x
� ). Let g

�� be the inverse matrix; if Æ�� is the Kronecker
symbol, then g��g�� = Æ�� . Let dx be the Riemannian measure.
Let V be a smooth vector bundle over M . We denote the space of smooth

sections to V by C1(V ). By an abuse of notation, we will let C1(M) denote
the space of smooth functions on M . Let C10 (V ) denote the space of smooth
sections to V with compact support in the interior of M . Choose a local
trivialization of V . We say that a second order partial di�erential operator D
on C1(V ) is of Laplace type if locally D has the form

D = �(g��Id@x�@x� + a�@x� + b) :

A �rst order operator A is said to be of Dirac type if A2 is of Laplace type.
We may expand any �rst order operator in the form

A = 
�@x� + � :

The operator A is of Dirac type if and only if 
 := f
�g gives V a Cli�ord

1
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2 Analytic preliminaries

module structure; this means we have the commutation relations


�
� + 
�
� = �2g��Id V :

In Section 1.2, we shall study the geometry of operators of Laplace type and
the geometry of operators of Dirac type. We show that an operator of Laplace
type can be completely described by the data (g;r; E) where the Riemannian
metric g describes the leading symbol, the connection r on the auxiliary
vector bundle V corrects the �rst order terms, and the endomorphism E
of V is the invariantly described 0th order part of the operator. We then
introduce the dual structures de�ning the dual operator on the dual bundle.
We express the form valued Laplacian in terms of this formalism; this recovers
the Weitzenb�ock formula. We conclude Section 1.2 with a brief discussion of
some of the singular structures which appear in transmission and transfer
boundary conditions.
Section 1.3 deals with questions of interior ellipticity. Let M be a closed

Riemannian manifold. We de�ne the symbolic spectrum Spec�(P ) of a partial
di�erential operator P ; P is said to be elliptic if 0 =2 Spec�(P ). Note that
operators of Laplace type and of Dirac type are elliptic. We discuss elliptic
regularity and describe the discrete spectral resolution of a self-adjoint elliptic
operator. If the symbolic spectrum of P is (0;1), we de�ne the fundamental
solution of the heat equation e�tP . We introduce the heat trace asymptotics
in this context and relate these invariants to index theory.
Applying these results to the form valued Laplacian then yields a local

formula for the Euler-Poincar�e characteristic of the manifold that we will
use subsequently in Section 1.9 to give a heat equation proof of the Chern-
Gauss-Bonnet theorem. We conclude Section 1.3 by discussing the heat con-
tent asymptotics.
If the boundary of M is not empty, we must introduce suitable boundary

conditions. In Section 1.4, we de�ne the generalized Lopatinskij-Shapiro con-
dition we shall use to discuss the notion of ellipticity with respect to a suitable
complex cone. We then focus the discussion on the context of �rst order oper-
ators of Dirac type and on second order operators of Laplace type. We discuss
the dual boundary condition for the dual boundary operator and the Green's
formula. We extend the heat trace and the heat content asymptotics to the
context of elliptic boundary value problems.
In Section 1.5 we introduce some of the various boundary conditions we shall

be considering in this book in more detail. We begin by discussing the clas-
sical boundary conditions; these are Dirichlet, Neumann, Robin, and mixed
boundary conditions. Note that absolute and relative boundary conditions,
which appear in the study of the de Rham complex, are special cases of mixed
boundary conditions. In Section 1.6, we discuss bag boundary conditions and
spectral boundary conditions; these are boundary conditions which arise in
the study of operators of Dirac type. Transmission and transfer boundary
conditions are introduced. These boundary conditions arise in the study of
certain heat conduction problems. Oblique boundary conditions are also dis-
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Riemannian geometry 3

cussed. Each of these boundary conditions is shown to satisfy the ellipticity
conditions discussed in Section 1.4.
Section 1.7 gives a brief introduction to invariance theory. We describe the

�rst and second main theorems of invariance theory due to H. Weyl. We
use dimensional analysis and the �rst main theorem of invariance theory to
discuss various spaces of local invariants of a Riemannian manifold which arise
in Chapter 2 and in Chapter 3 in the study of the heat content and the heat
trace asymptotics.
In Section 1.8, we begin our study of the heat supertrace asymptotics of the

Witten Laplacian by using the second main theorem of invariance theory to
obtain spanning sets for certain spaces of invariants which arise in this context.
We shall conclude our study of these invariants subsequently in Section 3.8.
We conclude Chapter 1 with Section 1.9 where we use the results established
previously to give a heat equation proof of the Chern-Gauss-Bonnet theorem
for manifolds with boundary.

1.1 Riemannian geometry

1.1.1 The interior geometry

Let M be a compact smooth Riemannian manifold of dimension m with
smooth boundary @M . We adopt the following indexing conventions. Let
x = (x1; :::; xm) be a system of local coordinates on M . We let Greek in-
dices �, �, etc. range from 1 through m and index the coordinate frames @x�
and dx� for the tangent bundle TM and cotangent bundle T �M , respectively.
Let g�� := g(@x� ; @

x
� ). We use the metric to identify the tangent and cotangent

bundles and thereby extend the metric to T �M . Let g�� be the inverse matrix
and let � = ��dx

� be a cotangent vector. Then

j�j2 = g������ :

The Riemannian measure on M is given by

dx :=
p
det g��dx

1:::dxm :

If M has non-empty boundary @M , the Riemannian measure dy of @M is
de�ned similarly.
Let r be the Levi-Civita connection of M . We shall also use the notation

rM or rg occasionally when it is necessary to specify the manifold or geom-
etry under consideration. Let � denote the associated Christo�el symbols of
the �rst and of the second kind

g(r@x� @
x
� ; @

x
�) = ���� where ���� = 1

2 (@
x
� g�� + @x�g�� � @x�g��);

r@x� @
x
� = ���

�@x� where ���
� = g�"���"; and (1.1.a)

r@x� dx
� = ��

�
�dx

� where ��
�
� = ����� :
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4 Analytic preliminaries

Let R be the curvature of the Levi-Civita connection,

R(x; y; z; w) = g((rxry �ryrx �r[x;y])z; w) :

One has the following curvature symmetries:

R(x; y; z; w) = R(z; w; x; y) = �R(y; x; z; w);
R(x; y; z; w) +R(y; z; x; w) +R(z; x; y; w) = 0 :

(1.1.b)

The �rst symmetries are Z2 symmetries; the �nal symmetry is called the �rst
Bianchi identity.
A 4 tensor satisfying the symmetries of Display (1.1.b) is said to be an

algebraic curvature tensor. Every algebraic curvature tensor is geometrically
realizable [191] in the following sense. Suppose given a positive de�nite inner
product gV and an algebraic curvature tensor RV on an m dimensional real
vector space V . Then there exists the germ of a Riemannian metric g on Rm

and an isometry � from T0(R
m ) to V so that ��gV = g and ��RV = R.

Consequently, the symmetries of Display (1.1.b) generate all the universal
symmetries of the curvature tensor.
We de�ne the Ricci tensor � and the scalar curvature � by setting

��� := g�"R��"� and � := g����� :

The components of R, relative to the coordinate frame @x� , are given by

R���" : = g((r@x�r@x� �r@x�r@x� )@
x
� ; @

x
" )

= g%"f@x����% � @x����
% + ���

%���
� � ���

%���
�g: (1.1.c)

Similarly, we may de�ne the covariant derivative curvature tensor rR by

rR(x; y; z; w; v) : = vR(x; y; z; w)�R(rvx; y; z; w)

� R(x;rvy; z; w)�R(x; y;rvz; w)

� R(x; y; z;rvw) :

This tensor has the symmetries

rR(x; y; z; w; v) = rR(z; w; x; y; v) = �rR(y; x; z; w; v);
rR(x; y; z; w; v) +rR(y; z; x; w; v) +rR(z; x; y; w; v) = 0;

rR(x; y; z; w; v) +rR(x; y; w; v; z) +rR(x; y; v; z;w) = 0 :

(1.1.d)

The �rst symmetries of Display (1.1.d) arise from covariantly di�erentiating
the symmetries of Display (1.1.b). The �nal symmetry is a new symmetry
called the second Bianchi identity. A 5 tensor satisfying these symmetries
is said to be an algebraic covariant derivative curvature tensor. Again, as
every such tensor is geometrically realizable [191], the symmetries of Display
(1.1.d) generate all the universal symmetries of the covariant derivative of the
curvature tensor. We can proceed in this fashion to de�ne the higher covariant
derivative curvature tensors r�R for any � and to derive the appropriate
universal symmetries.
We use the metric to identify the tangent and cotangent bundles. Let Roman
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Riemannian geometry 5

indices i, j, etc. range from 1 to m and index an orthonormal frame feig for
these bundles. Geodesic coordinates x = (x1; :::; xm) centered at a point x0 are
characterized by the property that the rays 
(t) = (tx1; :::; txm) are geodesics
from x0 with _
(0) = x1e1+ :::+xmem. For such a coordinate system we have,
see for example [191] Lemma 1.11.4, that

g��(x0) = Æ�� ;

(@x�g��)(x0) = 0;

(@x� @
x
" g��)(x0) =

1
3fR���" �R�"��g(x0);

(@x� @
x
" @

x
% g��)(x0) =

1
3fR���";% �R�"��;%g(x0);

R���"(x0) = f@x�@x" g�� � @x� @
x
�g�"g(x0);

R���";%(x0) = f@x�@x" @x% g�� � @x�@
x
�@

x
%g�"g(x0) :

We refer to Atiyah, Bott, and Patodi [7] for the proof of the following result
which shows that all the jets of the metric are expressible in terms of the
covariant derivatives of the curvature tensor in geodesic coordinates:

Theorem 1.1.1 Let x be a system of geodesic coordinates centered at a point
x0 of a Riemannian manifold. Then g��(x0) = Æ�� and @x�g��(x0) = 0. If
` � 2, then (@x�1 :::@

x
�`
g��)(x0) is expressible in terms of the components of R

and of the covariant derivatives of R at x0.

1.1.2 The boundary geometry

If y 2 @M , then let 
y(t) be the geodesic starting at y so that _
y(0) is the
inward unit normal. Since M is compact, there exists a uniform � > 0 so that

y(t) is de�ned for t 2 [0; �) for all y 2 @M . The map @M� [0; �)! 
y(t) then
de�nes a di�eomorphism between @M � [0; �) and a neighborhood of @M in
M called the collared neighborhood.
Let y = (y1; :::; ym�1) be a system of local coordinates on @M . The collar-

ing induces a system of coordinates x = (y1; :::; ym�1; xm) on M which are
called a normalized coordinate system where xm is the geodesic distance to
the boundary. These coordinates are characterized by the property that the
curves xm ! (y; xm) are unit speed geodesics which are perpendicular to the
boundary. We adopt the indexing convention that Greek indices �, �, etc.
range from 1 through m� 1 and index the associated coordinate frames f@x�g
and fdx�g for the tangent bundles and cotangent bundles of the boundary.
Near the boundary, we normalize the orthonormal frame for TM so that

em = @xm is the inward unit geodesic normal vector �eld. We shall let Roman
indices a, b, etc. range from 1 throughm�1 and index the induced orthonormal
frame fe1; ::::; em�1g for the tangent and cotangent bundles of the boundary.
The second fundamental form L is the tensor �eld whose components rela-

tive to a normalized coordinate frame are given by

L�� := g(r@x�@
x
� ; @

x
m) = ���m : (1.1.e)

For example, if D2 is the unit disk in R2 , then we may introduce polar co-
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6 Analytic preliminaries

ordinates T (r; �) := (r cos �; r sin �); �@r is the inward geodesic normal on
@M = S1. Since g(@�; @�) = r2, the second fundamental form of the disk is

L(@�; @�)jr=1 =
1
2@r(r

2)jr=1 = +1:

More generally, the second fundamental form of the boundary of the ball of
radius � in Rm is given by ��1Æab.
The normalized mean curvature � can be de�ned either with relation to an

orthonormal frame or with respect to a coordinate frame by setting

� := Laa = g��L�� :

We refer to Section 1.7 for further details concerning the construction of scalar
invariants by contracting indices.

Lemma 1.1.2 Let y = (y1; :::; ym�1) be local coordinates on @M . Let xm be
the geodesic distance to the boundary and let x = (y1; :::; ym�1; xm) give local
coordinates on M . Then

1. ds2M = g��(x)dy
� Æ dy� + dxm Æ dxm.

2. L�� = � 1
2@

x
mg(@�; @�).

3. Let g :=
p
det g��. Then � = �@xm ln g.

Proof: Since the curves t ! (y; t) are unit speed geodesics which are per-
pendicular to the boundary,

r@xm@
x
m = 0; g�m(y; 0) = 0; and gmm(y; 0) = 1 :

We may therefore compute

@xmg(@
x
m; @

x
m) = 2g(r@xm@

x
m; @

x
m) = 0 :

Since g(@xm; @
x
m) = 1 when xm = 0, g(@xm; @

x
m) � 1. We may also compute

@xmg(@
x
m; @

x
�) = g(r@xm@

x
m; @

x
�) + g(@xm;r@xm@

x
�)

= 0 + g(@xm;r@x�@
x
m) =

1
2@

x
�g(@

x
m; @

x
m)

= 0 :

Since g(@xm; @
x
�) = 0 when xm = 0, we see g(@xm; @

x
�) � 0. This establishes

Assertion (1).
We may derive Assertion (2) from Assertion (1) by computing

L�� = g(r@x�@
x
� ; @

x
m) = ���m

= 1
2f@x�g(@x� ; @xm) + @x�g(@

x
�; @

x
m)� @xmg(@

x
�; @

x
�)g

= � 1
2@

x
mg(@

x
�; @

x
�) :

Making a constant linear change of coordinates in the y variables a�ects
neither � nor @m ln g. Consequently, in proving Assertion (3), we may assume
g��(y0; 0) = Æ�� at the point y0 2 @M in question. We compute

g��(y0; xm) = Æ�� + @mg��(y0)xm +O(x2m);

det(g��)(y0; xm) = 1 + @mg��(y0)xm +O(x2m);
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Riemannian geometry 7

g(y0; xm) :=
q
det(g��)(y0; xm) = 1 + 1

2@mg��(y0)xm +O(x2m);

f@xm ln gg(y0; xm) = fg�1@xmgg(y0; xm) = 1
2@mg��(y0) +O(xm);

�(y0) = � 1
2fg��@xmg��g(y0; 0) = � 1

2@
x
mg��(y0) :

Assertion (3) now follows as the point y0 of the boundary was arbitrary. ut
Let rM and r@M be the Levi-Civita connections of the metrics on M and

on @M , respectively. Let RM and R@M be the associated curvature tensors.
Let L be the second fundamental form. We may express R@M in terms of RM

and L; we refer to Lemma 1.1.4 below. We use rM to covariantly di�erentiate
RM and we use r@M to covariantly di�erentiate L tangentially. Let ds2@M be
the restriction of the metric on M to @M . Theorem 1.1.1 generalizes to this
setting to become:

Theorem 1.1.3 Let y be a system of geodesic coordinates on @M for the
metric ds2@M which are centered at a point y0 2 @M . Let x = (y; xm) where
xm is the geodesic distance to the boundary. Then

g�m � 0; gmm � 1; g��(y0) = Æ�� ;

@
g��(y0) = 0; and @mg��(y0) = �2L�� :
If ` � 2, then (@x�1 :::@

x
�`
)(g��)(y0) is expressible in terms of the components of

the following tensors at y0

fRM ;rMRM ;r2
MRM ; :::; L;r@ML;r2

@ML; :::g :

1.1.3 Covariant Di�erentiation

We will often have an auxiliary connection which is given on the auxiliary
vector bundle V . We use this connection and the Levi-Civita connection to
covariantly di�erentiate tensor �elds � of all types; we shall denote the compo-
nents of multiple covariant di�erentiation relative to a local frame fe1; :::; emg
by �;i1i2:::. Thus, for example, if � is a section to V , then r� is a section to
T �M 
 V . Consequently,

�;ij = rejrei��rfrej
eig� : (1.1.f)

We can commute covariant derivatives by introducing additional terms in-
volving curvature. Suppose that f is a scalar function. Then rf is a section
to T �M . Thus Equation (1.1.f) implies that

f;ijk � f;ikj = Rjkilf;l : (1.1.g)

Similarly we may derive the identity:

Ri1i2i3i4;j1j2 = Ri1i2i3i4;j2j1 +Rj1j2i1kRki2i3i4

+ Rj1j2i2kRi1ki3i4 +Rj1j2i3kRi1i2ki4 (1.1.h)

+ Rj1j2i4kRi1i2i3k :

If � is a tensor �eld which is de�ned only on the boundary, then we shall
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8 Analytic preliminaries

use the connection on V and the Levi-Civita connection of the boundary to
tangentially covariantly di�erentiate � and denote the components of multiple
tangential di�erentiation by �:a1a2:::. We shall omit the proof of the following
Lemma in the interest of brevity as it is well known.

Lemma 1.1.4

1. RM;abcm = Lbc:a � Lac:b.

2. (rM
@x�
�r@M

@x�
)@x� = L��@

x
m.

3. If f is a scalar function, then f;ab = f:ab � Labf;m.

4. We have RM;abcd = R@M;abcd � LadLbc � LacLbd.

Let r be the rank of the vector bundle V . Let ~s = (s1; :::; sr) be a local
frame for V . If A 2 End (V ), then we may expand

Asu = Auvsv :

The matrix A~s := (Auv) expresses the action of A relative to the local frame
~s. If r is a connection on V , then we may expand

reisu = !i;uvsv :

Let !~si := (!i;uv) be the connection 1 form of r relative to ~s

!~s := ei 
 !~si 2 T �M 
 End (V ) :

This depends on the local frame; !~s is not tensorial.

1.1.4 Cli�ord Algebras

Let V be a �nite dimensional real vector space which is equipped with a
positive de�nite inner product (�; �). The Cli�ord Algebra, Clif (V ), is the uni-
versal unital real algebra generated by V subject to the Cli�ord commutation
relations

v1 � v2 + v2 � v1 = �2(v1; v2) � Id :
A Cli�ord module for V is an auxiliary real, complex, or quaternionic vector
spaceW together with a linear map 
 from V to Hom (W ) so that the Cli�ord
commutation relations are preserved. This means that


(v1)
(v2) + 
(v2)
(v1) = �2(v1; v2) � IdW for all v1; v2 2 V :

The map 
 then extends to a unital algebra homomorphism from Clif (V ) to
Hom (W ). If fe1; :::; emg is an orthonormal basis for V , then 
 is speci�ed by
giving elements 
i := 
(ei) 2 Hom(W ) so that


i
j + 
j
i = �2Æij � IdW :

We can now determine the complex Cli�ord modules. We �rst suppose dimV
to be even.

Lemma 1.1.5 Let m := dim(V ) = 2 �m be even. There exists a unique irre-
ducible complex Cli�ord module S for V with dimS = 2 �m so that if W is any
complex Cli�ord module for V , then W = ` � S.
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Riemannian geometry 9

Proof: We follow the discussion in Atiyah, Bott, and Shapiro [8]; we shall use
a similar argument in our discussion of bag boundary conditions in Section
1.6.5 presently. Let fe1; :::; emg be an orthonormal basis for V . Let 
 give W
a Clif (V ) module structure. Set 
j := 
(ej). We de�ne

�i :=
p�1
2i�1
2i 2 End (W ) :

The elements f�1; :::; � �mg are a commuting family of linear endomorphisms of
W satisfying �2i = IdW . Let ~% = (%1; :::; % �m) where %i = �1; there are 2 �m

possible such collections of signs. We decompose

W = �~%W~% where W~% := fw 2 W : �iw = %iwg
are the simultaneous eigenspaces. We have


j�i =

� ��i
j if j = 2i� 1; 2i;
�i
j otherwise :

(1.1.i)

Let ~%j be the collection of signs obtained from ~% by changing the ith sign
where i = 2j or i = 2j � 1. We may then use Equation (1.1.i) to see that

jW~% = W~%j . Since we can pass from any given collection of signs ~% to any
other collection of signs ~" by changing entries sequentially,

dimW~% = dimW~"

for any collection of signs ~% and ~". This shows that

dim(W ) = 2 �m dim(W~%) :

Consequently, the dimension of any Cli�ord module must be divisible by 2 �m.
This shows that W is irreducible if dim(W ) = 2 �m.
Let fw1; :::; w`g be a basis for W(1;:::;1). We consider tuples of odd integers

J = (j1; :::; jp) for 1 � j1 < ::: < jp < m. De�ne

wJ
� := 
j1 :::
jpw� for 1 � � � ` :

We may then express

W~% = Span �fwJ~%
� g where J~% := f2j � 1 : ~%j = �1g :

Thus fwJ
�gJ;� is a basis for W . We may now decompose

W = �`
�=1W� where W� := Span JfwJ

�g : (1.1.j)

Clearly 
jW� �W� for j odd. Furthermore, since 
2i =
p�1
2i�1�i, we also

have 
jW� �W� for j = 2i even. The W� are Clif (V ) modules of dimension
2 �m and thus, as noted above, must be irreducible. We have


jw
J
� = "(j; J)wK(j;J)

� for 1 � � � `;

where "(j; J) = �1 is an appropriately chosen sign and where K(j; J) is an
appropriately chosen multi-index. Thus the actions of the endomorphisms 
j
on these spaces are all isomorphic and equivalent. The Lemma now follows
from Equation (1.1.j). ut
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10 Analytic preliminaries

If dim(V ) is odd, then there are two inequivalent complex representations
of Clif (V ).

Lemma 1.1.6 Let m := dim(V ) = 2 �m+ 1 be odd. There exist two inequiva-
lent irreducible complex Cli�ord modules S� for V so that if W is any complex
Cli�ord module for V , then W = `+S+ � `�S�.
Proof: Let 
 de�ne a Clif (V ) module structure on W . Fix an orientation
for V and let fe1; :::; emg be an oriented orthonormal basis for V . Let


i := 
(ei) 2 End (V ) :

De�ne the normalized orientation class by setting

orn := (
p�1) �m+1e1 � ::: � em 2 Clif (V ) :

We then have

orn � orn = 1 and ei � orn = orn � ei for 1 � i � m:

We use 
(orn) to decompose W =W+ �W� where

W� := fw 2 W : 
(orn)w = �wg :
Since


i � 
(orn) = 
(ei � orn) = 
(orn � ei) = 
(orn) � 
i;

i preserves the eigenspaces of orn and hence


iW
� =W� for 1 � i � m:

Therefore W+ and W� are also Clif (V ) modules. Let

V0 := Span fe1; :::; e2 �mg :
By Lemma 1.1.5 we may decompose

W+ = ��W
+
� and W� = ��W

�
�

as the direct sum of irreducible Clif (V0) modules. We then have


2 �m+1 =
p�1 �m+1


1 : : : 
m �
� �Id on W+

� ;
+Id on W�

� :

This implies that


2 �m+1W
+
� �W+

� and 
2 �m+1W
�
� �W�

� :

Consequently these subspaces are also irreducible Clif (V ) modules. They are
inequivalent as 
(orn) = +1 on W+

� and 
(orn) = �1 on W�
� . This gives the

decomposition described in the Lemma. ut
Lemmas 1.1.5 and 1.1.6 give the structure of the complex Cli�ord modules;

this structure is periodic mod 2 and follows from the isomorphism

Clif (V )
R C �
�
M2 �m(C ) if dim(V ) = 2 �m;
M2 �m(C ) �M2 �m(C ) if dim(V ) = 2 �m+ 1 :
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Riemannian geometry 11

The corresponding structure of the real Cli�ord modules and of the quater-
nionic Cli�ord modules is periodic mod 8 and is a bit more complicated to
describe. We refer to Karoubi [252] for further details.

1.1.5 Cli�ord bundles

Let (M; g) be a Riemannian manifold. Let W be an auxiliary complex vector
bundle over M . We say that


 : TM ! End (W )

de�nes a Cli�ord module structure onW if the Cli�ord commutation relations


(x)
(y) + 
(y)
(x) = �2g(x; y)IdW 8x; y 2 TM
are satis�ed. We can also regard 
 as de�ning a map from T �M to End (W )
as well. We say that 
 is a unitary Cli�ord module structure if W is equipped
with a Hermitian inner product (�; �) and if

(
(x)w1; w2) + (w1; 
(x)w2) = 0 8x 2 TM; w1 2W; w2 2W :

If r is a connection on W , we say that r is a unitary connection if

(rxw1; w2) + (w1;rxw2) = x(w1; w2) 8x 2 TM; w1 2W; w2 2 W :

De�ne r
 : TM 
 TM ! End (W ) by setting

(rx
)(y)w := rxf
(y)wg � 
(rxy)w � 
(y)rxw :

We say that r is a compatible connection if r
 = 0.

Lemma 1.1.7 Let (M; g) be a Riemannian manifold. Let W be a vector bun-
dle over M . Let 
 be a Cli�ord module structure on W .

1. Let fe1; :::; emg be a local orthonormal frame for TM over a contractible
open subset U of M . Then there exists a local frame ~s for W over U so the
matrices 
(ei)

~s are constant.

2. There exists a Hermitian inner product (�; �) on W so that 
 is unitary.

3. There exists a compatible unitary connection r on W .

Proof: To prove the �rst assertion, we suppose m is even; the argument is
similar ifm is odd. The given orthonormal frame fe1; :::; emg for TM identi�es

TM jU = R
m � U and Clif (M) = Clif (Rm )� U :

Let the joint eigenspaces W~% be de�ned as in the proof of Lemma 1.1.5. Since
these eigenspaces have constant rank, they patch together to de�ne smooth
vector bundles over U . Since U is contractible, W(1;:::;1) is trivial. Thus we
can choose local frames fw1; :::; w`g for this bundle. The proof of Lemma
1.1.5 then shows the Cli�ord module structure is locally a product

W jU = ` � S � U:
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12 Analytic preliminaries

Assertion (1) now follows. Since the matrices in question are skew-symmetric
with respect to the given basis, Hermitian inner products exist locally on W
for which 
 will be unitary. Since 
 will be unitary with respect to a convex
combination of such inner products, we can use a partition of unity to establish
Assertion (2).
Let !~s be the connection 1 form of r relative to a local frame for W

constructed above. Let 
j;i be the components of r
. Then

~sj;i = ei


~s
j + !~si 


~s
j � 
~sj!

~s
i � �ijk


~s
k : (1.1.k)

Thus the convex combination of compatible unitary connections is again a
compatible unitary connection. Consequently it suÆces to work locally in
order to establish the third assertion.
We choose the frame so that ei


~s
j = 0. De�ne the spin connection by setting

!~si :=
1
4�ikl


~s
k


~s
l :

The relation �ijk = ��ikj and the Cli�ord commutation rules imply

[!~si ; 

~s
j ]� �ijk


~s
k = 1

4�ikl(

~s
k


~s
l 


~s
j � 
~sj 


~s
k


~s
l )� �ijk


~s
k

= 1
4�ikl(�2Ælj
~sk + 2Ækj


~s
l )� �ijk


~s
k

= �ijl

~s
l � �ijk


~s
k = 0 :

Consequently, r is compatible. Furthermore, as 
 is unitary, !~si is skew-
symmetric so r is unitary as well. This establishes Assertion (3). ut
Let 
 give W a Clif (M) module structure. We de�ne a tangential Cli�ord

module structure on W j@M by setting


Ta := �
m
a : (1.1.l)

This satis�es the Cli�ord commutation rules since


Ta 

T
b + 
Tb 


T
a = 
m
a
m
b + 
b
m
a
m = 
a
b + 
b
a = �2ÆabId :

This structure will play a central role in our discussion of spectral boundary
conditions subsequently. If r is a connection on W , then


Ta:b := �reb
m
a + 
m
areb + �abc
m
c :

Suppose that rM
 = 0 so rei
j � 
jrei � �ijkek = 0. Consequently,


Ta:b = ��bmi
i
a � �bai
m
i + �bac
m
c (1.1.m)

= ��bmc
c
a � �bam
m
m = Lbc
c
a + LabId :

Thus r@M
T is non-zero in general. We do, however, have that


Ta:a = 0 : (1.1.n)

1.1.6 Duality

We shall let V � denote the dual vector bundle. In studying the heat content
asymptotics, it is natural to regard the initial temperature � as a section
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to V and to regard the speci�c heat � as a section to V �. The local heat
energy density is then given by the dual pairing between V and V �; we shall
denote this pairing by h�; �i. If r is a connection on V , let ~r be the dual
connection on V �. Similarly, if E is an endomorphism of V , let ~E be the dual
endomorphism of V �. Then ~r and ~E are characterized by the identities

hr�; �i+ h�; ~r�i = dh�; �i and hE�; �i = h�; ~E�i : (1.1.o)

We clear the previous notation. Let !~s be the connection 1 form for r
relative to a local frame ~s for V . Then the connection 1 form for ~r on V �

relative to the dual frame e~s for ~W is �~!~s. This means that

r@x�
= @x� + !~s� and ~r@x�

= @x� � ~!~s�:

If V admits an inner product (�; �), then the inner product de�nes a conjugate
linear isomorphism  between V and V � so that

h�; �i = (�;  �) : (1.1.p)

It is convenient for the most part, except in discussing questions of self-
adjointness, not to introduce the auxiliary structure (�; �) and to work instead
with V �.
We say that a connection r on V is a unitary connection and that an

endomorphism E of V is self-adjoint if and only if

(r�1; �2) + (�1;r�2) = d(�1; �2) and (E�1; �2) = (�1; E�2) ;

respectively. For example, we use Equation (1.1.a) to see that the Levi-Civita
connection is unitary.
If P is a partial di�erential operator on C1(V ), we let ~P be the dual

operator on C1(V �). This operator is characterized by the relationZ
M

hP�; �idx =

Z
M

h�; ~P�idx 8� 2 C10 (V ); � 2 C10 (V �) : (1.1.q)

1.1.7 Volume of spheres

In Sections 1.9, 3.8, and 3.9, we will express certain universal coeÆcients in
terms of the volume of spheres. We therefore recall the following classical
formulae.

Lemma 1.1.8 vol (S2j) = j!�j22j+1

2j! and vol (S2j�1) = 2�j

(j�1)! .

Proof: We use polar coordinates and integrate by parts to see:

�j
p
� =

Z
R2j+1

e�jxj
2

dx =

Z 1

0

Z
S2j

r2je�r
2

d�dr

= vol (S2j)

Z 1

0

r2je�r
2

dr = vol (S2j) 2j�1
2

2j�3
2 ::: 12

Z 1

r=0

e�r
2

dr :
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14 Analytic preliminaries

We may solve this equation to determine vol (S2j). Similarly, we compute:

�j =

Z
R2j

e�jxj
2

dx =

Z 1

r=0

Z
S2j�1

r2j�1e�r
2

d�dr

= vol (S2j�1)

Z 1

0

r2j�1e�r
2

dr = vol (S2j�1)(j � 1)!

Z 1

0

re�r
2

dr

= 1
2vol (S

2j�1)(j � 1)! :

We solve for vol (S2j�1) to complete the proof. ut

1.2 The geometry of operators of Laplace type

1.2.1 The symbol of an operator

Let V be a smooth vector bundle over a compact Riemannian manifold M .
Let ~a = (a1; :::; am) be an m-tuple of non-negative integers, let e = (e1; :::; em)
be a local orthonormal frame for TM , let x = (x1; :::; xm) be a system of local
coordinates on M , and let � = (�1; :::; �m) 2 Rm . We �x a connection r on V
and de�ne

r~a := (re1 )
a1 :::(rem)

am ; @x~a := (@x1 )
a1 :::(@xm)

am ;

j~aj = a1 + :::+ am; �~a = �a11 :::�amm :

Let P : C1(V ) ! C1(V ) be a partial di�erential operator on V of order d.
We shall always assume d > 0. We may expand

P :=
X
j~aj�d

p~a(x)r~a

where the p~a are smooth sections to the bundle of endomorphisms of V . The
leading symbol �L(P )(�) is de�ned by replacingrei by

p�1�i and suppressing
the lower order terms. More precisely,

�L(P )(�) := (
p�1)d

X
j~aj=d

p~a(x)�
~a :

In principle, we should also include the order d in the notation as if P
is an operator of order d, and if we were to think of P as an operator of
order d+1, then the leading symbol would vanish. In practice, this ambiguity
causes no confusion and we shall suppress d from the notation in the interest
of simplicity.
If ! 2 T �M , then we may expand ! = �i(!)e

i. The association which sends
! to �L(P )(�(!)) induces a well-de�ned map

�L(P ) : T
�M ! End (V )

which is independent of both the choice of the local orthonormal frame e and
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The geometry of operators of Laplace type 15

of the choice of the connection r. We have the symbol composition rule

�L(P ÆQ) = �L(P ) Æ �L(Q) :
If V is equipped with a positive de�nite Hermitian metric, let P � be the formal
adjoint. The adjoint symbol is then

�L(P
�) = �L(P )

� :

We can also de�ne the leading symbol more directly. If � is a cotangent
vector at x0, choose f 2 C1(M) so that f(x0) = 0 and so that df(x0) = �. If
v0 2 Vx0 , choose v 2 C1(V ) so that v(x0) = v0. We then have

�L(P )(�)v0 = lim
t!1

ft�de�
p�1tfP (e

p�1tfv)g(x0) :
This is independent of the particular function f and of the particular section
v which were chosen and is invariantly de�ned on the cotangent bundle.
Recall that a second order partial di�erential operator D on C1(V ) is said

to be of Laplace type if locally D has the form

D = �(g��Id@x�@x� + a�@x� + b) : (1.2.a)

It is then immediate from the de�nition that D is of Laplace type if and only
if �L(D)(�) = j�j2Id .
A �rst order operator A = 
�@� + � is said to be of Dirac type if and only

if A2 is of Laplace type, i.e. 
�
� + 
�
� = �2g��Id so 
 de�nes a Cli�ord
module structure on the vector bundle in question.

1.2.2 An invariant representation of an operator of Laplace type

Let V be a smooth vector bundle overM and let D be an operator of Laplace
type on C1(V ). The coordinate formalism of Equation (1.2.a) is not invariant
and it is useful to express D in terms of geometric objects. Let r be a con-
nection on V . We use this connection and the Levi-Civita connection ofM to
covariantly di�erentiate tensors of all types; let \;" denote the components of
multiple covariant di�erentiation. Let E be an endomorphism of V . We de�ne
the associated operator D(r; E) of Laplace type by setting

D(r; E)� := �(�;ii +E�) ; (1.2.b)

where the tensor �;jk is de�ned by Equation (1.1.f). This is also denoted
symbolically by

D(r; E)� = �(Tr (r2)� +E�) :

In terms of a coordinate frame, this takes the form

D = �(g��r@x�r@x� � g�����
�r@x� + E) :

Lemma 1.2.1 Let D be an operator of Laplace type on a Riemannian mani-
fold (M; g). There exists a unique connection r on V and a unique endomor-
phism E on V so that D = D(r; E). If D locally has the form

D = �(g��Id@x�@x� + a�@x� + b) ;
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then the connection 1 form ! of r and the endomorphism E are given by

!� = 1
2 (g��a

� + g�"��"�Id )

E = b� g��(@x�!� + !�!� � !����
�) :

Proof: Fix a local frame for V . We have dually by Equation (1.1.a) that

r(dx�) = �����dx� 
 dx� :

We expand the covariant derivative operator in the form

r = dx� 
 (@x� + !�) so

r2 = dx� 
 dx� 
 f�����(@x� + !�) + (@x� + !�)(@
x
� + !�)g :

Thus, using Equation (1.2.b), we have that

D(r; E) = �g��f@x�@x� + 2!�@
x
� � ���

�@x�

+@x�(!�) + !�!� � ���
�!�g �E :

Consequently D = D(r; E) precisely when we have the identities

a� = 2g��!� � g�����
�Id ; and (1.2.c)

b = g��(@x�!� + !�!� � ���
�!�) +E :

We solve for ! and E to establish the uniqueness assertion of the Lemma.
Using Equation (1.2.c) as the de�nition then permits us to establish a local

existence result simply by reversing the steps in the computation; the unique-
ness assertion then implies the connections and endomorphisms which are
de�ned locally using Equation (1.2.c) patch together properly. ut

1.2.3 The Dual Operator

Let V be a smooth vector bundle over a Riemannian manifold M and let
h�; �i denote the pairing between V and the dual bundle V �. Let dx be the
Riemannian measure. If � 2 C1(V ) and if � 2 C1(V �), then we de�ne

h�; �iL2 :=
Z
M

h�; �i(x)dx :

We say that V is Hermitian if V is equipped with a positive de�nite Hermitian
innerproduct (�; �); in this setting, we shall de�ne

(�1; �2)L2 :=

Z
M

(�1; �2)(x)dx for �i 2 C1(V ) :

Let C10 (V ) be the space of smooth sections to V which are compactly sup-
ported in the interior ofM ; this means that � vanishes on some neighborhood
of @M . Let D be an operator of Laplace type on C1(V ). The dual operator
~D is the operator of Laplace type on C1(V �) characterized by the identity

hD�; �iL2 = h�; ~D�iL2 8 � 2 C10 (V ) and � 2 C10 (V �) :
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The geometry of operators of Laplace type 17

The connection and endomorphism which are associated to ~D are the dual
endomorphism of D and the dual connection of D, i.e.

Lemma 1.2.2 Let D = D(r; E) be an operator Laplace type on a vector
bundle V . Let ~r be the dual connection on V � and let ~E be the dual endo-
morphism on V �. Then ~D = D( ~r; ~E).
Proof: Since the support of � and � is disjoint from the boundary, there are
no boundary correction terms. By Lemma 1.4.17,

h�; ~D�iL2 = hD�; �iL2 = �
Z
M

h�;ii +E�; �idx

= �
Z
M

h�; �;ii + ~E�idx :

This implies that ~D� = �(�;ii+ ~E�); note that we are using ~r to covariantly
di�erentiate �. The Lemma now follows from the uniqueness assertions in
Lemma 1.2.1. ut
Suppose that V has a Hermitian inner product. We use the conjugate linear

isomorphism  discussed in Equation (1.1.p) to identify V and V �. Then r
is unitary if and only if r = ~r, E is self-adjoint if and only if E = ~E, and
D is formally self-adjoint if and only if ~D = D. The following observation is
then immediate from Lemmas 1.2.1 and 1.2.2:

Lemma 1.2.3 Let D be an operator Laplace type on a Hermitian vector bun-
dle V . Then D = D(r; E) is formally self-adjoint if and only if r is unitary
and E is self-adjoint.

1.2.4 The form valued Laplacian

Let �(M) be exterior algebra bundle on the cotangent bundle of M . Choose
a local system of coordinates x = (x1; :::; xm) on M . If we have a multi-index
I = f1 � �1 < ::: < �p � mg, set

dxI := dx�1 ^ ::: ^ dx�p :
The exterior derivative d : C1(�(M))! C1(�(M)) is de�ned by

d

�X
I

fIdx
I

�
:=
X
�;I

@x�(fI)dx
� ^ dxI : (1.2.d)

Let Æ : C1(�(M))! C1(�(M)) be the adjoint operator; this is the interior
derivative. Let

� := dÆ + Æd

be the form valued Laplacian. We may use the grading on the exterior algebra
to decompose

� = �p�
p

where �p acts on C1(�p(M)). We will also use the notation �M and �p
M

occasionally if it is necessary to include the underlying manifold M explicitly
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18 Analytic preliminaries

in the notation. We will also occasionally delete the superscript \0" and let
� = �0 be the scalar Laplacian when the context is clear.
The Hodge-de Rham isomorphism shows that ker� has topological signi�-

cance. Let Hp(M ;R) denote the real cohomology groups of M .

Theorem 1.2.4 (Hodge-de Rham) Let M be a closed Riemannian mani-
fold. There is a natural isomorphism ker�p = Hp(M ;R).

We may use the Weitzenb�ock formula to express � in the form given in
Lemma 1.2.1. Let e(�) denote (left) exterior multiplication by a cotangent
vector � acting on the bundle �(M). This means that

e(�)! := � ^ ! :
Let i(�) := e(�)� be the dual map (left) interior multiplication, and let


(�) := e(�)� i(�) :

We use the metric to identify the tangent and cotangent spaces. If feig is
a local orthonormal frame for TM = T �M , we set

ei := e(ei); ii := i(ei); and 
i := 
(ei) :

If 1 � i1 < ::: < ip � m, then we compute

e1fei1 ^ ::: ^ eipg =

�
e1 ^ ei1 ^ ::: ^ eip if 1 < i1;
0 otherwise;

i1fei1 ^ ::: ^ eipg =

�
ei2 ^ ::: ^ eip if 1 = i1;
0 otherwise :

(1.2.e)

It is now clear that 
 de�nes a (left) Cli�ord module structure on the exterior
algebra since the Cli�ord commutation relations are satis�ed, i.e.


i
j + 
j
i = �2ÆijId so 
(�)2 = �j�j2Id :
By Equation (1.2.d), the leading symbol of d is given by

�L(d)(�) =
p�1e(�) :

Dually, the leading sybol of Æ is given by

�L(Æ)(�) = �p�1i(�) :
Consequently, the leading symbol of d+ Æ is given by

p�1
. Because we have

(�)2 = �j�j2Id , � is an operator of Laplace type and d+ Æ is an operator of
Dirac type.
Let 
ij be the curvature of the Levi-Civita connection acting on the exterior

algebra. We refer to [189] Section 4.1 for the proof of the following result
which gives the endomorphism and the connection de�ned by the form valued
Laplacian.

Lemma 1.2.5 Let � := dÆ + Æd be the form valued Laplacian.

1. d = eirei and Æ = �iirei .
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2. We have � = D(r; E) where
(a) r is the Levi-Civita connection.

(b) E = � 1
2
i
j
ij .

We use the decomposition of �(M) = �p�
p(M) to decompose � = �p�

p

where �p is the p form valued Laplacian on C1(�p(M)). The following is
then an immediate consequence of Lemma 1.2.5.

Lemma 1.2.6 Let Ep be the endomorphism and let 
p be the curvature de-
�ned by the p form valued Laplacian �p, respectively. Then

1. We have E0 = 0 and 
0 = 0.

2. We have E1(ei) = �Rijjkek and 
1;ijek = Rijklel.

1.2.5 The Hodge ? operator

Let �p(M) be the bundle of smooth p forms over a compact oriented Rieman-
nian manifold. Let orn be the orientation form. The Hodge ? operator is the
linear map

? : �p(M)! �m�p(M)

which is characterized by the identity

(!p; �p)orn = !p ^ ?�p for all !p; �p 2 �p(M) :

For example, if fe1; :::; emg is a local oriented orthonormal basis for TM , then

?fe1 ^ ::: ^ epg = ep+1 ^ ::: ^ em :
We refer to [189] for the proof of the following result:

Lemma 1.2.7 1. ?m�p?p = (�1)p(m�p).
2. ?m�pdm�p�1?p+1 = (�1)mp+1Æp.

3. ?m�p�m�p?p = (�1)p(m�p)�p.

The Hodge ? operator can be expressed in terms of the Cli�ord module
structure 
 := e � i discussed previously. Let fe1; :::; emg be a local oriented
orthonormal frame for TM . Set

~? := "m
(e1):::
(em) 2 End (�(M)) (1.2.f)

where the 4th root of unity

"m :=

�
(
p�1)m=2 if m is even;

(
p�1)(m+1)=2 if m is odd;

has been chosen to ensure that

~?2 = Id :

We then have

?p = "m;p~?
p on �p(M) and ~?e = (�1)mi~?
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where "m;p is a suitably chosen 4th root of unity. Since r~? = 0, Lemma 1.2.5
yields the intertwining relations

~?d = (�1)m�1Æ~? and ~?�p = �m�p~? : (1.2.g)

1.2.6 The Witten Laplacian

Let � 2 C1(M) be an auxiliary smooth function which is called the dilaton.
TheWitten Laplacian is a generalization of the standard Laplacian. One twists
the exterior derivative and the coderivative to de�ne theWitten derivative and
the Witten co-derivative by setting

d� := e��de� and Æ� := e�Æe�� :

The associated second order operator is then de�ned by setting

�� := d�Æ� + Æ�d� on C1(�(M)) :

We shall also sometimes use the notation ��;g when it is necessary to include
the metric g explicitly in the notation. Since

�L(d�) = �L(d) and �L(Æ�) = �L(Æ);

we see that �� is an operator of Laplace type as �L(��) = �L(�).
This operator was introduced by Witten [362] in the context of Morse the-

ory. This operator has been used to study quantum form valued �elds which
interact with the background dilaton in [204, 358]. It has also been used in
supersymmetric quantum mechanics [6].
The Witten Laplacian is a 0th order perturbation of the ordinary Laplacian.

The endomorphism and connection of the Witten Laplacian are given by:

Lemma 1.2.8

1. �� = �+ �;i�;i � Id + �;ji(eiij � ijei).

2. The Levi-Civita connection is the connection associated to ��.

3. E� := � 1
2
i
j
ij � �;i�;i � �;ji(eiij � ijei) is the endomorphism for ��.

4. Let ~? be as de�ned in Equation (1.2.f). Then ~?�� = ���~?.

Proof: Lemma 1.2.5 (1) extends to the twisted setting to yield

d� = eirei + ei�;i and Æ� = �iirei + ii�;i :

We use the commutation rules eiij + ijei = Æij , the fact that re = 0, and the
fact that ri = 0 to prove Assertion (1) by computing

��;g = �g + eirei ij�;j + ij�;jeirei � iireiej�;j

�ej�;j iirei + (eiij + ijei)�;i�;j

= �g + (eiij + ijei � iiej � ej ii)�;jrei + (eiij � iiej)�;ji + �;i�;i

= �g + (eiij � iiej)�;ji + �;i�;i:

This shows that the associated connection does not depend on � and hence
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is the Levi-Civita connection by Lemma 1.2.5. Assertion (3) now follows from
Lemma 1.2.5 (2b).
To prove Assertion (4), we must generalize Equation (1.2.g). Since

d� = d+ e(d�) and Æ� = Æ + i(d�) ;

Equation (1.2.g) shows

~?d� = ~?d+ ~?e(d�) = (�1)m�1(Æ � i(d�))~? = (�1)m�1Æ��~? :

This shows that

~?(d� + Æ�)~? = (�1)p�1fd�� + Æ��g; so

~? ~��~? = ���;

Assertion (4) now follows. ut

1.2.7 Operators and Elliptic Complexes of Dirac Type

Recall that a �rst order partial di�erential operator A on C1(V ) is of Dirac
type if the corresponding second order operator A2 is of Laplace type. More
generally, let Vi be smooth vector bundles over M which are equipped with
Hermitian structures. Let

A : C1(V1)! C1(V2) (1.2.h)

be a �rst order partial di�erential operator. Let

A� : C1(V2)! C1(V1)

be the formal adjoint and let

D1 := A�A and D2 := AA�

be the associated second order operators. We say that Display (1.2.h) is an
elliptic complex of Dirac type if the associated second order operators Di are
of Laplace type.
Let �e(M) (resp. �o(M)) be the bundle of di�erential forms of even (resp.

odd) degrees over a Riemannian manifold M . The de Rham complex

(d+ Æ) : C1(�e(M))! C1(�o(M))

is an elliptic complex of Dirac type. Other elliptic complexes of Dirac type
include the signature, spin, Yang-Mills, and Dolbeault complexes. We refer to
[189] for further details.

1.2.8 Singular Structures

Let M := (M+;M�) be a pair of compact smooth manifolds which have a
common smooth boundary

� := @M+ = @M� :
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A structure S over M is a pair of corresponding structures S := (S+;S�)
over the manifolds M�. Let � be the inward unit geodesic normal vector �eld
near the boundary;

�+j� = ���j� :
A Riemannian metric g onM is a pair g := (g+; g�) of Riemannian metrics

g� on M�. We shall always assume

g+j� = g�j�;
but do not assume any matching condition on the normal derivatives.
A smooth vector bundle V overM is a pair of vector bundles V� overM�;

we do not assume any relationship between V+j� and V�j�; in particular, we
can consider the situation when we have dimV+ 6= dimV�. An operator of
Laplace type D overM is a pair D� of operators of Laplace type on C1(V ).
We use Lemma 1.2.1 to express

D+ = D(r+; E+) and D� = D(r�; E�) :

1.2.9 The evolution equation for scalar heat 
ow

We motivate the heat equation we shall be considering subsequently by re-
viewing the usual heat transport equations for a Riemannian manifold (M; g).
Let u 2 C1(M � [0;1)) be the temperature of the manifold. Heat 
ows
from hotter to colder areas. Since the direction of maximal increase is given
by grad g(f), the heat 
ow across the boundary of an in�nitesimal region R
is given by �u;� where � is the inward unit normal vector �eld. Thus, after
integrating by parts, we see that the in�nitesimal change in the total heat
content of R is given by

�
Z
@R

u;�dy = �
Z
R

�udx : (1.2.i)

On the other hand, the change in the total heat energy content is given by

@t

Z
R

udx =

Z
R

@tudx (1.2.j)

Since R is arbitrary, we use Equations (1.2.i) and (1.2.j) to see that the evo-
lution equation for heat transport has the form

@tu = ��u :
We refer to the discussion in Pinsky [309] for further details.

1.3 Interior ellipticity

In this section, we discuss the theory of elliptic operators on closed Riemannian
manifolds. We introduce the heat trace and the heat content asymptotics.
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Let V be a smooth vector bundle over a closed Riemannian manifold M .
Fix a connection r on V . If � 2 C1(V ), then the Ck norm of � is de�ned
invariantly by setting

jj�jj1;k := sup
x2M

�X
j�k

jrj�j
�
:

Changing the connection replaces this norm by an equivalent norm so the role
of the connection is inessential.

1.3.1 Elliptic operators

We now recall some basic results concerning elliptic operators and refer to [189]
for further details. Let �L(P ) be the leading symbol of a dth order partial
di�erential operator P as de�ned previously in Section 1.2.1. The symbolic
spectrum Spec�P is the union of the spectra of �L(P )(�) for � 6= 0. More
formally, one de�nes

Spec�(P ) :=
�
� 2 C : 90 6= � 2 T �M : detf�L(P )(�)� � � Id g = 0

	
:

We emphasize that it is crucial in this de�nition that we are studying non-
zero cotangent vectors. We say that P is elliptic if 0 =2 Spec�(P ), i.e. if
�L(P )(�) is invertible for every 0 6= � 2 T �M . We have by homogeneity that

�L(P )(t�) = td�L(P )(�); so

tdSpec�(P ) = Spec�(P ) for any t 6= 0 :

Thus, in particular, if Spec�(P ) = (0;1), then necessarily d is even.

The following assertion is immediate from the de�nition:

Lemma 1.3.1

1. If D is an operator of Laplace type, Spec�(D) = (0;1) and D is elliptic.

2. If A is an operator of Dirac type, Spec�(A) = R � f0g and A is elliptic.

1.3.2 Elliptic regularity

Let P be a partial di�erential operator on a bundle V over a closed manifold
M . Let � 2 L2(V ). Let ~P be the formal adjoint on V � as de�ned in Equation
(1.1.q). We say that P� = 0 in the distributional sense on an open subset U
of M if

R
U h�; ~P�idx = 0 for every � 2 C10 (V jU ). One has the following result

concerning elliptic regularity:

Theorem 1.3.2 Let P be a dth order elliptic partial di�erential operator on
a bundle V over a smooth manifold M . Let U be an open subset of M . If
P� = 0 in the distributional sense on U , then � is smooth on U .

We suppose P elliptic henceforth. If � is an eigenfunction of P corresponding
to the eigenvalue �, then we have (P � �)� = 0. Since P � � is again elliptic,
Theorem 1.3.2 implies that � is smooth on the interior of M . The following
result provides the spectral theory of self-adjoint elliptic operators.
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Theorem 1.3.3 Let P be a self-adjoint elliptic partial di�erential operator
on a bundle V over a closed Riemannian manifold M . Then:

1. There exists a complete orthonormal basis f�ig for L2(V ) so that
�i 2 C1(V ) and so that P�i = �i�i.

2. Order the eigenvalues so j�1j � j�2j:::. There exists � > 0 and i0 > 0 so
j�ij � i� for i � i0.

3. If Spec�(P ) = (0;1), then only a �nite number of the �i can be negative.

4. For every k � 0, there exists a constant Ck and an integer nk so that
jj�ijj1;k � Ckj�ijnk for i � i0.

Remark. The collection f�i; �ig is called a discrete spectral resolution.

By Theorem 1.3.3, if P is self-adjoint and if the leading symbol of P has
only positive eigenvalues, then all but a �nite number of eigenvalues of P are
also positive. Furthermore, the estimate of Assertion (2) shows the eigenvalues
grow relatively rapidly. Thus the symbolic spectrum of P controls the actual
spectrum of P asymptotically as �!1. The same observation is true even in
the non-self-adjoint setting. The following is a special case of a more general
result. For any " > 0 and n > 0, let R";n be the closed subset of C which is
characterized in polar coordinates by

R";n := f� = r(cos � +
p�1 sin �) : � 2 (�"; ") or r � ng : (1.3.a)

This is the union of a large ball around the origin with a small wedge around
the real axis which contains the set [0;1) in its interior.

Theorem 1.3.4 Let P be a dth order partial di�erential operator on a closed
Riemannian manifold M with Spec�(P ) = (0;1). Then given " > 0, there
exists n = n(") so that the L2 spectrum of P is contained in the region R";n.

If the hypotheses of Theorem 1.3.4 are satis�ed, then necessarily d � 2 is
even. We may apply the L2 functional calculus to de�ne the operator

e�tP :=
1

2�
p�1

Z
@R";n

e�t�(P � �)�1d�

for t > 0, where we orient the boundary suitably. This is now a bounded
operator on L2. If u(x; t) = e�tP� for � 2 C1(V ), then u is characterized by
the two properties

(@t + P )u = 0 for t > 0 (evolution equation)

ujt=0 = � (initial condition) :

1.3.3 Heat trace asymptotics

We summarize the relevant analytic facts which we shall need as follows; they
can be derived using the Seeley calculus [339]. We shall omit the proofs in the
interest of brevity. Let Tr Vx denote the �ber trace and let TrL2 denote the
trace in the L2 sense. We refer to [189] for further details.

© 2004 by CRC Press LLC 



Interior ellipticity 25

Theorem 1.3.5 Let P be a dth order partial di�erential operator on a closed
Riemannian manifold M with Spec�(P ) = (0;1). Then:

1. If t > 0, then the operator e�tP is an in�nitely smoothing operator which
is of trace class on L2. There exists a smooth kernel function K(t; x; x1; P )
de�ning a linear map from Vx1 to Vx so that for t > 0,

e�tP�(x; t) =
Z
M

K(t; x; x1; P )�(x1)dx1 :

2. Let F 2 C1(End (V )) be an auxiliary smooth endomorphism. Then

Tr L2fFe�tPg =
Z
M

Tr Vx

�
F (x)K(t; x; x; P )

�
dx :

As t # 0, there is a complete asymptotic expansion of the form

Tr L2fFe�tPg �
1X
n=0

t(n�m)=dan(F; P ) :

3. The heat trace asymptotics an(F; P ) vanish for n odd. If n is even, there
exist local endomorphism valued invariants en(x; P ) so that

an(F; P ) =

Z
M

Tr Vx

�
F (x)en(x; P )

�
dx :

Let V be a vector bundle of rank r overM . Fix a local frame ~s = (s1; :::; sr)
for V . If H is an endomorphism of V , we expand

H(su) = Huvsv

to express H = (Huv) as a matrix relative to the frame ~s. Let x = (x1; :::; xm)
be a system of local coordinates on M . If P is a dth order partial di�erential
operator on V , we may expand

P =
X
j~aj�d

p~a(x; �)@
~a
x

where p~a = (p~a;uv) is matrix valued. We de�ne the weight by setting

weight (@
~b
xp~a;uv) := d� j~aj+ j~bj : (1.3.b)

We can motivate this de�nition by considering the form valued Laplacian.
If p = 0, then we may express the scalar Laplacian in the form

�0 = �g�1@�gg��@� :
Thus the leading symbol p�� = �g�� is homogeneous of total weight 2�2 = 0
in the jets of the metric. The �rst order part p� := �g@�fgg��g is homoge-
neous of total weight 2�1 = 1 in the jets of the metric. The zeroth order part
vanishes in this example. But if one considers the form valued Laplacian, the
zeroth order part is linear in the 2 jets of the metric and quadratic in the 1
jets of the metric with coeÆcients which are smooth functions of the metric
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tensor. It is thus homogeneous of total weight 2� 0 = 2. Thus in particular,
if D = �p is the Laplacian on p forms, then the symbol p~a is homogeneous of

weight 2� j~aj in the jets of the metric. Additional derivatives @
~b
x increase the

homogeneity by j~bj. Thus in this instance, the weight simply counts the total
number of derivatives of the metric which appear.
This de�nition of weight is also motivated by the Seeley calculus [339] which

gives explicit combinatorial formulae for the endomorphism valued invariants
en(x; P ) which were de�ned above in Theorem 1.3.5. The following observation
is then an immediate consequence of these formulae. We refer to the discussion
in [189] for further details.

Lemma 1.3.6 Let P be a dth order partial di�erential operator on a vector
bundle V over a closed Riemannian manifold M . Assume Spec�(P ) = (0;1).
Let ~s be a local frame for the bundle V and let x be a system of local coordinates
on M . Then en;uv(x; P ) can be expressed universally as a polynomial of total

weight n in the variables @
~b
xp~a;u1v1 of positive weight with coeÆcients which

are smooth functions of the leading symbol of P .

If P is an operator of Laplace type, then the situation simpli�es considerably
as we shall see in Section 1.7.3. We shall discuss the weight further at that
point in the context of dimensional analysis.
We de�ne scalar valued invariants an(x; P ) by setting

an(x; P ) := Tr Vxfen(x; P )g : (1.3.c)

If f is a scalar valued function, set

an(f; P ) := an(f � Id ; P ) =
Z
M

f(x)an(x; P )dx :

In particular,

Tr L2fe�tPg �
1X
n=0

t(n�m)=d

Z
M

an(x; P )dx :

1.3.4 The Mellin transform

We follow the discussion in [189]. Let <(�) and =(�) be the real and imaginary
parts, respectively, of a complex number �. Let P be an elliptic dth order
partial di�erential operator on a vector bundle V over a closed Riemannian
manifold M . We suppose that P is self-adjoint and positive. We de�ne the
zeta function by

�(s; F; P ) := TrL2fFP�sg :
This is well de�ned for <(s) >> 0 and has a meromorphic extension to C

with isolated simple poles. Let

�(s) :=

Z 1

0

ts�1e�tdt
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be the Gamma function. The integral converges for s > 0. We use the func-
tional relation

s�(s) = �(s+ 1)

to construct a meromorphic extension of � to C with isolated simple poles at
s = 0;�1; :::. There is an in�nite product formula that can be used to show
�(s) never vanishes.
The zeta function and the heat trace are related by the Mellin transform.

Let � > 0. We then have

��s�(s) = ��s
Z 1

0

(�t)s�1e��td�t =
Z 1

0

ts�1e��tdt : (1.3.d)

We sum over the individual eigenspaces to see

�(s)�(s; F; P ) =

Z 1

0

ts�1TrL2(Fe�tP )dt :

We have Z 1

0

n0X
n=0

an(F; P )t
(n�m)=dts�1dt =

n0X
n=0

1

s+ n�m
d

an(F; P ) :

Since P is assumed to be a positive operator, the heat trace decays expo-
nentially as t ! 1 so only the behavior near t = 0 contributes to the pole
structure. Thus

�(s)�(s; F; P ) =

n0X
n=0

1

s+ n�m
d

an(F; P ) +Rn(s)

where the remainder Rn is holomorphic for <(s) � m�n0
d . This establishes

the following Lemma which relates the residues of the poles of the function
�(s)�(s; F; P ) and the heat trace coeÆcients:

Lemma 1.3.7 Let P be an elliptic dth order positive self-adjoint partial dif-
ferential operator on a closed Riemannian manifold M . Then

an(F; P ) = res s=m�n
d

�
�(s)�(s; F; P )

�
:

Let A be a self-adjoint operator of Dirac type with ker(A) = f0g; the
associated operator A2 is of Laplace type. There is an asymptotic expansion

Tr L2fFAe�tA
2g �

1X
n=0

a�n(F;A)t
(n�m�1)=2 :

The indexing convention is chosen so that the a�n is given by integrating a
local invariant overM which is homogeneous of weight n in the derivatives of
the symbol of A. The eta function is de�ned by setting

�(s; F;A) := Tr L2(FA(A
2)�(s+1)=2) :
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Equation (1.3.d) implies that

�( s+1
2 )�(�2)�

s+1
2 =

Z 1

0

�t
s+1
2
�1e�t�

2

dt

and consequently, by summing over the eigenspaces,

�( s+1
2 )�(s; F;A) =

Z 1

0

t
s+1
2
�1TrL2

�
FAe�tA

2

�
dt :

Again, expandingZ 1

0

n0X
n=0

a�n(F;A)t
n�m�1

2 t
s+1
2
�1dt =

n0X
n=0

a�n(F;A)
2

s+n�m yields

�( s+1
2 )�(s; F;A) =

n0X
n=0

a�n(F;A)
2

s+n�m +R�
a(s)

where R�
a(s) is holomorphic for <(s) � m� n. This proves:

Lemma 1.3.8 Let A be a self-adjoint partial di�erential operator of Dirac
type on a closed manifold M with ker(A) = f0g. Then

a�n(F;A) =
1
2 res s=m�n�(

s+1
2 )�(s; F;A) :

We have assumed ker(P ) = f0g and ker(A) = f0g to simplify the discus-
sion. There are appropriate extensions of Lemmas 1.3.7 and 1.3.8 to the more
general situation after adjusting for the e�ect of the kernels involved.

1.3.5 Index Theory

The invariants an(x; �) play a central role in index theory. Let

A : C1(V1)! C1(V2)

be a partial di�erential operator over a closed Riemannian manifold M . We
assume the bundles V1 and V2 have Hermitian structures. We say that this
is an elliptic complex if �L(A)(�) 2 End (V1; V2) is an isomorphism for all
� 6= 0 or, equivalently, if the operators A�A and AA� are elliptic; the symbolic
spectrum of these operators is then (0;1). The index of A is given by setting

index (A) : = dim ker(A�A)� dim ker(AA�)

= dim ker(A)� dimker(A�) :

For example, let

d+ Æ : C1(�even (M))! C1(�odd (M))

be the de Rham complex and let

�(M) :=

mX
p=0

(�1)pHp(M ;R)

© 2004 by CRC Press LLC 



Interior ellipticity 29

be the Euler-Poincar�e characteristic of the manifold M . Then we may use
Theorem 1.2.4 to see that

index (d+ Æ) = �(M) :

We de�ne the supertrace heat asymptotics by

an(x;A) := an(x;A
�A)� an(x;AA�) :

Theorem 1.3.9 Let A : C1(V1) ! C1(V2) be an elliptic complex over a
closed m dimensional Riemannian manifold M . ThenZ

M

an(x;A)dx =

�
index (A) if n = m;
0 if n 6= m:

Proof: We use an observation due to Bott in the proof; this observation is
the foundation of heat equation proofs of the index theorem. Let D1 := A�A
and D2 := AA� be the associated self-adjoint elliptic operators on C1(V1)
and C1(V2), respectively. Let

Ei
� := f� 2 C1(Vi) : Di� = ��g :

Since AD1 = D2A, A intertwines these eigenspaces. Since A�A = � on E1
�

and AA� = � on E2
�,

A : E1
� ! E2

�

is an isomorphism for � 6= 0. Thus dimE1
� = dimE2

� for � 6= 0. We have

TrL2

�
e�tD1

�
�TrL2

�
e�tD2

�

=
X
�

e�t�
�
dim(E1

�)� dim(E2
�)

�

= dim(E1
0 )� dim(E2

0 ) = index (A) :

The Theorem now follows by equating terms in the associated asymptotic
series; only the constant term can be non-zero. ut
We can apply this result to the Witten Laplacian of Section 1.2.6 to get a

local formula for the Euler-Poincar�e characteristic � of a closed Riemannian
manifold.

Lemma 1.3.10 Let (M; g) be a closed Riemannian manifold. Let � be a
smooth function onM which de�nes the Witten Laplacian �p

�. De�ne the local

supertrace heat asymptotics by setting ad+Æn;m(�; g)(x) :=
P

p(�1)pan(x;�p
�).

Then Z
M

ad+Æn;m(�; g)(x)dx =

�
0 if n 6= m;
�(M) if n = m:

Proof: Let

�(�; g) := index (d+ Æ)� : C1(�even (M))! C1(�odd (M)) :
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By Theorem 1.3.9,Z
M

ad+Æn;m(�; g)(x)dx =

�
�(�; g) if n = m;
0 if n 6= m:

Since the left hand side is given by a local formula, we see �(�; g) is a continuous
integer valued invariant and hence constant under perturbations of � and g.
We may therefore set � = 0 and use Theorem 1.2.4 to see

�(�; g) = �(0; g) =
P

p(�1)p dimHp(M ;R) = �(M). ut
Remark 1.3.11 We will generalize this result if � satis�es Neumann bound-
ary conditions to the context of manifolds with boundary subsequently in
Lemma 1.5.10. This will lead to a heat equation proof of the classical Chern-
Gauss-Bonnet theorem for manifolds with boundary in Theorem 1.9.2.

1.3.6 Heat content asymptotics

The heat content asymptotics provide another family of local invariants.

Theorem 1.3.12 Let P be a dth order partial di�erential operator on a
closed Riemannian manifold with Spec�(P ) = (0;1). If � 2 C1(V ) and
if � 2 C1(V �), then we de�ne

�(�; �; P )(t) =
R
M
he�tP�; �idx :

1. As t # 0, there is a complete asymptotic series

�(�; �; P )(t) �Pn�0 t
n=d�n(�; �; P ) :

2. If j = dk, then �j(�; �; P ) = (�1)k 1
k!

R
M hP k�; �idx.

3. If j is not divisible by d, then �j(�; �; P ) = 0.

Proof: Assertion (1) can be established using the Seeley calculus [339]. Let
u := e�tP�. Then we have

1X
n=0

n
d t

(n�d)=d�n(�; �; P ) � @t�(�; �; P ) =
Z
M

h@tu; �idx

= �
Z
M

hPu; �idx = �
Z
M

hu; ~P�idx � �
1X
k=0

tk=d�k(�; ~P�; P ) :

We equate the coeÆcients of corresponding powers of t to obtain the recursion
relation

n
d�n(�; �; P ) = ��n�d(�; ~P�; P ) : (1.3.e)

Since ujt=0 = �, �0(�; �) =
R
M
h�; �idx. We now use induction to see

�dk(�; �; P ) = � 1
k�dk�d(�;

~P�; P ) = ::: = (�1)k 1
k!�0(�;

~P k�; P )

= (�1)k 1
k! h�; ~P k�iL2 = (�1)k 1

k! hP k�; �iL2 :
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Assertion (1) now follows. If n is not divisible by d, we argue similarly to see

�n(�; �; P ) = � d
n�n�d(�; ~P�; P ) = :::

= (�1)k dn d
n�d :::

d
n�kd�n�kd(�; ~P

k�; P ) :

Assertion (2) now follows since �n�kd = 0 for n� kd < 0. ut

1.4 Boundary ellipticity

If @M is non-empty, then we must impose suitable boundary conditions. We
begin by introducing the classical Lopatinskij-Shapiro condition. We refer to
Grubb [228] for further details concerning the material of this section.
Rather than working with the symbolic spectrum, it is convenient to work

with a complementary subset. We suppose that U is a conical subset of C .
This means that if � 2 U , then t� 2 U for any t � 0. Thus necessarily 0 2 U .
If P is an operator of Laplace type, respectively of Dirac type, then we shall

take U = C, respectively U = K, where
C := C � (0;1) and K := C � (0;1)� (�1; 0) : (1.4.a)

Let P be an elliptic operator of order d > 0 on C1(V ). Fix a connection r
on V ; if P is an operator of Laplace type, then we shall take the connection of
Lemma 1.2.1; if P is an operator of Dirac type, then we shall take a compatible
connection. To simplify the notation, we set

W :=W0 � :::�Wd�1 where Wi := V j@M :

Let r�
em� denote the �th covariant derivative of � with respect to the inward

unit geodesic normal vector�eld em. If � 2 C1(V ), then the Cauchy data
map �
 : C1(V )! C1(W ) is de�ned by setting

�
� := �j@M � (rem�)j@M � :::� (rd�1
em �)j@M 2 C1(W ) :

One can use a partition of unity to see that

Lemma 1.4.1 The Cauchy data map �
 : C1(V )! C1(W ) is surjective.

Let W =W0 � :::�Wd�1 be an auxiliary vector bundle de�ned over @M ;
it is permissible to take Wi to be empty for certain values of i if d � 2. We
assume that

dim(W) = d
2 dim(V ) :

We let
B : C1(W )! C1(W)

be a smooth tangential partial di�erential operator which is de�ned on @M .
We decompose B = (Bji) for

Bji : C
1(Wi)! C1(Wj) :

This is a slight notational change from the convention employed in [189]. We

© 2004 by CRC Press LLC 



32 Analytic preliminaries

shall regard a section to Wi as having order i since it will be thought of as
arising from the ith normal covariant derivative of a section to V . Thus we
shall assume that

order (Bji) � j � i :
In particular, we shall set Bji = 0 for j < i.
Our boundary operator is then de�ned by setting B := B Æ �
, i.e.

B� = �jfBj0(�j@M ) +Bj1(rem�j@M ) + :::+Bjj(rj
em�j@M )g :

In the context of the singular structures de�ned in Section 1.2.8, we modify
this de�nition slightly by replacing @M by the brane � and by replacing �
by (�+; ��). We suppress this additional technical fuss for the present in the
interest of notational simplicity; we shall return to this point in Sections 1.6.1
and 1.6.3 when we discuss transmission and transfer boundary conditions.
Both W andW are examples of graded vector bundles. We take the grading

into a�ect when considering the symbol. Let � be a cotangent vector on @M .
We de�ne the graded leading symbol of B by setting

�gL(Bji)(y; �) :=

(
�L(Bji)(y; �) if order(Bji) = j � i;
0 if order(Bji) < j � i:

This is invariantly de�ned as a map

�gL : T �(@M)! Hom (W;W) :

We can now state the Lopatinskij-Shapiro condition. Let P be an elliptic
dth order partial di�erential operator. Let

0 2 U � Spec�(P )
c

be a conical subset of C which is contained in the complement of the symbolic
spectrum of P . Let ~a = (a1; :::; am�1) be a collection of non-negative integers.
Let

@~ay := (@y1 )
a1 :::(@ym�1)

am

denote multiple tangential partial di�erentiation and let @r be the inward unit
normal vector �eld. Express P in the form

P =
X
~a;k

a~a;k@
~a
y@

k
r :

We formally replace @~ay by (
p�1)j~aj�~a and suppress the lower order terms to

de�ne the following equations for a function f = f(r):� X
j~aj=d�k

(
p�1)j~aja~a;k�~a@kr � �

�
f(r) = 0; (1.4.b)

lim
r!1

f(r) = 0 : (1.4.c)

Equation (1.4.b) arises from taking a partial Fourier transform in the tangen-
tial variables only. Equation (1.4.c) is a growth condition.
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De�nition 1.4.2 We say that (P;B) is elliptic with respect to a cone U � C

if the following two conditions are satis�ed:

1. Spec�(P ) � Uc.
2. For any (0; 0) 6= (�; �) 2 T �(@M) � U and for any w 2 W , there exists a

unique solution to Equations (1.4.b) and (1.4.c) such that

�gL(B)(y; �)�
f = w :

Theorem 1.3.2 generalizes to yield the following elliptic regularity result:

Theorem 1.4.3 Let P be a dth order partial di�erential operator on compact
Riemannian manifold M with smooth boundary @M . If (P;B) is elliptic with
respect to the cone f0g and if P� = 0 in the distributional sense on M , then
� is smooth on M .

1.4.1 The heat equation

Let (P;B) be elliptic with respect to the cone C. Let � 2 C1(V ). There is a
unique solution u = u(x; t) to the equations

(@t + P )u = 0 for t > 0 (evolution equation)

Bu = 0 for t > 0 (boundary condition)

ujt=0 = � (initial condition).

(1.4.d)

We shall let the operator �! u be denoted by e�tPB ; this is the fundamental
solution of the heat equation.
If � 2 L2, then u(x; t) is smooth in (x; t) for t > 0 so the evolution equation

and boundary condition are to be understood in the usual sense. However, a
bit of care is needed with the initial condition. Even if � is smooth, it need
not satisfy the boundary condition. We adopt the convention that the initial
condition u(x; t) = �(x) means that limt#0 u(�; t) = � in the distributional
sense. This means that

lim
t#0

Z
M

hu(x; t); �(x)idx =

Z
M

h�(x); �(x)idx for all � 2 C1(V �) :

We adopt this convention henceforth in the interest of brevity and clarity
whenever writing such an initial condition for a manifold with boundary.
It is worth digressing brie
y to provide an example of this phenomena. We

will return to this example subsequently in Section 2.3.

Example 1.4.4 Let M = [0; �] be the interval, let D = �@2x, and let � = 1.
We will show presently in Example 1.5.12 that the spectral resolution of the
Laplacian with Neumann boundary conditions on the interval is given by(p

2p
�
sinnx; n2

)1
n=1

:
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Consequently, the associated Fourier coeÆcients on the interval are

�n(�) :=

p
2p
�

Z �

0

sin(nx)dx =

p
2p
�

(
2
n if n is odd;

0 if n is even:

Separation of variables now yields

u(x; t) =
X

n�odd
e�tn

2 2
p
2

n
p
�
sin(nx) :

This series converges in the C1 topology for t > 0. If x 2 (0; �) and if
t = 0, then the series converges conditionally, but not absolutely, to �(x) = 1.
Finally, we note that

u(0; 0) = u(�; 0) = 0 while �(0) = �(�) = 1 :

1.4.2 Heat trace asymptotics

Let PB be the closure of the operator P on the space of smooth sections to V
satisfying the boundary condition B� = 0. Theorem 1.3.5 generalizes to this
setting to give the heat trace asymptotics.

Theorem 1.4.5 Let P be a dth order partial di�erential operator on a com-
pact Riemannian manifold M with smooth boundary @M . Assume that (P;B)
is elliptic with respect to the cone C.
1. If t > 0, then the operator e�tPB is an in�nitely smoothing operator which is

of trace class on L2. There exists a smooth kernel function K(t; x; x1; P;B)
de�ning a linear map from Vx1 to Vx so that for t > 0,

e�tPB�(x; t) =
R
M
K(t; x; x1; P;B)�(x1)dx1 :

2. Let F 2 C1(End (V )) be an auxiliary smooth endomorphism. Then

TrL2fFe�tPBg =
R
M Tr VxfF (x)K(t; x; x; P;B)gdx :

As t # 0, there is a complete asymptotic expansion of the form

TrL2fFe�tPBg �
P

n�0 t
(n�m)=dan(F; P;B) :

3. Let the interior invariants en(x; P ) be as described in Theorem 1.3.5. Let
r be an auxiliary connection on V . There exist local endomorphism valued
invariants en;k de�ned on the boundary of M so that

an(F; P;B) =
R
M Tr VxfF (x)en(x; P )gdx

+
P

k<n

R
@M

Tr Vxfrk
emF (y) � en;k(y; P;B)gdy :

As for the case of manifolds without boundary, it is convenient to introduce
the corresponding scalar invariants. Let

an;k(y; P;B) := Tr Vx

�
en;k(y; P;B)

�
: (1.4.e)
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We then have that if f is a scalar function, then

an(f � Id ; P;B) =
Z
M

f(x)an(x; P )dx

+

n�1X
k=0

Z
@M

rk
emf(y) � an;k(y; P;B)dy so

Tr L2fe�tPBg �
1X
n=0

t(n�m)=d

�Z
M

an(x; P )dx+

Z
@M

an;0(y; P;B)dy
�
:

If B denotes spectral boundary conditions (see Section 1.6.6), then the situa-
tion is considerably more complicated. The asymptotic series here can contain
non-local terms and also log terms. However, these terms do not appear until
the constant term and thus play no role in our analysis. In the interest of sim-
plicity, we omit a fuller discussion of this context and refer instead to Grubb
[226, 227, 229] and to Grubb and Seeley [233, 234, 235]. We shall content our-
selves with the following result which is suÆcient to the task at hand giving
the heat trace asymptotics for spectral boundary conditions.

Theorem 1.4.6 Let P : C1(V1) ! C1(V2) be an elliptic complex of Dirac
type. Let D = P �P be the associated operator of Laplace type. Impose spectral
boundary conditions B. Let F be an auxiliary smooth endomorphism of V1.
Then there is an asymptotic series as t # 0 of the form

TrL2(Fe
�tDB ) �P0�k�m�1 ak(F;D;B)t(k�m)=2 +O(t�1=8) :

1.4.3 Heat content asymptotics

The heat content asymptotics are not discussed explicitly by Greiner [224] or
by Seeley [341]. However the calculations of the parametrix discussed there
generalize immediately to establish the existence of the appropriate asymp-
totics for the heat content function; we refer to Grubb [228] for an excellent
discussion of the heat equation in the context of elliptic boundary value prob-
lems. We also note that work of Kozlov [262] provides an alternative approach
to the matter at hand.

Theorem 1.4.7 Let M be a compact m dimensional Riemannian manifold
with smooth boundary @M . Let P be a dth order partial di�erential operator
on M . Assume (P;B) is elliptic with respect to the cone C. Let � 2 C1(V )
and � 2 C1(V �).
1. As t # 0, there exists a complete asymptotic expansion of the form

�(�; �; P;B)(t) := R
M
he�tPB�; �i(x; t)dx �Pn�0 t

n=d�n(�; �; P;B) :

2. There exist local invariants �Mn and �@Mn which are bilinear in the jets of
� and of � so that

�n(�; �; P;B) =
R
M �Mn (�; �; P )(x)dx +

R
@M �@Mn (�; �; P;B)(y)dy :
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The interior invariants �Mn are described by Assertions (2) and (3) of The-
orem 1.3.12 as we can take

�Mn (�; �; P ) =

�
0 if d does not divide n;
(�1)k 1

k! hP k�; �i if n = dk :
(1.4.f)

The interior invariants are not unique. Thus by using an appropriate Green's
formula we could also take

�Mdk(�; �; P ) = (�1)k 1
k! h�; ~P k�i

at the cost of changing the boundary integrand �@Mdk appropriately.

1.4.4 Operators of Laplace type

Let B de�ne a boundary condition for an operator D of Laplace type. Then

B =

�
b00 0
b10 + ba10rea b11

�
;

�gL(B)(�) =

�
b00 0p�1ba10�a b11

�
;

B� =

�
b00�

b10�+ ba10rea�+ b11rem�

� ����
@M

:

If P is an operator of Laplace type, then Equation (1.4.b) becomes

(�@2r + j�j2 � �)f(r) = 0 : (1.4.g)

Since 0 6= (�; �) 2 T �@M � C,
j�j2 � � =2 (�1; 0] :

Choose the branch of the square root function so that

<
p
j�j2 � � > 0 :

The solutions to Equation (1.4.g) are exponentials of the form

f(r) = e�r
p
j�j2���� + er

p
j�j2���+ :

The solutions decaying as r !1 have �+ = 0 so f(r) = e�r
p
j�j2����. Thus

�
f = �� ��
p
j�j2 � ��� :

The following operator will play a crucial role in our subsequent analysis. It
will be used to express the Lopatinskij-Shapiro condition on the symbolic level
when considering boundary conditions for operators of Laplace type. Set

b(�; �) : �!
�

b00�p�1ba10�a�� b11
pj�j2 � ��

�
(1.4.h)

The following Lemma is now immediate:
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Lemma 1.4.8 Let D be an operator of Laplace type. Let B be as above. Then
(D;B) is elliptic with respect to the cone C if and only if b(�; �) is an isomor-
phism from V j@M to W for any (0; 0) 6= (�; �) 2 T �(@M)� C.

1.4.5 Operators of Dirac type

Let d = 1 and let P = 
irei +  P be an operator of Dirac type. By Lemma
1.3.1, P is elliptic with respect to the cone

K := C � (�1; 0)� (0;1) :

A boundary condition is then an endomorphism

B : V j@M !W where dimW = 1
2 dim V :

If (0; 0) 6= (�; �) 2 T �(@M)�K, then
j�j2 � �2 =2 (�1; 0] :

We choose the branch of the square root function so

<(
p
j�j2 � �2) > 0 :

We will use the following operator in our discussion of the Lopatinskij-Shapiro
condition. Set

�(�; �) :=
p�1
m
a�a � 
m� : (1.4.i)

The Cli�ord commutation rules show

�(�; �)2 = (j�j2 � �2)Id : (1.4.j)

Let V�(�; �) be the associated eigenspaces. They are de�ned by

V�(�; �) := fv 2 V j@M : �(�; �)v = �
p
j�j2 � �2vg : (1.4.k)

Lemma 1.4.9 Let P be an operator of Dirac type and let B be a linear map
from V j@M to W. Then (P;B) is elliptic with respect to the cone K if and
only if B : V�(�; �)

��!W for all (0; 0) 6= (�; �) 2 T �(@M)�K.
Proof: Equation (1.4.b) takes the form

(
m@r +
p�1
a�a � �)f(r) = 0 :

As 
2m = �Id , we multiply by �
m to see equivalently that

(@r � �(�; �))f(r) = 0 : (1.4.l)

We use Equations (1.4.j) and (1.4.k). Decompose f(0) = v+ + v� where we
have v� 2 V�. The solutions to Equation (1.4.l) are then given by

f(r) = er
p
j�j2��2v+ + e�r

p
j�j2��2v� for v� 2 V� :

Since er
p
j�j2��2v+ increases exponentially as r ! 1, we must have v+ = 0.

Thus (P;B) is elliptic with respect to K if and only if

B : V� !W
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is an isomorphism for

(0; 0) 6= (�; �) 2 T �(@M)�K :
The same condition holds for V+ since V+(�; �) = V�(��;��). ut
In discussing spectral boundary conditions in Section 1.6.6, we will permit

B to be a 0th order pseudo-di�erential operator, but we suppress this technical
complication for the moment in the interest of notational simplicity. At that
point, the relevant sign conventions will be crucial.

1.4.6 Induced second order boundary conditions

Let P = 
irei + P be an operator of Dirac type. Let D = P 2 be the associ-
ated operator of Laplace type. Let B1 de�ne a 0th order boundary condition;
let B2 := B1 � B1P be the induced boundary operator for D. Let � 2 T �@M
and let �; � 2 C . Adopt the notation of Equations (1.4.h) and (1.4.i). Let

�(�; �) :=
p�1
m
a�a � 
m�;

� :=
p
j�j2 � �2;

�(�; �) :=
p�1
a�a � 
m�; and

b2(�; �
2) :=

� B1
B1�(�; �)

�
:

We use the Cli�ord commutation relations to compute that

�(�; �)2 = (j�j2 � �2)Id and �(�; �)2 = (j�j2 � �2)Id :
Lemma 1.4.10 Let (0; 0) 6= (�; �) 2 T �(@M)�K. Let � =

pj�j2 � �2.
1. �(�; �)v = ��v if and only if �(�; �)v = �v.

2. Let � = 0 and � = j�j. Then kerf�(�; �)g = V�(�; 0) and �(�; �) is an
isomorphism from V+(�; 0) onto V�(�; 0).

Proof: Assertion (1) follows from the following chain of equivalent equations

�(�; �)v = ��v , (
p�1
m
a�a � 
m�)v = ��v

, (
p�1
a�a � �)v = 
m�v , (

p�1
a�a � 
m�)v = �v

, �(�; �)v = �v :

If � = 0, then ker�(�; �) = V�(�; 0) by Assertion (1). As dimV+ = dimV�
and as �(�; �)2 = 0, Assertion (2) now follows. ut
We have the following result relating ellipticity conditions:

Theorem 1.4.11 Let P be an operator of Dirac type. Let B1 : V j@M ! W
de�ne a 0th order boundary condition for P where dimW = 1

2 dim V . Let
D := P 2 be the associated operator of Laplace type and let

B2� := B1��B1P�
be the associated boundary condition for D. Then the following assertions are
equivalent:
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1. (P;B1) is elliptic with respect to the cone K.
2. (D;B2) is elliptic with respect to the cone C.
Proof: We apply Lemmas 1.4.8, 1.4.9 and 1.4.10. Let P = 
irei + P be an
operator of Dirac type and let D = P 2 be the associated operator of Laplace
type. If (0; 0) 6= (�; �) 2 T �(@M)�K, then

b2(�; �
2) =

� B1
B1�(�; �)

�
for � =

p
j�j2 � �2 :

To prove that Assertion (1) implies Assertion (2), we suppose that (P;B1) is
elliptic with respect to the cone K but that (D;B2) is not elliptic with respect
to the cone C and argue for a contradiction. Choose

(0; 0) 6= (�; �) 2 T �(@M)�K and 0 6= v

so

b2(�; �
2)v = 0 :

Suppose that � 6= 0. Decompose

v = v+ + v� for �(�; �)v� = ��v� :
Since b(�; �2)v = 0, we have that

B1(v+ + v�) = 0 and B1(�v+ � �v�) = 0 :

Because � 6= 0, this implies B1v+ = 0 and B1v� = 0 separately. One has

�(�; �)v+ = �v+ ) �(�; �)v+ = ��v+ ) v+ 2 V�(�; �);
�(�; �)v� = ��v� ) �(�;��)v� = ��v� ) v� 2 V�(�;��) :

Since B1v+ = 0, since B1v� = 0, and since B1 is elliptic with respect to the
cone K, we have v+ = 0 and v� = 0 so v = 0 which is false.
Suppose that � = 0 so � = j�j. By Lemma 1.4.10, ker�(�; �) = V�(�; 0).

This controls the Jordan normal form of �(�; �). Decompose v = v+ + v�
where �(�; 0)v� = ��v�. As �(�; �)v� = 0, B1�(�; �)v+ = 0. Since

�(�; �)v+ 2 ker�(�; �) = V�(�; 0)

�(�; �)v+ = 0 as (P;B1) is elliptic with respect to K. Consequently v+ = 0 so
v = v�. Since B1v� = 0, v� = 0 and thus v = 0. This contradiction shows
Assertion (1) implies Assertion (2).
Conversely, suppose that (D;B2) is elliptic with respect to the cone C. Let

(0; 0) 6= (�; �) 2 T �(@M) � K. Suppose v� 2 V�(�; �) \ ker(B1). By Lemma
1.4.10, we have �(�; �) = �v�. Thus b2v� = 0 so v� = 0. ut

1.4.7 The dual operator and the dual boundary condition

Recall that the dual operator ~P on V � is de�ned by the identity

hP�; �iL2 = h�; ~P�iL2 for all � 2 C10 (V ); � 2 C10 (V �) :
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If D is an operator of Laplace type, then we use Lemma 1.2.1 to express
D = D(r; E). We then have ~D = D( ~r; ~E) where, by Lemma 1.2.2, ~r is the
dual connection on V � and ~E is the dual endomorphism on V �.

De�nition 1.4.12 We say that an operator ~B on V � de�nes the dual or
adjoint boundary condition if the following properties are satis�ed:

1. If � 2 C1(V ), if � 2 C1(V �), if B� = 0, and if ~B� = 0, then

hP�; �iL2 = h�; ~P�iL2 :

2. Let � 2 C1(V �). Suppose that hP�; �iL2 = h�; ~P�iL2 for every � 2 C1(V )
with B� = 0. Then ~B� = 0.

De�nition 1.4.13 Let P be a dth order partial di�erential operator. Let B
be a boundary condition so that (P;B) is elliptic with respect to either the
cone C or the cone K. Let ~P be the associated operator on V � and let ~B
de�ne the adjoint boundary condition. Let V have a Hermitian innerproduct.
We say that (P;B) is self-adjoint if P = ~P and if B = ~B under the natural
conjugate linear identi�cation of V with V �.

1.4.8 Green's formula

We shall need the Green's formula in our discussion of the dual operator
subsequently. Although the proofs are elementary, the formulae are central to
the subject. We begin by establishing a basic identity. Let ! = !iei be a 1
form. Note that

!i;i = ei(!i)� �iij!j : (1.4.m)

We use Stoke's theorem and Lemma 1.2.7 to see:Z
M

!i;idx = �
Z
M

(Æ!)dx

= (�1)m
Z
M

(?md ?1 !)dx = (�1)m
Z
M

d ?1 ! (1.4.n)

= (�1)m
Z
@M

?1! = �
Z
@M

!mdy :

The proper signs involved are always a bit tricky as there are several di�erent
normalizations involved. The proper sign can be determined by making a
computation on the half space in R

n ; we always use the inward unit normal.
We can now derive the Green's formula for an operator of Dirac type:

Lemma 1.4.14 Let M be a compact Riemannian manifold. Let 
 be a Clif-
ford module structure on a vector bundle V over M . Use Lemma 1.1.7 to
choose a compatible connection r. Let P = 
irei +  P be an operator of
Dirac type on V . Set ~P := �~
i ~rei +

~ P on C1(V �). ThenR
MfhP�; �i � h�; ~P�igdx = �

R
@M h
m�; �idy :
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Proof: Let � 2 C1(V ) and � 2 C1(V �). Let ! := h
i�; �iei 2 C1(T �M).
Since r
 = 0,

0 = rei
j � 
jrei � �ijk
k :

We use Equations (1.4.m) and (1.4.n) to compute

�
Z
@M

h
m�; �idy =
Z
M

!i;idx =

Z
M

�
eih
i�; �i � �iij!j

�
dx

=

Z
M

�
hrei
i�; �i+ h
i�; ~rei�i � �iijh
j�; �i

�
dx

=

Z
M

�
h
irei�; �i+ h�; ~
i ~rei�i

�
dx

=

Z
M

�
hP�; �i � h�; ~P�i

�
dx : ut

It will be useful to have a similar Green's formula on the boundary for
use in studying spectral boundary conditions in Section 1.6.6. Recall that we
de�ned the tangential Cli�ord module structure in Equation (1.1.l) by setting


Ta := �
m
a :
Lemma 1.4.15 Let M be a compact Riemannian manifold. Let 
 be a Clif-
ford module structure on a vector bundle V over M and let r be a compatible
connection. Let A := �
m
area +  A be a operator of Dirac type on V j@M .
Set ~A := �~
m~
a ~rea +

~ A on V �j@M . ThenR
@MfhA�; �i � h�; ~A�igdy = 0 :

Proof: Lemma 1.4.14 may not be applied directly asr@M
T is in general non-
zero; see Equation (1.1.m). Set ! := h
m
a�; �iea 2 C1(T �@M). We apply
Equation (1.4.n), replacingM by @M ; the boundary correction term vanishes
as @M is closed. Note that Lac
a
c = �Laa. We use Equation (1.4.m) to see

0 =

Z
@M

h�
m
a�; �i:ady

=

Z
@M

�
eah�
m
a�; �i+ �aach
m
c�; �i

�
dy

=

Z
@M

�
h�rea
m
a�; �i+ h�
m
a�; ~rea�i+ h�aac
m
c�; �i

�
dy

=

Z
@M

�
h�
m
area�; �i+ h��amc
c
a�; �i+ h��aac
m
c�; �i

�h�aam
m
m�; �i+ h�aac
m
c�; �i+ h�; ~
m~
a ~rea�i
�
dy

=

Z
@M

�
hA�; �i + Lach
c
a�; �i+ Laah�; �i � h�; ~A�i

�
dy

=

Z
@M

�
hA�; �i � h�; ~A�i

�
dy : ut
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The Green's formula for exterior di�erentiation d and the formal adjoint,
interior di�erentiation, Æ, is derived similarly.

Lemma 1.4.16 Let � and � be smooth p forms on a compact Riemannian
manifold. ThenR

Mf(d�; �)� (�; Æ�)gdx = � R@M (�; i(em)�)dy :

Proof: Let feig be a local orthonormal frame. Let ei := e(ei) and ii := i(ei)
denote left exterior and left interior multiplication by ei, respectively. Let r
be the Levi-Civita connection. By Lemma 1.2.5, d = eirei and Æ = �iirei .
Since re = 0 and ri = 0,

reiej � ejrei � �ijkek = 0 and rei ij � ijrei � �ijk ik = 0 :

Let ! := (ei�; �)ei 2 C1(T �M). Equations (1.4.m) and (1.4.n) yield

�
Z
@M

(em�; �)dy =

Z
M

�
ei(ei�; �) � �iij(ej�; �)

�
dx

=

Z
M

�
((rei ei � �iijej)�; �) + (ei�;rei�)

�
dx

=

Z
M

�
(eirei�; �) + (�; iirei�)

�
dx =

Z
M

�
(d�; �)� (�; Æ�)

�
dx : ut

There is a similar formula for operators of Laplace type:

Lemma 1.4.17 Let D = D(r; E) be an operator of Laplace type on a smooth
vector bundle V over a compact Riemannian manifold M . Let ~D = D( ~r; ~E)
be the corresponding operator of Laplace type on the dual bundle on V �. ThenR

M
fhD�; �i � h�; ~D�igdx = R

@M
fh�;m; �i � h�; �;migdy :

Proof: We compute Z
M

�
hD�; �i � h�; ~D�i

�
dx

=

Z
M

�
� h(reirei�� �iijrej +E)�; �i

+ h�; ( ~rei
~rei � �iij ~rej + ~E)�i

�
dx

=

Z
M

�
� (hrei�; �i;i � hrei�; ~rei�i)

+ (h�; ~rei�);i � hrei�; ~rei�i)
�
dx

=

Z
M

�
� hrei�; �i;i + h�; ~rei�i;i

�
dx

=

Z
@M

�
hrem�; �i � h�; ~rem�i

�
dy : ut
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1.4.9 Spectral theory of self-adjoint operators

The following result generalizes Theorem 1.3.3 to this setting; it follows from
standard elliptic operator theory, see, for example, Grubb [228].

Theorem 1.4.18 Let P be a partial di�erential operator on a bundle V over
a compact Riemannian manifold M . Let B be a local boundary condition.
Assume that (P;B) is elliptic with respect to the cone f0g and that PB is
self-adjoint. Then:

1. There exists a complete orthonormal basis f�ig for L2(V ) so that
�i 2 C1(V ), so that P�i = �i�i, and so that B�i = 0.

2. Order the eigenvalues so j�1j � j�2j:::. There exists � > 0 and i0 > 0 so
j�ij � i� for i � i0.

3. If (P;B) is elliptic with respect to the cone C, then only a �nite number of
the eigenvalues �i can be negative.

4. For every k � 0, there exists a constant Ck and an integer nk so that
jj�ijj1;k � Ckj�ijnk for i � i0.

1.5 Boundary conditions I

The choice of proper boundary conditions is crucial to our study so we present
a brief introduction here to the boundary conditions we shall employ. Through-
out this and the subsequent section, let D be an operator of Laplace type and
let r be the associated covariant derivative. If B is a boundary operator, then
the associated boundary condition is de�ned by B� = 0. The realization of
D with respect to the boundary condition B, which we shall denote by DB,
is D acting on the closure of the set of smooth functions � which satisfy this
boundary condition, in other words, for those � which satisfy B� = 0. We
adopt the notation of Equation (1.4.a) and let

C := C � (0;1) and K := C � (0;1)� (�1; 0) :
Let �;m = rem� denote the covariant derivative of � with respect to the

inward unit normal along the boundary.

1.5.1 Dirichlet boundary conditions

The Dirichlet boundary operators on V and V � are de�ned by setting

B� := �j@M and ~B� := �j@M : (1.5.a)

Solving the heat equation with Dirichlet boundary conditions corresponds
physically to keeping the boundary immersed in ice water, in other words at
0 degrees temperature (Centigrade).
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Lemma 1.5.1 Let D be an operator of Laplace type. Let B and ~B be the
Dirichlet boundary operators de�ned in Equation (1.5.a). Then:

1. (D;B) is elliptic with respect to the cone C.
2. ~B de�nes the adjoint boundary operator for ~D on C1(V �).

Proof: Since we are taking Dirichlet boundary conditions, the map b(�; �) of
Equation (1.4.h) is the identity map on V j@M . The �rst assertion now follows
by Lemma 1.4.8.
To prove the second assertion, we use Lemma 1.4.17 to see that

hD�; �iL2 � h�; ~D�iL2 =
Z
@M

�
h�;m; ~B�i � hB�; �;mi

�
dy :

This vanishes if B� = 0 and if ~B� = 0 so the �rst assertion of De�nition 1.4.12
is satis�ed. Conversely, if we have that hD�; �iL2 � h�; ~D�iL2 = 0 for all �
with �j@M = 0, we then haveZ

@M

h�;m; ~B�idy = 0 : (1.5.b)

We use Lemma 1.4.1 to see that we can choose � 2 C1(V ) so �j@M = 0 and
so �;mj@M is arbitrary. Thus Equation (1.5.b) implies ~B� = 0 so ~B de�nes the
adjoint boundary condition. ut

1.5.2 Neumann and Robin boundary conditions

The Neumann boundary operator is de�ned by

B� = �;mj@M :

Solving the heat equation with Neumann boundary conditions corresponds
physically to insulating the boundary.
More generally, suppose given an auxiliary endomorphism S of V j@M . Let

B� := (�;m + S�)j@M and ~B� := (�;m + ~S�)j@M (1.5.c)

de�ne the Robin boundary operators on V and on V �. Solving the heat equa-
tion with Robin boundary conditions corresponds to ensuring that the heat

ow across the boundary is proportional to the temperature on the boundary.

Lemma 1.5.2 Let D be an operator of Laplace type. Let B and ~B be the
Robin boundary operators de�ned in Equation (1.5.c). Then:

1. (D;B) is elliptic with respect to the cone C.
2. ~B de�nes the adjoint boundary condition for ~D.

Proof: The map b(�; �) of Equation (1.4.h) is now given by

b(�; �)� = �
p
j�j2 � �� :

Since j�j2 � � 6= 0 for (0; 0) 6= (�; �) 2 T �(@M) � C, b is an isomorphism so
(D;B) is elliptic with respect to the cone C by Lemma 1.4.8.
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To prove Assertion (2), we use Lemma 1.4.17 to compute that

hD�; �iL2 � h�; ~D�iL2 =
Z
@M

�
h�;m + S�; �i � h�; �;m + ~S�i

�
dy

=

Z
@M

�
hB�; �i � h�; ~B�i

�
dy :

The same argument used to establish Assertion (2) of Lemma 1.5.1 completes
the proof in the present instance as well. ut

More generally, suppose given a decomposition of @M = CD
:t CR as a dis-

joint union of closed subsets of @M . If we take Dirichlet boundary conditions
on CD and Robin boundary conditions on CR, the computations performed
above show these boundary conditions are elliptic with respect to the cone C.
Furthermore as the structures don't interact, the dual boundary conditions
are once again Dirichlet boundary conditions on CD and Robin boundary
conditions on CR.

1.5.3 Mixed boundary conditions

These generalize both Dirichlet and Robin boundary conditions. Assume given
an endomorphism � of V j@M so that �2 = Id V . We extend � to a neighbor-
hood of @M in M by requiring that �;m = 0; this preserves the relation
�2 = Id V . Let ~� be the dual endomorphism of V �. We compute

h�; ~�;m�i = h�; [ ~rem ; ~�]�i = h�; ~rem ~��i � h��; ~rem�i
= emh�; ~��i � hrem�; ~��i � emh��; �i+ hrem��; �i
= h[rem ; �]�; �i = h�;m�; �i = 0

and consequently ~�;m = 0 as well. Near the boundary, let

�� := 1
2 (Id V � �); V� := ��V;

~�� := 1
2 (Id V � ~�); V �� := ~��V �

be the associated spectral projections and eigenspaces. The pairing h�; �i from
V 
 V � to R extends to pairings

h�; �i : V+ 
 V+ ! R and h�; �i : V� 
 V� ! R

with the orthogonality relation V� ? V ��. Since �;m = 0 and ~�;m = 0,

��rem = rem��; and ~�� ~rem = ~rem
~�� :

Let S be an endomorphism of V+j@M . Extend S to V j@M as the zero endomor-
phism of V�j@M . Then extend S to a neighborhood of @M so that S;m = 0.
Then

S�� = ��S; ~S ~�� = ~�� ~S; and ~S;m = 0 :
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We de�ne the mixed boundary operators

B� := �+(rem + S)�j@M ����j@M ;
~B� := ~�+( ~rem + ~S)�j@M � ~���j@M :

(1.5.d)

Lemma 1.5.3 Let D be an operator of Laplace type. Let B and ~B be the mixed
boundary operators de�ned in Equation (1.5.d). Then

1. (D;B) is elliptic with respect to the cone C.
2. ~B de�nes the adjoint boundary condition for ~D.

Proof: On the leading symbol level, the boundary conditions decouple into
pure Dirichlet on V� and pure Neumann on V+. Thus Assertion (1) follows
from Lemma 1.5.1 and Lemma 1.5.2.
To prove Assertion (2), we use Lemma 1.4.17 to show thatZ

M

�
hD�; �i � h�; ~D�i

�
dx =

Z
@M

�
h�;m; �i � h�; �;mi

�
dy

=

Z
@M

�
h�+;m; �+i+ h��;m; ��i � h�+; �+;mi � h��; ��;mi

�
dy

=

Z
@M

�
hB�; ~�+�� ~���;mi � h�+�����;m; ~B�i

�
dy :

Exactly the same argument as that given to study the adjoint boundary con-
ditions for Dirichlet and Robin boundary conditions now show ~B de�nes the
adjoint boundary condition in the mixed setting. ut

1.5.4 Absolute boundary conditions

Absolute boundary conditions are a special case of mixed boundary conditions.
They arise in index theory [189] and also in the context of quantum gravity,
see Luckock and Moss [270]. We take normalized coordinates x = (y; xm) on
a collared neighborhood of the boundary as was discussed in Section 1.1.2.
The metric then has the form

ds2 = g��dy
� Æ dy� + dxm Æ dxm : (1.5.e)

If I = f1 � �1 < �2 < ::: < �p � m� 1g is a multi-index, one de�nes
dyI := dy�1 ^ ::: ^ dy�p :

Let  be a smooth di�erential form. Near @M , expand

 =
X
I

 +
I dy

I +
X
J

 �J dx
m ^ dyJ :

The absolute boundary operator Ba is de�ned by setting

Ba :=

(X
I

@m 
+
I j@M � dyI

)
�
(X

J

 �J j@M � dyJ
)
: (1.5.f)
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It is clear that

Ba = 0 ) Bad = 0 : (1.5.g)

We now show that Ba is invariantly de�ned. As in Section 1.2, let e be exterior
multiplication and, dually, let i be interior multiplication. Let L be the second
fundamental form.

Lemma 1.5.4 Let � = dÆ + Æd and let B the absolute boundary operator
de�ned in Equation (1.5.f).

1. B = B�;S where:

(a) � = �1 on �(@M)? = Span fdxm ^ dyIg.
(b) � = +1 on �(@M) = Span fdyIg.
(c) S = ��+e(ea)i(eb)Lab�+ on �(@M).

2. �:a = 2Lab(ebim + emib).

3. (�;B) is elliptic with respect to the cone C.
4. (�;B) is self-adjoint.
Proof: The form of the metric tensor given in Equation (1.5.e) shows that
�m

�
� = 0 if either � = m or � = m. We use Equation (1.1.a) to compute that

rem( 
+
I dy

I) = f@m +
I +  +

I �m
�
�e(dy

�)i(@y�)gdyI
= f@m +

I �  +
I �m�

�
e(dy�)i(@y�)gdyI

= f@m + L��e(dy
�)i(@y�)g +

I dy
I :

We establish Assertion (1) by using this identity to express

B = �+frem � L��e(dy�)i(@y�)g ��� :

Let !+ := ea1 ^ ::: ^ ea` and !� := em ^ !+. As �!� = �!�, we may
establish Assertion (2) by computing

(rea�� �rea)!+ = (�abcecib + �abmemib � �abcecib + �abmemib)!+

= 2Labemib!+;

(rea�� �rea)!� = (��abcecib � �ambebim + �abcecib � �ambebim)!�
= 2Labebim!� :

Assertion (3) now follows from Assertion (1) and from Lemma 1.5.3. By
Assertion (1), S is self-adjoint. Assertion (4) follows from Lemma 1.5.3. ut

1.5.5 Relative boundary conditions

The Hodge ? operator of Section 1.2.5 is only locally de�ned if M is not
orientable but this minor technical diÆculty plays no role in our analysis.
Relative boundary conditions are de�ned by dualizing with respect to ? to
de�ne

Br := Ba(? ) : (1.5.h)
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Consequently

?p�
p
Ba?m�p = (�1)p(m�p)�m�p

Br : (1.5.i)

The following reformulation of absolute and relative boundary conditions is
a useful one. Near the boundary, we may decompose any smooth form ! into
a sum ! = !1 + dxm ^ !2 where the !i are tangential di�erential forms and
where xm is the geodesic distance to the boundary. Let i be the inclusion of
@M into M . We de�ne

Ca! = i�i(em)! = !2j@M and Cr! = i�! = !1j@M : (1.5.j)

Let � be an auxiliary smooth function. Let d� := e��de� and Æ� := e�Æe��.
We set � = 1 to recover d and Æ.

Lemma 1.5.5 Assume � 2 C1(M) satis�es Neumann boundary conditions.

1. The operator Ca � Cad� de�nes absolute boundary conditions.

2. The operator Cr � CrÆ� de�nes relative boundary conditions.

3. If Cr = 0, then Crd� = 0.

4. If Ca = 0, then CaÆ� = 0.

Proof: Let dT be the exterior derivative and let ?T be the Hodge operator
on @M . Decompose  =  +

I dy
I +  �J dx

m ^ dyJ . Since @xm�j@M = 0,

Ca � Cad� 

=  �J j@MdyJ � f(@xm +
I j@M )dyI � e��dT (e� �J dyJ j@M )g :

Assertion (1) now follows from Equation (1.5.f).
We ignore the precise signs as they play no role in de�ning the boundary

conditions. We have

Cr = � ?T Ca ? and Æ� = � ? d� ? :
Assertion (2) now follows dually from Assertion (1) and from Lemma 1.2.7.
We may express Crd� = fdT + e(dT�)gCr. Since the operator dT + e(dT�)

is tangential, Cr = 0 implies Crd� = 0. This establishes Assertion (3);
Assertion (4) then follows by duality. ut

1.5.6 The de Rham complex and the Hodge decomposition theorem

We now establish a basic technical result. Let �� := d�Æ� + Æ�d� be the
Witten Laplacian.

Lemma 1.5.6 Let B denote either absolute or relative boundary conditions.
Assume � satis�es Neumann boundary conditions. Let E�(�

p
�;B) be the asso-

ciated eigenspaces on p forms. If � 6= 0, then we have long exact sequences

0! E�(�
0
�;B)

d��!E�(�
1
�;B)

d��!::: d��!E�(�
m�1
�;B )

d��!E�(�
m
�;B)! 0

0 E�(�
0
�;B)

Æ� �E�(�
1
�;B)

Æ� �::: Æ� �E�(�
m�1
�;B )

Æ� �E�(�
m
�;B) 0 :
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Proof: We shall suppose that B de�nes absolute boundary conditions; the
corresponding assertion for relative boundary conditions will then follow by
duality. Let � 6= 0 and let  2 E�(��;B); we suppress the index p to simplify
the notation. Since d��� = ��d� and Æ��� = ��Æ�,

��d� = �d� and ��Æ� = �Æ� :

Furthermore, since Æ�d� + d�Æ� = �, the sequences in question will be exact.
Thus to complete the proof, we need only check the boundary conditions are
preserved.
We apply Lemma 1.5.5. Since Ba = 0, Ca = 0 and Cad� = 0. Since

d�d� = 0, we also have Cad�(d� ) = 0. Thus Bad� = 0 as desired. As
Ca = 0, CaÆ� = 0. We may express

Cad�Æ� = Ca(� ) � CaÆ�d� = CaÆ�d� :

Since Cad� = 0, CaÆ�d� = 0. This shows Cad�Æ� = 0 so BaÆ� = 0. ut
LetM be a closed Riemannian manifold. The Hodge decomposition theorem

for a closed Riemannian manifold yields a decomposition of the form

C1(�(M)) = range (d) + range (Æ) + ker(�) :

Let f�+i ; �+i g be a spectral resolution of the Laplacian on range (d), f��i ; ��i g
be a spectral resolution of the Laplacian on range (Æ), and f�0i g be an orthonor-
mal basis for ker(�). This yields a complete orthonormal basis for L2(�(M))
so that

dÆ�+i = �+i �
+
i ; d�+i = 0;

Æ��j = 0; Æd��j = ��j �
�
j ;

Æ�0k = 0; d�0k = 0 :

This generalizes to the setting of smooth manifolds with boundary as:

Theorem 1.5.7 Let B denote either absolute or relative boundary conditions.
There is a complete orthonormal basis f�+i ��j ; �0kg for L2(�(M)) so that

dÆ�+i = �+i �
+
i ; d�+i = 0; B�+i = 0;

Æ��j = 0; Æd��j = ��j �
�
j ; B��j = 0;

Æ�0k = 0; d�0k = 0; B�0k = 0 :

As for closed manifolds, the zero mode eigenspace which is spanned by the
di�erential forms �0k has a cohomological interpretation. Let Hp(M) and
Hp(M;@M) denote the absolute and relative cohomology groups, respectively,
with complex coeÆcients. Theorem 1.2.4 generalizes to this setting to yield
the Hodge-de Rham isomorphism

Theorem 1.5.8 (Hodge-de Rham) Suppose thatM is a compact Rieman-
nian manifold with smooth boundary. Then there are natural isomorphisms
E0(�

p
Ba) � Hp(M) and E0(�

p
Br ) � Hp(M;@M).
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Remark 1.5.9 If M is orientable, then the Hodge ? operator realizes the
Poincar�e duality isomorphism

? : Hp(M) = E0(�
p
Ba)

��!E0(�
m�p
Br ) = Hm�p(M;@M) : (1.5.k)

Lemma 1.3.10 generalizes to this setting to yield the following result.

Lemma 1.5.10 Suppose that M is a compact Riemannian manifold with
smooth boundary. Let Ba (resp. Br) denote absolute (resp. relative) bound-
ary conditions. Let � satisfy Neumann boundary conditions. Then

X
p

(�1)pan(1;�p
�;B) =

8<
:

�(M) if n = m; B = Ba;
�(M;@M) if n = m; B = Br;
0 if n 6= m; B = Ba;Br :

Proof: By Lemma 1.5.6, the same Bott cancellation argument as that used
above to establish Lemma 1.3.9 now shows thatX

p

an(1;�
p
�;B) =

�
0 if n 6= m;P

p(�1)p dimker(�p
�;Ba) if n = m:

Thus the supertrace heat asymptotics vanish if n 6= m.
Suppose that n = m. Since

P
p(�1)pam(1;�p

�;B) is given by a local formu-
lae, it is a continuous integer valued function of � and hence constant. Thus
by considering the smooth 1 parameter family �" := "�, we may without
loss of generality assume � = 0 in evaluating the supertrace; the value of the
supertrace for n = m can now be evaluated using Theorem 1.5.8. ut
Remark 1.5.11 We will show subsequently in Section 3.8 that the supertrace

mX
p=0

(�1)pan(1;�p
�;B)

is independent of � for n � m and thus the assumption that � satis�es Neu-
mann boundary conditions is unnecessary in studying the index contribution.
On the other hand, taking m = 1 and M = [0; �], we shall show that

a2(1;�
0
�;B)� a2(1;�1

�) =
1p
�

Z
M

�;11dx :

This can be non-zero if � does not satisfy Neumann boundary conditions.
Thus the vanishing can fail for n > m for general �.

Example 1.5.12 Let M = [0; �]. Then

�0f = �@2xf and �1(f � dx) = �@2xf � dx :
Absolute boundary conditions correspond to pure Neumann boundary con-
ditions for �0 and Dirichlet boundary conditions for �1. The corresponding
spectral resolutions are then given byn

1p
�
; 0
o
[
np

2p
�
cosnx; n2

o1
n=1

for �0
Ba ;np

2p
�
sinnx � dx; n2

o1
n=1

for �1
Ba :

(1.5.l)
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Poincar�e duality interchanges the roles of absolute and relative boundary con-
ditions. Thus relative boundary conditions are Dirichlet boundary conditions
for �0 and Neumann boundary conditions for �1. The corresponding spectral
resolutions take the form np

2p
�
sinnx; n2

o1
n=1

for �0
Br ;n

1p
�
dx; 0

o
[
np

2p
�
cosnx � dx; n2

o1
n=1

for �1
Br :

(1.5.m)

Thus, in particular,

H0([0; �]) = ker�0
Ba = C ; H1([0; �]) = ker�1

Ba = 0;

H0([0; �]; @[0; �]) = ker�0
Br = 0; H1([0; �]; @[0; �]) = ker�1

Br = C :

Example 1.5.13 We suppose that the metric is a product near the boundary
of a manifoldM , i.e. that g�� = g��(y) is independent of the radial parameter
xm in Equation (1.5.e). We may then take two copies M� of the manifold M
and doubleM setting N :=M+[@MM�. The metrics g� then glue smoothly
together to de�ne a Riemannian metric on N . Let Fx� = x� denote the 
ip
which interchanges the two factors. As F is an isometry, we may decompose

E�(�
p
N ) = E�(�

p
N )

+ �E�(�
p
N )
� where

E�(�
p
N )
� := f� 2 C1(�p(N)) : �p

N� = �� and F� = ��g :
Let i :M !M+ � N be the natural inclusion. We then have

1. i� is an isomorphism from E�(�
p
N )

+ to E�(�
p
M;Ba).

2. i� is an isomorphism from E�(�
p
N )
� to E�(�

p
M;Br).

If we decompose

Hp(N) = Hp(N)+ �Hp(N)� where

Hp(N)� := f� 2 Hp(N) : F�� = ��g then

Hp(M) = Hp(N)+ and Hp(M;@M) = Hp(N)� :

Example 1.5.14 If M = [0; �] is the interval of Example 1.5.12, then the
double N = S1 is the circle. The spectral resolutions of the Laplacian for N
are given by n

1p
2�
e
p�1n�; n2

o1
n=�1

for �0
S1 ;n

1p
2�
e
p�1n�d�; n2

o1
n=�1

for �1
S1 :

We use Example 1.5.13 to recover the spectral resolutions given in Exam-
ple 1.5.12 for the Laplacian with absolute boundary and relative boundary
conditions on M . We �rst note that

e
p�1n� + e�

p�1n� = 2 cos(n�); and

(e
p�1n� � e�

p�1n�)d� = 2
p�1 sin(n�)d�
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are even in �. Thus they induce the spectral resolution of the Laplacian with
absolute boundary conditions on M given in Equation (1.5.l). Similarly as

e
p�1n� � e�

p�1n� = 2
p�1 sin(n�); and

(e
p�1n� + e�

p�1n�)d� = 2 cos(n�)d�

are odd in �, they induce the spectral resolution of the Laplacian with relative
boundary conditions on M given in Equation (1.5.m).

1.6 Boundary conditions II

We continue our discussion of boundary conditions with some slightly more
exotic examples.

1.6.1 Transmission boundary conditions

These boundary conditions appear in the so-called brane-world scenario; see,
for example, [77, 286]. The perhaps somewhat perverse sign convention for U
that we shall adopt here is motivated by the notation established there.
Assume given two Riemannian manifolds (M�; g�) with common boundary

� := @M+ = @M� with g+j� = g�j�;
no matching condition is assumed on the normal derivatives of the metrics. Let
dy be the Riemannian measure on �. We let �� be the inward unit normals
of � in M�. We note that

�+ + �� = 0 :

Let V� be vector bundles over M�; we also suppose that

V� := V+j� = V�j� :
Let D� be operators of Laplace type on V�; no compatibility conditions are
placed on these operators. We use Lemma 1.2.1 to express

D� = D(r�; E�) ;
in the interest of notational simplicity, we shall let r denote r� on C1(V�).
Let U be an auxiliary endomorphism of V�. The transmission boundary op-
erators BU and B ~U are de�ned for

� = (�+; ��) and � = (�+; ��)

by setting

BU� := f�+j� � ��j�g � fr�+�+j� +r����j� � U�+j�g;
B ~U� := f�+j� � ��j�g � f ~r�+�+j� + ~r���j� � ~U�+j�g :

(1.6.a)
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Lemma 1.6.1 Let D = (D+; D�) be an operator of Laplace type on the man-
ifold M = M+ [� M�. Let BU and B ~U be the boundary operators de�ned in
Equation (1.6.a). Then

1. (D;BU ) is elliptic with respect to the cone C.
2. B ~U de�nes the adjoint boundary condition for ~D on C1(V �).

Proof: We must substitute

�+;�+ !
p
j�j2 � � � �+ and ��;�� !

p
j�j2 � � � ��

since �� are the relevant inward unit normals. Thus the operator b of Equation
(1.4.h) becomes

b(�; �)

�
�+
��

�
=

�
�+ � ��

�
p
j�j2 � � � (�+ + ��)

�
:

As j�j2�� 6= 0, b is an isomorphism. Consequently, Assertion (1) follows from
Lemma 1.4.8.
The Green's formula given in Lemma 1.4.16 for this example yieldsZ

M

�
hD�; �i � h�; ~D�i

�
dx (1.6.b)

=

Z
�

�
h�+;�+ ; �+i+ h��;�� ; ��i � h�+; �+;�+i � h��; ��;��i

�
dy

=

Z
�

�
h�+;�+ + ��;�� � U�+; �+i+ h��;�� ; �� � �+i

�h�+; �+;�+ + ��;�� � ~U�+i � h�� � �+; ��;��i
�
dy :

Consequently if BU� = 0 and if B ~U� = 0, then hD�; �iL2 � h�; ~D�iL2 = 0.
This establishes the �rst condition of De�nition 1.4.12. Conversely, if Display
(1.6.b) vanishes for all � with BU� = 0, we then have only the termZ

�

�
h�+; �+;�+ + ��;�� � ~U�+i+ h��;�� ; �� � �+i

�
dy

for all such �. We may now conclude B ~U� = 0 since, by Lemma 1.4.1, we can
specify �+ and ��;�� arbitrarily on � subject to the condition that BU� = 0.
This establishes the second condition of De�nition 1.4.12 and shows that B ~U

de�nes the adjoint boundary condition. ut
Remark 1.6.2 We use the geodesic 
ow to identify a neighborhood of �
in M+ with � � [0; ") and a neighborhood of � in M� with � � (�"; 0] for
some " > 0 so that the curves t ! (y; t) are unit speed geodesics normal
to the boundary � := � � f0g. We de�ne a canonical smooth structure on
M =M+ [M� by glueing along �� f0g. The metric then takes the form

ds2 = g�;��(y; t)dy� Æ dy� + dt Æ dt :
We remark that this metric need not be smooth on M .
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We can use U to de�ne a canonical C1 structure on V . Let s� be a local
frame for V j�. We use parallel transport along the geodesic normals to de�ne
a local frame s� for V� near � so s;�� = 0. We extend U to V+ so U;�+ = 0
and de�ne s+ on V+ near � so s+ = s� on � and so s+;�+ = �Us+. We
then glue s+ to s� over � to de�ne a C1 structure for V over M which is
characterized by the property that BU� = 0 if and only if � 2 C1(V ).

1.6.2 Transmission boundary conditions for the de Rham complex

We now construct transmission boundary conditions for the de Rham com-
plex which are analogous to the absolute and relative boundary conditions
discussed in Section 1.5.4. We postpone until Lemma 3.2.3 a discussion of the
related index problem.
Let M = M+ [� M�. We use Remark 1.6.2 to de�ne a canonical smooth

structure on M and to identify �(M+)j� with �(M�)j�. Let � = (�+; ��)
where �� are smooth di�erential forms over M�. Let

B0� := �+j� � ��j� 2 C1(�(M)j�); (1.6.c)

B1� := B0��B0(d+ Æ)� :

If feig is a local orthonormal frame for TM j�, let
ej := e(ej); ij := i(ej); and 
i = ej � ij

be de�ned by left exterior multiplication, left interior multiplication, and left
Cli�ord multiplication. We normalize the frame �eld so em is the inward unit
normal of � �M+.

Lemma 1.6.3 Adopt the notation established above.

1. Let !a = r+
ea �r�ea . Then !a = (L+

ab + L�ab)(emib + imeb).

2. Let U := 
m
a!a. Then B1 and BU de�ne the same boundary conditions.

3. U = (L+
ab + L�ab)(emimiaeb + imemeaib).

Proof: Since em is the inward unit normal of � �M+ and the outward unit
normal of � �M�, we have that

�+abm = ��+amb = L+
ab and ��abm = ���amb = �L�ab : (1.6.d)

We use Equation (1.2.e) to derive the relations

eiej + ejei = 0; iiej + ej ii = Æij ; and iiij + ij ii = 0: (1.6.e)

We prove Assertion (1) by using Equations (1.6.d) and (1.6.e) to compute

!a : = r+
ea �r�ea = (�+ak` � ��ak`)e`ik

= (�+abm � ��abm)emib + (�+am` � ��am`)e`im

= (L+
ab + L�ab)(emib + imeb) :

Let B0� = 0. We use Lemma 1.2.5 to see

f(d+ Æ)�+gj� � f(d+ Æ)��gj� = 
if�+;ei j� � ��;ei j�g
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= 
mf�+;�+ j� + ��;�� j� � 
m
a!a�j�g :
Since 
m is an isomorphism, this vanishes if and only if � satis�es the trans-
mission boundary condition de�ned by U . Assertion (2) now follows.
We complete the proof by applying Equations (1.6.d) and (1.6.e) once again

to see that

U = (L+
ab + L�ab)(em � im)(ea � ia)(emib + imeb)

= (L+
ab + L�ab)(emimiaeb + imemeaib): ut

1.6.3 Transfer boundary conditions

As we did when considering with transmission boundary conditions, we as-
sume given Riemannian manifolds (M�; g�) with g+j� = g�j�. As before, no
matching condition is assumed on the normal derivatives of the metrics.
We assume given bundles V� over M�. We do not assume, however, an

identi�cation of V+j� with V�j�; indeed, we permit dim(V+) 6= dim(V�) for
example. Instead, we assume given a collection S of endomorphisms

S++ : V+j� ! V+j�; S+� : V�j� ! V+j�;
S�+ : V+j� ! V�j�; S�� : V�j� ! V�j�:

We may then de�ne the boundary operators BS and B ~S by setting

BS� :=

�� r+
�+ + S++ S+�

S�+ r��� + S��

��
�+
��

�� ����
�

;

B ~S� :=

( 
~r+
�+ + ~S++ ~S�+

~S+� ~r��� + ~S��

!�
�+
��

�)����
�

:

(1.6.f)

Lemma 1.6.4 Let D = (D+; D�) be an operator of Laplace type on the man-
ifold M = M+ [� M�. Let BS and B ~S be the boundary operators de�ned in
Equation (1.6.f). Then

1. (D;BS) is elliptic with respect to the cone C.
2. B ~S de�nes the adjoint boundary condition for ~D.

Proof: If S+� = S�+ = 0, then Equation (1.6.f) decouples to de�ne Robin
boundary conditions for the operators D� on the manifolds M� separately.
Since the ellipticity condition does not depend upon the lower order terms,
Assertion (1) follows from Lemma 1.5.2.
We use the the Green's formula given in Lemma 1.4.17 to compute that

hD�; �iL2 � h�; ~D�iL2
=

Z
�

�
h�+;�+ ; �+i+ h��;�� ; ��i � h�+; �+;�+i � h��; ��;��i

�
dy

=

Z
�

�
h�+;�+ + S++�+ + S+���; �+i

+h��;�� + S�+�+ + S����; ��i
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�h�+; �+;�+ + ~S++�+ + ~S�+��i

�h��; ��;�� + ~S+��+ + ~S����i
�
dy

=

Z
�

�
hBS�; �i � h�;B ~S�i

�
dy :

This vanishes if BS� = 0 and B ~S� = 0 so De�nition 1.4.12 (1) holds. Con-
versely, suppose that

hD�; �iL2 � h�; ~D�iL2 = 0

for all � with BS� = 0. By Lemma 1.4.1, we can choose � so BS� = 0 and
so �j� is arbitrary. It now follows that B ~S� = 0 so De�nition 1.4.12 (2) is
satis�ed. ut

1.6.4 Heat conduction problems

The boundary conditions de�ned by Equations (1.6.a) and (1.6.f) can be re-
garded as living on the singular manifold M := M+ [� M� and are relevant
to heat transfer problems between the two media M+ and M�. Whether to
use transfer or transmission boundary conditions depends on nature of the
separation between M+ and M�.
We follow the discussion in Carslaw and Jaeger [116]. As the heat 
ux is

continuous over the interface �, the heat 
owing out of (or into) M+ is equal
to the heat 
owing into (or out of) M�. This means that

�+;�+ j� + ��;�� j� = 0 : (1.6.g)

If the contact between M+ and M� is very close, then one has

�+ j� = ��j� :

This yields the boundary condition de�ned by the boundary operator of Equa-
tion (1.6.a) with impedance matching term U = 0. Otherwise, if M+ and M�
are only pressed together lightly, then the best linear approximation yields
that the 
ux of heat between M+ and M� is proportional to their tempera-
ture di�erence. This yields the additional relation

�+;�+ j� = H(�+ � ��)j� (1.6.h)

where H is the surface conductivity. The boundary conditions of Equations
(1.6.g) and (1.6.h) are then de�ned by a boundary operator of the form given
in Equation (1.6.f) where S++ = S�� = �H and S+� = S�+ = H .

1.6.5 Bag boundary conditions

We follow the discussion in [33]. Let A be an operator of Dirac type on a bundle
V over an oriented Riemannian manifold M of even dimension m = 2 �m. Let
fe1; :::; emg be an oriented local orthonormal basis for the tangent bundle.
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We expand A = 
irei +  A. The chiral operator discussed in Section 1.1.4 is
de�ned by


m+1 := (
p�1)m2 
1 : : : 
m :

We note that 
m+1
m+1 = Id V and that 
m+1 anti-commutes with 
i for
i � m. Let � be a real parameter. We de�ne

�� := 
m+1e
�
m+1
m = 
m+1(cosh � + sinh �
m+1)
m;

��� := 1
2 (Id V � ��); and (1.6.i)

B�� := �+
� �j@M ��+

� A�j@M :

Since 
m+1
m = �
m
m+1, we have that

�2� = 
m+1e
�
m+1
m
m+1e

�
m+1
m

= �
m+1
m+1e
�
m+1e��
m+1
m
m

= Id V :

Thus ��� is projection on the �1 eigenspace of ��. Since 
m anti-commutes
with �0, 
m�

�
0 (
m)

�1 = ��0 so

dim range (�+
0 ) = dim range (��0 ) =

1
2 dimV :

Since ��� are smooth 1 parameter families of projections, dim range (��� ) is
independent of � and consequently

dim range (��� ) =
1
2 dimV for all � 2 R : (1.6.j)

Consequently �+
� de�nes an admissible 0th order boundary operator for A;

B� is then the associated boundary operator for A2.

Lemma 1.6.5 Let A be an operator of Dirac type. Let �+
� and B� be as

de�ned in Equation (1.6.i).

1. (A;�+
� ) is elliptic with respect to the cone K.

2. (A2;B�) is elliptic with respect to the cone C.
3. ~�+

�� de�nes the adjoint boundary condition for ~A on V �.

Proof: We apply Lemma 1.4.9 to prove Assertion (1). We recall some nota-
tion de�ned previously in Equations (1.4.i) and (1.4.k). For (0; 0) 6= (�; �) in
T �(@M)�K, let

�(�; �) :=
p�1
m
a�a � 
m�; and

V�(�; �) := fv 2 V j@M : �(�; �)v = �
p
j�j2 � �2 � vg :

To show that �+
� : V�(�; �) ! range (�+

� ) is an isomorphism, it suÆces, by
Equation (1.6.j), to show that

ker�+
� \ V�(�; �) = f0g :

Since, by de�nition, ker�+
� = range��� , we must show

range��� \ V+(�; �) = f0g; and

range��� \ V�(�; �) = f0g :
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This is equivalent to showing that ��� and �(�; �) do not have a non-trivial
joint eigenvector.
By changing coordinates, we may suppose that �ady

a = ~�1d~y
1. Thus with-

out loss of generality, we may suppose �2 = :::: = �m�1 = 0. We change
notation slightly from that established earlier in the proof of Lemma 1.1.5
and introduce the endomorphisms

�1 :=
p�1
2
3; ::: � �m�1 :=

p�1
m�2
m�1 :
For 1 � i; j � �m� 1, one has that

�i�j = �j�i; �2i = Id V ;

�i
1 = 
1�i; �i
m = 
m�i :

Let ~� := (�1; :::; � �m�1) be a collection of signs �i = �1. We decompose

V = �~�V~� where V~� = fv 2 V : �iv = �iv for 1 � i � �m� 1g :
Since the endomorphisms �(�; �), ��, 
1, and 
m preserve each V~�, the prob-
lem decouples and we may study each simultaneous eigenspace V~% separately.
Let � �m :=

p�1
1
m. We further decompose

V~� = V +
~� � V �~�

into the �1 eigenspaces of � �m. Let fu1; :::; u`g be a basis for V +
~� . Then

f
mu1; :::; 
mu`g is a basis for V �~� . Relative to the basis

fu1; 
mu1; :::; u`; 
mu`g;
we can represent the action of 
m, � �m, 
1, 
m+1, ��, and � as 2� 2 blocks of
the form

� �m =

�
1 0
0 �1

�
; 
m =

�
0 �1
1 0

�
;


1 =
p�1� �m
m = �p�1

�
0 1
1 0

�
;


m+1 = �1:::� �m = Æ

�
1 0
0 �1

�
for Æ = %1:::% �m�1;

�� =

�
0 �ÆeÆ�

�Æe�Æ� 0

�
and �(�; �) =

� ��1 �

�� �1

�
:

The eigenvectors of �� and � are given as follows. For " = �1,

��

�
"

e�Æ�

�
= �"Æ

�
"

e�Æ�

�
and

�

�
"

e�Æ�

�
=

� �"�1 + �e�Æ�

�"�+ �1e
�Æ�

�
:

Thus if �� and � have any common eigenvectors, the vectors�
"

e�Æ�

�
and

� �"�1 + �e�Æ�

�"�+ �1e
�Æ�

�
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must be multiples of each other. This implies

det

�
" �"�1 + �e�Æ�

e�Æ� �"�+ �1e
�Æ�

�
= 2"�1e

�Æ� � �(e�2Æ� + "2) = 0 :

If �1 = 0, then � = 0 which is false. If �1 6= 0, then 0 6= � 2 R which again is
false. Assertion (1) now follows; Assertion (2) follows from Assertion (1) by
Lemma 1.4.11.
Choose a compatible connection and express A = 
irei +  A. Note that


m�� = ����
m so 
m�
�
� = ����
m :

We use Lemma 1.4.14 to seeZ
M

�
hA�; �i � h�; ~A�i

�
dx = �

Z
@M

h
m�; �idy

= �
Z
@M

�
h
m�+

� �; �i+ h
m��� �; �i
�
dy

= �
Z
@M

�
h�+

� �; ~
m�i+ h
m�; ~�+
���i

�
dy :

The same arguments as those given previously show that the adjoint boundary
condition is ~�+

��. ut

1.6.6 Spectral boundary conditions

Absolute and relative boundary conditions arise in the study of the de Rham
complex for manifolds with boundary. Spectral boundary conditions were in-
troduced by Atiyah, Patodi, and Singer [9, 10, 11] in their study of the sig-
nature and spin complexes as these complexes do not admit local boundary
conditions. This is closely related to the obstruction described in Lemma 1.6.6,
with a suitable parity shift, that we shall discuss presently.
Let M be a compact Riemannian manifold with smooth boundary @M .

Let 
 be a Cli�ord module structure on a bundle V over M and let r be a
compatible connection on V . Let

P = 
irei +  P

be an operator of Dirac type on a bundle V . In our discussion of bag boundary
conditions in Section 1.6.5 for m even, we introduced an auxiliary endomor-
phism 
m+1. We now assume m = 2 �m+ 1 is odd and de�ne


m+1 := (
p�1) �m+1
1:::
m :

The normalizing factor of (
p�1) �m+1 is chosen so that 
m+1
m+1 = Id V . In

contrast to the even dimensional setting, however, we now have that 
m+1

commutes with the 
i for 1 � i � m. If M is orientable, then 
m+1 is globally
de�ned. The fact that 
m+1 is only locally de�ned if M is not orientable will
play no role in our discussion.
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There is a topological obstruction to the existence of elliptic local boundary
conditions in the odd dimensional setting:

Lemma 1.6.6 Let P be an operator of Dirac type on a bundle V over an odd
dimensional manifold M . If Tr (
m+1) 6= 0, then there exists no bundle map
B so (P;B) is elliptic with respect to the cone K.
Proof: Suppose to the contrary that (P;B) is elliptic with respect to the
cone K. We adopt the notation of Equation (1.4.i). Fix a point y 2 @M . Let
u = (u1; :::; um) 2 Rm . The critical ellipticity condition comes for � 2 K
purely imaginary. We therefore replace � by

p�1um and �a by ua to de�ne

�(u) :=
p�1
m
aua �

p�1
mum :

We then have �(u)2 = juj2Id V . Let V�(u) be the �1 eigenbundles of � over
the unit sphere Sm�1 in Rm . The boundary operator B is a linear map from
V j@M to W . Since (P;B) is elliptic with respect to the cone K, by Lemma
1.4.9, B is an isomorphism from V+ to W . Thus, in particular, restricting to
the point y 2 @M , we may conclude that the vector bundle V+ is trivial over
Sm�1.
Let ch �m be the �mth Chern character. We then have, see for example [189]

(Lemma 2.1.5), that Z
Sm�1

ch �m(V+) = 2� �mTr (
m+1) :

Since V+ is a trivial vector bundle, its characteristic classes vanish. This im-
plies Tr (
m+1) = 0, contrary to the hypothesis of the theorem. ut
Since P need not admit local boundary conditions, it is natural to consider

non-local boundary conditions. The matrices f�
m
1; :::;�
m
m�1g de�ne a
Clif (T �M) module on V j@M since


m
a
m
b + 
m
b
m
a = �
m
m(
a
b + 
b
a) = �2gabId V :

We say that an auxiliary operator A of Dirac type on V j@M is admissible
with respect to P if A = �
m
area +  A, where  A is a suitably chosen 0th

order term, if there exists a �ber metric (�; �) on V j@M so that the operator A
is self-adjoint with respect to this metric, and if ker(A) = f0g. We then let �+

A

be orthogonal projection on the span of the eigenspaces of A corresponding to
positive eigenvalues. We introduce some auxiliary notation. In what follows
 � will always be a 0th order operator. We have

P = 
area + 
mrem +  P ;

~P := �~
a ~rea � ~
m ~rem +  ~P ;

A = �
m
area +  A;

~A := �~
m~
a ~rea +  ~A;

A# := ~
m ~A~
m = �~
m~
a ~rea +  A# :

Thus A# is admissible with respect to ~P and de�nes a structure of the same
type on the dual bundle V �.
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Lemma 1.6.7 Let P be an operator of Dirac type on a vector bundle V over
a compact Riemannian manifold M with smooth boundary @M . Let A be ad-
missible with respect to P .

1. (P;�+
A) is elliptic with respect to the cone K.

2. �+
A# de�nes the adjoint boundary condition for ~P .

3. We have the Green's formula

hP 2�; �iL2 � h�; ~P 2�iL2
= �

Z
@M

n
h
m�+

AP�; �i+ hP�; ~
m�+
A#�i+ h�; ~
m�+

A#
~P�i

+h
m�+
A�;

~P�i
o
dy :

4. If 
mA = �A
m and if V admits a �ber metric so that P is formally self-
adjoint, then the realization of P with respect to the boundary condition
de�ned by �+

A is self-adjoint.

5. We have  ~P = ~ P ,  ~A = ~ A, and  A# = ~
m ~ A~
m + LaaId .

Proof: Let V�(�; �) be the eigenspaces of the operator

�(�; �) :=
p�1
m
a�a � 
m� :

The argument given to prove Lemma 1.4.9 showed that if B was a bundle
map, then (P;B) is elliptic with respect to the cone K if and only if

B : V�(�; �)
��!W for all (0; 0) 6= (�; �) 2 T �(@M)�K;

the corresponding condition for V+ was then deduced by replacing (�; �) by
(��;��). Instead of considering a bundle map B, we are now considering a 0th

order pseudo-di�erential operator �. Thus the relevant condition now is the
requirement that �L(�

+
A)(�) is an isomorphism of V�(�; �). We must assume

that � 6= 0 to ensure �L(�
+
A)(�) is well de�ned. This is a crucial point that

introduces additional technical diÆculties in the analysis { see the discussion
by Grubb [231].
By assumption,

�L(A)(�) = �p�1
m
a�a = ��(�; 0) :
Thus the leading symbol of the pseudo-di�erential operator �+

A is projection
on the bundle V� and hence, being the identity map, it is an isomorphism.
Thus

ker�L(�
+
A)(�) = V+(�; 0) :

The desired ellipticity now follows since

V+(�; 0) \ V�(�; �) = f0g :
Note that projection on the negative spectrum of A would not be elliptic
with respect to the cone K.
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To prove the second assertion, we derive the corresponding Green's formula.
By Lemma 1.4.14,Z

M

�
hP�; �i � h�; ~P�i

�
dx = �

Z
@M

h
m�; �idy

= �
Z
@M

�
h
m�+

A�; �i+ h
m(Id V ��+
A)�; �i

�
dy

= �
Z
@M

�
h
m�+

A�; �i+ h�; (Id V � � ~�+
A)~
m�i

�
dy :

If 
 is a suitably chosen path about the positive real axis, then

�+
A = 1

2�
p�1

Z



(A� �)�1d� so �+
~A
= 1

2�
p�1

Z



( ~A� �)�1d� = ~�+
A :

Consequently Id V � � ~�+
A is spectral projection on the negative eigenspaces of

~A. Conjugating with ~
m yields that

(~
m)
�1(Id V � � ~�+

A)~
m

is spectral projection on the negative eigenspaces of

(~
m)
�1 ~A~
m = �~
m ~A~
m = �A# :

Consequently we have (~
m)
�1(Id V � � ~�+

A)~
m = �+
A# so

(Id V � � ~�+
A)~
m = ~
m�

+
A# : (1.6.k)

The second assertion now follows as we haveZ
M

n
hP�; �i � h�; ~P�i

o
dx (1.6.l)

= �
Z
@M

n
h
m�+

A�; �i+ h�; ~
m�+
A#�i

o
dy :

We replace � by P� in Equation (1.6.l) to seeZ
M

n
hP 2�; �i � hP�; ~P�i

o
dx (1.6.m)

= �
Z
@M

n
h
m�+

AP�; �i+ hP�; ~
m�+
A#�i

o
dy :

Interchanging the roles of � and � means replacing 
m by �~
m. Therefore
Equation (1.6.m) impliesZ

M

�
h�; ~P 2�i � hP�; ~P�i

�
dx (1.6.n)

= �
Z
@M

n
�h�; ~
m�+

A#
~P�i � h
m�+

A�;
~P�i
o
dy :

We may now derive Assertion (3) from Equations (1.6.m) and (1.6.n).
If 
mA = �A
m, then A# = ~A; Assertion (4) follows. We apply Lemma
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1.4.14 to see that the formal adjoint of P over M is given by �
i ~rei +
~ P ;

thus  ~P = ~ P . We apply Lemma 1.4.15 to see

�~
m~
a ~rea + ~ A

is the adjoint of A over @M . Consequently ~ A =  ~A. Finally, we compute

A# = ~
m ~A~
m = �~
m~
m~
a ~rea~
m + ~
m ~ A~
m

= ~
a~
m ~rea + ~
a�amc~
c + ~
m ~ A~
m

= �~
m~
a ~rea � ~
a~
cLac + ~
m ~ A~
m

= �~
m~
a ~rea + LaaId + ~
m ~ A~
m :

This completes the proof of the �nal assertion. ut

We have assumed that A is self-adjoint and that ker(A) = f0g only to sim-
plify the exposition. Even if A is not self-adjoint, an appropriate generalization
of Theorem 1.3.4 shows the spectrum is contained near the x axis. Conse-
quently in the general setting, one could let �+

A be the spectral projection on
the generalized eigenspaces corresponding to <(�) > 0; the adjoint boundary
condition �+

A# would then be the spectral projection on the eigenspaces of

A# corresponding to <(�) � 0. We emphasize that ~A does not necessarily
de�ne the adjoint boundary condition on V �.

1.6.7 Non-minimal operators

Let A and B be positive constants. Let

D = AdÆ +BÆd+E on C1(�p(M)) :

This operator is said to be a non-minimal operator in the physics literature
[83, 239]. It is not an operator of Laplace type for A 6= B. Let e and i be
exterior and interior multiplication. We then have

�L(D) = Ae(�)i(�) +Bi(�)e(�) :

Thus the leading symbol of D is self-adjoint. Let 0 6= �. We choose an or-
thonormal basis feig so � = ce1. Let 1 � i1 < ::: < ip � m. By Equation
(1.2.e)

�L(D)(�)fei1 ^ ::: ^ eipg = c2
�
Aei1 ^ ::: ^ eip if i1 = 1;
Bei1 ^ ::: ^ eip if i1 > 1 :

This shows that the symbolic spectrum of D is (0;1) and thus D is elliptic
with respect to the cone C. With a bit more work, the same arguments as
those used in the discussion of Section 1.5 can be used to show that (D;B)
is elliptic with respect to the cone C when B denotes absolute or relative
boundary conditions. We omit details in the interest of brevity.
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1.6.8 Oblique boundary conditions

Let D be an operator of Laplace type on a vector bundle V and let BT be
a �rst order tangential partial di�erential operator on V j@M . We follow the
discussion in [153, 265, 350] to de�ne the oblique boundary operator by setting

B� := �;mj@M + BT (�j@M ) :

We consider a slightly more general notion of ellipticity. Let

CÆ := fz = r(cos � +
p�1 sin �) 2 C : � 2 (Æ; 2� � Æ); r � 0g

be the complement of an open cone of angle Æ about the positive real axis.

Lemma 1.6.8 Let D be an operator of Laplace type on a vector bundle V
over compact Riemannian manifold with smooth boundary. Let 0 < Æ < �

2 .
There exists " = "(Æ;D) so that if BT is any tangential �rst order operator on
V j@M with j�L(BT )(�)j � "j�j for all � 2 T �M , then:

1. (D;B) is elliptic with respect to the cone CÆ.
2. ~B := ( ~rem + ~BT ) de�nes the adjoint boundary condition for ~D.

3. e�tDB is well de�ned for t > 0.

Proof: By Lemma 1.3.1, D is elliptic with respect to the cone C and hence
with respect to the smaller cone CÆ. Let

BT = �area + S :

The operator of Equation (1.4.h) is then given by

b(�; �) :=
p�1 � �a�a �

p
j�j2 � � � Id V :

To establish Assertion (1), we must show that b is invertible for

(0; 0) 6= (�; �) 2 T �@M � CÆ :
Since b(c�; c2�) = cb(�; �), we can restrict to the compact domain

D := f(�; �) 2 T �(@M)� C : j�j2 + j�j = 1 and arg (�) 2 [Æ; 2� � Æ]g :
Since b is invertible when � = 0 and since D is compact, b is invertible
for small � by continuity. Assertion (1) now follows { it was to ensure this
compactness that we needed to introduce the additional parameter Æ.
We determine the associated Green's formula to prove the second assertion.

By Lemma 1.4.17,Z
M

�
hD�; �i � h�; ~D�i

�
dx =

Z
@M

�
h�;m; �i � h�; �;mi

�
dy

=

Z
@M

�
h�;m + BT�; �i � h�; �;m + ~BT �i

�
dy (1.6.o)

=

Z
@M

�
hB�; �i � h�; ~B�i

�
dy :
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Assertion (2) now follows from Lemma 1.4.1 and De�nition 1.4.12.
As Theorem 1.3.4 generalizes to this setting, the spectrum of DB is con-

tained in the region RÆ1;n de�ned in Equation (1.3.a) where 0 < Æ < Æ1 <
�
4

and n = n(D;BT ; Æ1). The �nal assertion now follows. ut

1.6.9 Time-dependent heat conduction problems

Let D0 be an initial operator of Laplace type on V . Let r be the connection
de�ned by D0 on V using Lemma 1.2.1.
Let D := fDtgt�0 be a smooth 1 parameter family of time-dependent op-

erators of Laplace type. Let B := fBtgt�0 be a smooth 1 parameter family
of time-dependent boundary conditions. We suppose (Dt;Bt) is elliptic with
respect to a cone CÆ for some 0 � Æ < �

2 and for all t in the parameter range.
If � is the initial temperature distribution, then the subsequent temperature
distribution u(x; t) is characterized by the equations:

(@t +Dt)u(x; t) = 0 for t > 0 (evolution equation);

Btu(�; t) = 0 for t > 0 (boundary condition);

ujt=0 = � (initial condition) :

(1.6.p)

The �nal equality is to be understood as meaning that limt#0 u(�; t) = � in the
distributional sense. We shall formally let u = e�tDB� denote the solution to
Equation (1.6.p). This is not de�ned by the functional calculus.
Let � be the speci�c heat. Let dx0 be the Riemannian metric of the initial

background metric g0. The heat content

�(�; �;D;B)(t) :=

Z
M

hu(x; t); �(x)idx0

is then well de�ned and, as t # 0, there is a complete asymptotic expansion

�(�; �;D;B)(t) �
1X
n=0

�n(�; �;D;B)tn=2 :

More generally, of course, one could consider speci�c heats �(x; t) which were
time-dependent. Expanding � in a Taylor series

�(x; t) �
1X
r=0

�r(x)t
r

would then lead to an asymptotic expansion

�(�; �;D;B)(t) �
1X
r=0

�(�; �r;D;B)(t) � tr

�
1X
r=0

1X
n=0

�n(�; �r;D;B)tr+
1
2
n
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and no new information would result. Consequently, we shall assume hence-
forth that � is static; this means that � is independent of the time parameter.
We must express D tensorially. Let fe1; :::; emg be a local frame �eld for

TM which is orthonormal with respect to the initial metric g0. We may then
de�ne scalar symmetric 2 tensor �elds Gr;ij = Gr;ji, endomorphism valued
1-tensor �elds Fr;i, and endomorphism valued tensor �elds Er by expanding
Dt in a Taylor series

Dt� � D0�+

1X
r=1

�
Gr;ij�;ij +Fr;i�;i + Er�

�
tr :

Let fe1; :::; emg be the dual frame for T �M . Since gt(�; �) = ��L(Dt)(�),

gt(e
i; ej) � Æij �

1X
r=1

Gr;ijtr :

Thus, dually, the metric on TM has the form

gt(ei; ej) = Æij + G1;ij t+O(t2);

which justi�es the sign convention that we have chosen.
Since our study is motivated by the ordinary heat equation in the context

of variable geometries, we must express the scalar Laplacians for a family of
time-dependent metrics in this setting. It suÆces to compute G1, F1, and E1
since the higher order terms will play no role in the computation of the heat
content asymptotics �n or the heat trace asymptotics an for n � 4 as we shall
see subsequently.

Lemma 1.6.9 Let gt = g0 + ht + O(t2) be a smooth 1 parameter family of
Riemannian metrics on M . Let Dt be the associated scalar Laplacians. Then

G1 = h; F1;i = hij;j � 1
2hjj;i; and E1 = 0 :

Proof: We follow the discussion in [190] to prove this Lemma. We correct a
minor mistake in the computation which was given there. Let

G��(t) = g�� + th�� +O(t2) and G :=
p
detG�� :

Then the Laplacian is given by

�t = �G�1@�G��G@� :

Fix a point P 2 M and choose local coordinates x = (x1; :::; xm) centered at
P so g��(P ) = Æ�� and @�g��(P ) = 0. We then have

g�� = Æ�� + th�� +O(jxj2) +O(t2);

G = 1 + 1
2 th�� +O(jxj2) +O(t2);

G�� = Æ�� � th�� +O(jxj2) +O(t2);

@�@�� = �;�� +O(jxj);
@�h�� � 1

2@�h�� = h��;� � 1
2h��;� +O(jxj) :
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Let h��=� := @�h�� . We may now compute:

�t� = �f(1� 1
2 th%%)@�(Æ�� � th��)(1 +

1
2 th"")@�g�+O(jxj) +O(t2)

= f�0 + t(h��@�@� + (h��=� � 1
2h��=�)@�)g�+O(jxj) +O(t2)

= �0�+ t(h���;�� + (h��;� � 1
2h��;�)�;�) +O(jxj) +O(t2) :

Evaluating at x = 0 then yields

G1;��(P ) = h��(P );

F1;�(P ) = (h��;� � 1
2h��;�)(P );

E1(P ) = 0 :

The Lemma now follows as the point P was arbitrary. ut

1.7 Invariance theory

1.7.1 The �rst and second theorems of invariance theory

Let V be an m dimensional real vector space, let g(�; �) be a positive de�nite
symmetric inner product on V , and let O(V ) be the associated orthogonal
group, de�ned by

O(V ) := f� 2 GL(V ) : g(�v; �v) = g(v; v)8v 2 V g :
By choosing an orthonormal basis for V , we could identify V with Rm and
thereby identify O(V ) with O(m). We shall not do this as the whole point is
to work in a basis free fashion and thereby derive results which can be used
to determine local invariants of a Riemannian manifold.
Following Weyl, we shall say that a polynomial map

f : �kV ! R

is an orthogonal invariant if the following identity holds for all � in O(V ) and
for all (v1; :::; vk) in �kV

f(�v1; :::; �vk) = f(v1; :::; vk) :

Let Ak;V be the commutative unital algebra of all such orthogonal invariants.
Introduce elements

Aij = Aji := g(vi; vj) 2 Ak;V :

We then have by Weyl [361]:

Theorem 1.7.1 (First main theorem of invariants) Every orthogonal
invariant which depends on k vectors (v1; :::; vk) in �kV is expressible in terms
of the k2 scalar invariants g(vi; vj).
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The algebra Ak;V is not a free algebra in the variables fAijg. Let

Rk(v1; :::; vk;w1; :::; wk) : = det

0
@ g(v1; w1) ::: g(vk; w1)

::: ::: :::

g(v1; wk) ::: g(vk; wk)

1
A(1.7.a)

= g(v1 ^ ::: ^ vm+1; w1 ^ ::: ^ wm+1) :

We also have by Weyl [361]:

Theorem 1.7.2 (Second main theorem of invariants) If dim(V ) = m,
then every relation among scalar products is an algebraic consequence of the
relations R2m+2(v1; :::; vm+1;w1; :::; wm+1) = 0.

These two results can be given a slightly more algebraic 
avor as follows.
We consider the free polynomial algebra ~Ak;V := R[Aij ] in

1
2k(k + 1) formal

variables Aij = Aji for 1 � i; j � k. The evaluation

e(Aij)(v1; :::; vk) := g(vi; vj)

induces a natural algebra homomorphism

e : ~Ak;V ! Ak;V

which is surjective by Theorem 1.7.1. Theorem 1.7.2 identi�es the kernel of
the evaluation e with the ideal of ~Ak;V which is generated by the determinants
described in Theorem 1.7.2.

Let Ik;V be the set of all multilinear invariant maps from �kV to R. Since
we are considering the full orthogonal group and not the special orthogonal
group, the map � : v ! �v is permissible. If f is multi-linear, then

f(�v1; :::;�vk) = (�1)kf(v1; :::; vk) :
Thus there are no multilinear maps which are orthogonally invariant if k is
odd so we assume k is even henceforth. We apply Theorem 1.7.1 to study this
space.
Let �k be the group of all permutations of the set of indices f1; :::; kg. We

de�ne a multi-linear invariant map pk;� for any permutation � 2 �k by setting

pk;�(v1; :::; vk) := g(v�(1); v�(2)) � � � g(v�(k�1); v�(k)) : (1.7.b)

Theorem 1.7.3 Ik;V = Span �2�k
fpk;�g.

Proof: Let I = (i1; :::; i2`) for 1 � i� � m be a multi-index. Set

fI(v1; :::; vk) := g(vi1 ; vi2 ):::g(vi2`�1 ; vi2`) 2 Ak;V :

We may then use Theorem 1.7.1 to decompose p 2 Ik;V in the form

p =
X
I

aIfI ; (1.7.c)

in light of Theorem 1.7.2 we note that this decomposition need not be unique
and thus we must proceed with a bit of caution.
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Let (x1; :::; xk) 2 Rk . Since p is multi-linear,
p(x1v1; :::; xkvk) = x1:::xk � p(v1; :::; vk) :

Let Dk := @x1 :::@
x
k . Since p(v1; :::; vk) = Dkp(x1v1; :::; xkvk)jx=0, Equation

(1.7.c) implies

p(v) =
X
I

aIDkfI(x1v1; :::; xkvk)jx=0 : (1.7.d)

For 1 � i � k, let nI(i) be the number of times that the index i appears in I .
We then have

fI(x1v1; :::; xkvk) = fI(v1; :::; vk)

mY
i=1

x
nI (i)
i :

Consequently DkfI(x1v1; :::; xkvk)jx=0 = 0 if nI(i) 6= 1 for any index i. Thus
we may restrict the sum in Equations (1.7.c) and (1.7.d) to range over multi-
indices I which are a permutation of the indices f1; :::; kg. The Lemma now
follows as these are exactly the invariants pk;� which were de�ned in Equation
(1.7.b). ut
In view of Theorem 1.7.3, one says \invariant multilinear maps are given by

contractions of indices" as, relative to an orthonormal basis, the inner products
involved correspond to contraction of indices in pairs. Invariant multi-linear
maps from �kV to R are, of course, nothing but invariant linear maps from

kV to R. Let fe1; :::; emg be an orthonormal basis for the vector space V .
Let ! = !ije

i 
 ej 2 
2V . We then have

I2;V = Span fp1g where p1 : ! ! !ii :

If ! = !ijkle
i 
 ej 
 ek 
 el 2 
4V , then set

p2 : ! ! !iijj ; p3 : ! ! !ijij ; p4 : ! ! !ijji :

One then has

I4;V = Span fp2; p3; p4g : (1.7.e)

Let W be a vector space of dimension m� 1. Choose an inner product pre-
serving inclusion i :W � V and a corresponding embedding of the orthogonal
group O(W ) � O(V ). We de�ne a restriction map

R : Ik;V ! Ik;W
which is characterized dually by the property

R(p)(w1; :::; wk) = p(i(w1); :::; i(wk)) :

If k � 2m and if � 2 �k, de�ne

rk;m;�(v1; :::; vk) : = g(v�(1) ^ ::: ^ v�(m); v�(m+1) ^ ::: ^ v�(2m))

� g(v�(2m+1); v�(2m+2)) � � � g(v�(k�1); v�(k)) :
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We can also express

rk;m;� = det

0
@ g(v�(1); v�(m+1)) : : : g(v�(m); v�(2m))

: : : : : : : : :

g(v�(1); v�(m+1)) : : : g(v�(m); v�(2m))

1
A

� A�(2m+1);�(2m+2) : : : A�(2k�1)�(2k) :

Theorem 1.7.4 Let m � 2.

1. R : Ik;V ! Ik;W is surjective.

2. R : Ik;V ! Ik;W is injective if k < 2m.

3. If k � 2m, then ker(R) \ Ik;V = Span �2�k
frk;m;�g.

Proof: If p is given by contractions of indices which range from 1 to m, then
R(p) is given by restricting the range of summation to range from 1 to m� 1.
Consequently, by Theorem 1.7.3, the map R is surjective.
To prove Assertion (2), we use Theorem 1.7.1 to express p 2 Ik;V in terms

of inner products. We use the second main theorem of invariants 1.7.2, after
making an appropriate dimension shift, to see that R(p) vanishes if and only if
it can be written as sums of terms each of which is divisible by an appropriate
determinant J of size m �m. The desired result now follows from Equation
(1.7.a) and from the same arguments used to prove Theorem 1.7.3. ut

1.7.2 Local invariants of a Riemannian metric

We shall be interested in local invariants of Riemannian manifolds. In light of
Theorem 1.1.1, any local invariant of the Riemannian metric which is poly-
nomial in the jets of the derivatives of the metric with coeÆcients which are
smooth functions of the metric can be expressed polynomially in terms of the
curvature tensor. Such invariants can be constructed as follows. Let

P = P (Ri1i2i3i4 ; Ri1i2i3i4;j1 ; :::; Ri1i2i3i4;j1;:::;j`)

be a polynomial formula in the components of the covariant derivatives of
the Riemann curvature tensor. This is a formal object that can be evaluated
on a Riemannian metric g once a local orthonormal frame e is chosen. The
algebra of such formulae is not a free polynomial algebra as we must take into
account the symmetries of the covariant derivatives curvature tensor; see, for
example, the relations in Equations (1.1.b), (1.1.d), and (1.1.h). We say that P
is invariant if the value of P (g; e) is independent of the particular orthonormal
frame e which is chosen and depends only on the underlying metric g. Let Pm
be the space of all such invariants.
The space Pm inherits a natural grading. We de�ne the weight of Rijkl to be

2 and increase the weight by 1 for every explicit covariant derivative present;

weight (Ri1i2i3i4;j1;:::;j`) := 2 + ` :

The notion of weight is well de�ned; the identities giving the curvature sym-
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metries are weight homogeneous; see for example the relations in Equations
(1.1.b), (1.1.d), and (1.1.h).
We can also apply dimensional analysis to see that the weight is well de�ned.

Let 0 6= c 2 R. We rescale the Riemannian metric to de�ne gc := c�2g and
rescale the orthonormal frame by de�ning ec := ce. Since the Levi-Civita
connection is unchanged, we may compute

Rijkl(gc; ec) : = gc(frceircej �rcejrcei �r[cei;cej ]gcek; cel)
= c4 � c�2g(freirej �rejrei �r[ei;ej ]gek; el)
= c2Rijkl(g; e) :

More generally, a similar computation shows that

Ri1i2i3i4;j1:::jl(gc; ec) = c2+`Ri1i2i3i4;j1:::jl(g; e) : (1.7.f)

We use Equation (1.7.f) to decompose

Pm = �nPn;m
where the elements of Pn;m are homogeneous of weight n. Note that if P
belongs to Pn;m, then P satis�es the rescaling relation

P (c�2g) = cnP (g) : (1.7.g)

By taking c = �1, we see that Pn;m = f0g if n is odd.
Atiyah, Bott, and Patodi [7] used Weyl's �rst theorem of invariants (The-

orem 1.7.1) to analyze these and related spaces of invariants. We follow their
approach to show:

Lemma 1.7.5 1. P0;m = Span f1g.
2. P2;m = Span f� := Rijjig.
3. P4;m = Span f�2, j�2j := RijjkRillk , jRj2 := RijklRijkl, �� := �Rijji;kkg.
Proof: Let V be an m dimensional vector space which is equipped with a
positive de�nite inner product g(�; �). We say that a 4 tensor R 2 
4V � is
an algebraic curvature tensor if R satis�es the curvature symmetries of the
Riemann curvature tensor given in Display (1.1.b).
Suppose that n = 2. Then P 2 P2;m is linear in the components of the

curvature tensor. Let W � 
4V � be the subspace of all algebraic curvature
tensors. We regard P as a map from W to R which is orthogonally invariant.
Extending P to be zero on W? de�nes a multi-linear orthogonally invariant
map to which Theorem 1.7.3 applies. Thus by Equation (1.7.e)

P (g) = c1Riijj + c2Rijij + c3Rijji :

Assertion (2) now follows since, after taking into account the symmetries of
Display (1.1.b), we have that

P (g) = (c3 � c2)Rijji :

Next suppose that n = 4. We now have that P 2 P4;m is quadratic in R and
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linear in r2R. Again, P can be regarded as a map from a certain subspace

W � f
6T �Mg � f
8T �Mg
to R which is invariant under the action of the orthogonal group; here W is
the subspace which is generated by

r2R�R
R � 
6T �M �
8T �M :

The relation of Equation (1.1.h) now enters.
As W is orthogonally invariant, extending P to be zero on W? de�nes an

orthogonally invariant map to which Theorem 1.7.3 applies and Assertion (3)
follows after reducing by the appropriate curvature symmetries. ut
More generally, a spanning set for Pn;m is given by contracting indices for

the Riemann curvature tensor and its covariant derivatives and then reducing
by the appropriate curvature symmetries.
On the boundary, the normal vector �eld plays a distinguished role and thus

the structure group is O(m � 1) and not O(m). Let ~Pn;m be the space of all
boundary invariants in the derivatives of the metric which are homogeneous
of weight n.
Let y be a system of geodesic polar coordinates centered at a point P of @M

and let x = (y; xm) be the induced coordinates near the boundary as described
in Section 1.1.2. We use Theorem 1.1.3 to see that any boundary invariant
in the derivatives of the metric can be expressed in terms of the covariant
derivatives of the curvature tensor R = RM and the tangential derivatives of
the second fundamental form L. H. Weyl's theorem then applies. Reducing by
the appropriate relations is a bit more complicated as relations of the form
given in Lemma 1.1.4 must be taken into account. The following Lemma then
follows:

Lemma 1.7.6 1. ~P0;m = Span f1g.
2. ~P1;m = Span fLaag.
3. ~P2;m = Span fLaaLbb; LabLab; Rijji; Rammag.

In Chapter 2 and in Chapter 3, we will study more complicated spaces of
invariants, but the basic approach will be similar. We refer, for example, to
Lemmas 2.2.12 and 2.2.13 in the context of the heat content asymptotics and
to Lemmas 3.1.10 and 3.1.11 in the context of the heat trace asymptotics.

1.7.3 The heat trace asymptotics for operators of Laplace type

Lemma 1.3.6 discusses the heat trace asymptotics for quite general elliptic
operators whose symbolic spectrum is a subset of (0;1). We can use Theorem
1.7.3 to simplify the discussion considerably for operators of Laplace type. Let
D = D(r; E) be an operator of Laplace type. Let 
 be the curvature operator
of the associated connection r; relative to a local frame �eld we have that


�� : = r@x�r@x� �r@x�r@x�
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= @x�!� � @x�!� + !�!� � !�!� :

We introduce formal endomorphism valued invariants rkE and rk
. Set

weight (Ri1i2i3i4;j1:::j`) = 2 + `;

weight (E;j1:::j`) = 2 + `;

weight (
i1i2;j1:::j`) = 2 + ` :

If we expand r`R, r`E, and r`
 in terms of the jets of the total symbol of
D, then we may use Lemma 1.2.1 to see that this de�nition of the weight is
compatible with the de�nition given previously in Equation (1.3.b). We note
that Equation (1.7.f) generalizes to this setting to yield

Ri1i2i3i4;j1:::j`(c
2D; ec) = c2+`Ri1i2i3i4;j1:::j`(D; e);

E;j1:::j`(c
2D; ec) = c2+`E;j1:::j`(D; e); (1.7.h)


i1i2;j1:::j`(c
2D; ec) = c2+`
i1i2;j1:::j`(D; e) :

We have not introduced local coordinates on M nor have we introduced a
local frame �eld ~s for V , preferring to work invariantly instead. The following
observation provides a useful restatement of Lemma 1.3.6 in an invariant
framework. As the proof is a straightforward application of the techniques we
have discussed above, we shall omit the proof. We shall return to this question
again in Section 3.1.

Lemma 1.7.7 Let D = D(r; E) be an operator of Laplace type. Then the
heat invariant en(x;D) is given by a universal non-commutative polynomial
of total weight n in the variables

frkR;rkE;rk
g :
For example, it will follow from Theorem 3.3.1 that

e0(x;D) = (4�)�m=2Id ;

e2(x;D) = (4�)�m=2 1
6 (6E + �Id );

e4(x;D) = (4�)�m=2 1
360 (60E;kk + 60�E + 180E2 + 12�;kkId

+5�2Id � 2j�j2Id + 2jRj2Id + 30
ij
ij) :

Lemma 1.3.6, and hence Lemma 1.7.7, follows from a detailed analysis of the
Seeley calculus. We refer to Section 3.1.8 where we will give a second proof
of Lemma 1.7.7 which uses only the fact that the invariants en and en;k are
locally computable, the fact that

en(x; c
2D) = cnen(x;D)

(see Theorem 3.1.10), and the relations of Display (1.7.h). It is convenient,
however, to postpone this analysis for a bit and to have Lemma 1.7.7 available
for use at the present moment for use in studying the supertrace asymptotics
of the Witten Laplacian in the next section.
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1.7.4 The restriction r : Pn;m ! Pn;m�1
Restricting the indices to range from 1 throughm�1 instead of from 1 through
m induces a natural restriction map

r : Pn;m ! Pn;m�1 :
This map is surjective by Theorem 1.7.4. We can also describe the restriction
map geometrically. If (N; gN ) is an m� 1 dimensional Riemannian manifold,
then we let M := N � S1 and gM := gN + d�2. If x 2 N is the point
of evaluation, we take the corresponding point (x; 1) 2 M for evaluation;
which point on the circle chosen is, of course, irrelevant as S1 has a rotational
symmetry. If P 2 Pn;m, then we have that

r(P )(gN )(x) = P (gN + d�2)(x; 1) :

Let I = (i1; :::; ik) and J = (j1; :::; jk) be collections of k indices. We de�ne
the totally anti-symmetric tensor " by setting

"IJ := g(ei1 ^ ::: ^ eik ; ej1 ^ ::: ^ ejk ) : (1.7.i)

Clearly " vanishes if I and J are not permutations of the same set of k distinct
indices; in particular " = 0 if k > m. If I and J are permutations of a set of k
distinct indices, then " is the sign of the permutation which sends I to J . By
Theorem 1.7.4, Pn;m\ker(r) is generated by invariants where we contract 2m
indices using the " tensor and contract the remaining indices in pairs. This
observation will play a crucial role in the next section.

1.8 Applications of the second main theorem of invariance theory

In this section, we shall begin our study of the heat supertrace asymptotics of
the Witten Laplacian by using the second main theorem of invariance theory
to obtain spanning sets for the spaces of invariants which arise in this con-
text. We will conclude our study of these invariants in Section 3.8, but it is
convenient to present the formal properties of these invariants that depend
on the second main theorem of invariance theory at this time.
We follow the discussion in [202, 203, 204]. Let � 2 C1(M) be the dilaton.

The Witten Laplacian, introduced in Section 1.2.6, is given by

�� := d�Æ� + Æ�d� where

d� := e��de� and Æ� := e�Æe�� :

1.8.1 The invariants ad+Æn;m for closed Riemannian manifolds

For the moment, let M be a compact smooth Riemannian manifold without
boundary. Let an(x; �) be the local heat trace asymptotic coeÆcients de�ned
in Equation (1.3.c). If f 2 C1(M) is an auxiliary scalar localizing or smearing
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function, then

Tr L2(fe
�t�p

�) �
1X
n=0

t(n�m)=2

Z
M

f(x)an(x;�
p
�)dx :

The heat supertrace asymptotics of the Witten Laplacian are de�ned by

ad+Æn;m(�; g)(x) :=

mX
p=0

(�1)pan(x;�p
�) :

The metric g and the dimension m are introduced into the notation for later
convenience. Let f be a smooth scalar function on M . Then

X
p

(�1)pTrL2(fe�t�
p

�) �
1X
n=0

t(n�m)=2

Z
M

f(x) � ad+Æn;m(�; g)(x)dx :

We �rst establish a useful duality result:

Lemma 1.8.1 1. We have an(x;�
p
�) = an(x;�

m�p
�� ).

2. We have ad+Æn;m(�; g) = (�1)mad+Æn;m(��; g).
3. We have ad+Æn;m = 0 if n is odd.

Proof: Since the invariants in question are local, global questions of ori-
entability play no role and we may without loss of generality assume that
the manifold in question is orientable. Let ~? be the normalized Hodge star
operator de�ned in Equation (1.2.f). We have ~?2 = Id and, by Lemma 1.2.8,
~?��~? = ���. Once the grading is taken into account, we have

~?�p
�~? = �m�p

�� :

Assertions (1) and (2) now follow. We may now use Theorem 1.3.5 to establish
Assertion (3). ut
There are some additional properties of these invariants that will be useful.

Lemma 1.8.2 1. ad+Æ0;m = 0.

2. Let M :=M1 �M2 where Mi are closed Riemannian manifolds of dimen-
sions mi. Give M a product metric gM = g1+ g2. Let �M = �1+�2 where
�i are smooth functions on Mi. Then:

(a) an(�
p
�) =

P
n=n1+n2;p=p1+p2

an1(�
p1
�1
)an2(�

p2
�2
).

(b) ad+Æn;m(�; g) =
P

n=n1+n2
ad+Æn1;m1

(�1; g1)a
d+Æ
n2;m2

(�2; g2).

Proof: Since ad+Æ0;m is homogeneous of weight 0 in the derivatives of � and g,

there is a universal constant so that ad+Æ0;m(�; g) = cm. We use Lemma 1.3.10
to prove Assertion (1) by showing

0 =

Z
M

ad+Æ0;m(�; g)dx =

Z
M

cmdx so cm = 0 :
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If M =M1 �M2, then we may decompose

�p(M) = �p=p1+p2�
p1(M1)
 �p2(M2) :

Introduce the parity operator

" := (�1)p1Id on �p1(M1) :

Since M is given the product structures, we may decompose

d� = d�1 
 Id + "
 d�2 and Æ� = Æ�1 
 Id + "
 Æ�2 :

The presence of " ensures the operators

fd�1 
 Id ; Æ�1 
 Id ; "
 d�2 ; "
 Æ�2g
anti-commute. Thus we may express

�p
� = �p=p1+p2

n
�p1
�1

 Id + Id 
�p2

�2

o
:

This induces a corresponding splitting of the fundamental solution of the heat
equation

e�t�
p

� = �p=p1+p2e
�t�p1

�1 
 e
�t�p2

�2 :

Let f = f1f2 where fi 2 C1(Mi). We then have

Tr L2
n
fe�t�

p

�

o
=

X
p=p1+p2

Tr L2
n
f1e

�t�p1
�1

o
� TrL2

n
f2e

�t�p2
�2

o
:

This implies a corresponding splitting of the local heat trace integrands

an(x;�
p
�) =

X
n=n1+n2

X
p=p1+p2

an1(x1;�
p1
�1
) � an2(x2;�p2

�2
)

which proves the �rst identity of Assertion (2). We use this identity to com-
plete the proof of Assertion (2) by computing

ad+Æn;m(�; g)(x) =

mX
p=0

(�1)pan(x;�p
�)

=
X

n1+n2=n

mX
p=0

(�1)p
X

p=p1+p2

an1(x1;�
p1
�1
) � an2(x2;�p2

�2
)

=
X

n=n1+n2

(
m1X
p1=0

(�1)p1an1(x1;�p1
�1
)

)
�
(

m2X
p2=0

(�1)p2an2(x2;�p2
�2
)

)

=
X

n=n1+n2

ad+Æn1;m1
(�1; g1)(x1) � ad+Æn2;m2

(�2; g2) : ut

1.8.2 Invariance theory

Let Qm be the space of all O(m) invariant polynomials in the components of
the tensors

fR; rR; r2R; :::; r�; r2�; :::g :
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We permit only monomials which either do not involve � or which involve at
least two covariant derivatives of �. We de�ne

weight (rk�) = k and weight (rkR) = 2 + k

and let Qn;m be the subspace of invariant polynomials of total weight n;

Qn;m = fQ 2 Qm : Q(�; c2g) = c�nQ(�; g) 80 6= c 2 Rg :
We use the Z2 action �! �� to decompose

Qn;m = Q+
n;m �Q�n;m where

Q�n;m := fQ 2 Qn;m : Q(�; g) = �Q(��; g)g :
The restriction map r of Section 1.7.4 extends naturally to surjective maps

r : Q�n;m ! Q�n;m�1 ! 0 :

Lemma 1.8.3 1. If m is even, then ad+Æn;m(�; g) 2 Q+
n;m \ ker r.

2. If m is odd, then ad+Æn;m(�; g) 2 Q�n;m \ ker r and ad+Æn;m(0; g) = 0.

Proof: We use Lemma 1.7.7 to see that the invariants ad+Æn;m(�; g) are homoge-
neous of weight n in the jets of the metric and of �. Let r be the Levi-Civita
connection on �(M). By Lemma 1.2.8,

�p
� = �Tr (r2 +E

p
�) for

E� = � 1
2
i
j
ij � �;i�;i � �;ji(eiij � ijei) :

Thus the undi�erentiated variable � does not play a role in these invariants.
Furthermore, either at least 2 covariant derivatives of � appear or only the
curvature R appears in each Weyl monomial of ad+Æn;m(�; g). This shows that

ad+Æn;m(�; g) 2 Qn;m :

We use Lemma 1.8.1 to see that ad+Æn;m(�; g) is an odd function of � if m

is odd and an even function of � if m is even. In particular, ad+Æn;m(0; g) must
vanish if m is odd.
To complete the proof, we must show rad+Æn;m = 0. Give M = N � S1 the

product metric and let � = �N be independent of the angular parameter
� 2 S1. As the metric is 
at on the circle and as �S1 = 0,

ad+Æn;1 (�S1 ; gS1) = 0 for n > 0 :

By Lemma 1.8.2 (1),

ad+Æ0;1 (�S1 ; gS1) = 0 :

Thus Lemma 1.8.2 (2) implies ad+Æn;m(�M ; gM ) = 0 so rad+Æn;m = 0. ut
Let " be the totally anti-symmetric tensor de�ned in Equation (1.7.i). Let

I and J be m tuples of indices indexing an orthonormal frame for T (M). Let

RI;t
J;s := Risis+1js+1js :::Rit�1itjtjt�1 :
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By de�nition, the empty product is 1. Consequently if t < s or if t� s is even,
then we shall set RA;t

B;s = 1. The following Lemma will be used to study ad+Æn;m

for n � m+ 1.

Lemma 1.8.4 1. If n < m, then Qn;m \ ker r = f0g.
2. If m is even, then Qm;m \ ker r = Span f"IJRI;m

J;1 g.
3. If m is odd, then Q�m+1;m \ ker r = Span f"IJ�;i1j1RI;m

J;2 g.
Proof: We follow the arguments given in [202, 204] which generalized pre-
vious results of [173] dealing with the case � = 0. Let 0 6= Q 2 Qn;m \ ker r.
Let A be a monomial of Q of the form

A = �;�1 :::�;�uRi1j1k1`1;�1 :::Rivjvkv`v;�v

where �� and �� denote appropriate collections of indices. The weight n of A
is then given by

n =

uX
�=1

j��j+
vX

�=1

(2 + j�� j) :

By de�nition, the empty sum is 0. Thus
P

� is to be ignored if u = 0. SimilarlyP
� is to be ignored if v = 0. Let k be total number of indices present in A.

We then have

k =

uX
�=1

j��j+
vX

�=1

(4 + j�� j) = n+ 2v :

The same argument extending Theorem 1.7.3 from the algebraic to the
geometric context can be used to extend Theorem 1.7.4 from the algebraic to
the geometric context. To ensure that rQ = 0, we must contract 2m indices
in A using the " tensor and then contract the remaining indices of A in pairs.
Since at least 2m indices must appear in A,

2m � k = n+ 2v = 2n�
uX

�=1

j��j �
vX

�=1

j�� j � 2n : (1.8.a)

This is not possible, of course, if n < m and Assertion (1) now follows.
If n = m is even, then all of the inequalities in Display (1.8.a) must have

been equalities. Thus there are no covariant derivatives and the � variables
do not appear. Furthermore, all indices are contracted using the " tensor. The
�rst Bianchi identity given in Display (1.1.b) shows we need not alternate 3
indices in a given R variable. Thus we need consider only expressions Ri1i2j2j1

or Ri1j1i2j2 in A. By the �rst Bianchi identity,

Ri1j1i2j2 �Ri1j2i2j1 = �Ri1i2j2j1 :

This implies that

"IJ :::Ri1j1i2j2 ::: = � 1
2"

I
J :::Ri1i2j2j1 ::: :

Consequently Qm;m \ ker r is spanned by the invariant "IJRI;m
J;1 . This proves

Assertion (2).
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In the proof of Assertion (3), we have

m = 2 �m+ 1 and n = m+ 1 :

Thus the inequalities of Display (1.8.a), 2m � ::: � 2n = 2m+ 2, represent a
total increase by 2. Since 2m, n+2v, and 2n are all even, only one of the two
inequalities given in Display (1.8.a) can be strict. As Q(��; g) = �Q(�; g), u
must be odd. Thus

uX
�=1

j��j > 0

so the second inequality in Equation (1.8.a) is strict. Consequently

k = 2m and

uX
�=1

j��j+
vX

�=1

j�� j = 2 :

Since u > 0,
P

� j��j > 0. Since � appears, at least 2 covariant derivatives of
� appear. Thus j�� j = 0 for all �, u = 1, and j�1j = 2. Since k = 2m, each
index is contracted using the " tensor. The argument given above shows we
can write Ri1j1i2j2 in terms of Ri1i2j2j1 . Thus we are in fact dealing with a

multiple of "IJ�;i1j1RI;m
J;2 , which proves the �nal Assertion. ut

A similar argument could be used to show, after a fair amount of additional
work to eliminate dependencies, that if m is even, then

Q+
m+2;m \ ker r = Span f"IJ�;i1j1�;i2j2RI;m

J;3 ; "
I
J�;k�;kRI;m

J;1 ;

"IJRk``kRI;m
J;1 ; "

I
J�;i1�;j1Rki2j2kRI;m

J;3 ; "
I
JRi1i2j2j1;kkRI;m

J;3 ;

"IJRi1i2j2j1;kRi3i4j4j3;kRI;m
J;5 ; "

I
JRki1j1kR`i2j2`RI;m

J;3 ;

"IJRk`j2j1Ri1i2k`RI;m
J;3 ; "

I
JRki1j1`Rki2j2`RI;m

J;3 ;

"IJRki1j2j1Rkj3i3i2R`i4j5j4R`j6i6i5RI;m
J;7 g: (1.8.b)

We omit certain invariants from the list if m is small.

1.8.3 Formal cohomology groups of spaces of invariants

Although Equation (1.8.b) would simplify somewhat the study of ad+Æm+2;m, the
list of invariants is still rather long. Thus we use a di�erent approach to the
matter using the observation from Lemma 1.3.10 that

R
M
ad+Æm+2;m(�; g)dx = 0.

Let Qp;+
n;m be the space of p form valued invariants in the curvature tensor,

the covariant derivatives of the curvature tensor, and the covariant derivatives
of � which are even in �. The ordinary exterior co-derivative Æ induces a
natural map

Æ : Qp;+
n;m ! Qp�1;+

n+1;m :

(We do not use the Witten co-derivative at this stage.) In contrast to the case
p = 0, we do not impose the requirement that � does not appear. We also do
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not impose the requirement that either no covariant derivatives of � appear or
at least 2 covariant derivatives of � appear. This is a crucial technical point.
Let N be a Riemannian manifold of dimension m � 1. Let M := N � S1

and let
i : N ! N � f1g �M

be the natural inclusion. The restriction map

r : Qp;+
n;m ! Qp;+

n;m�1

is de�ned dually by the identity:

rQ(�N ; gN ) = i�Q(�N ; gN + d�2) :

Lemma 1.8.5

1. The map r : Qp;+
n;m ! Qp;+

n;m�1 is surjective.

2. We have rÆM = ÆNr.

Proof: It is straightforward to extend Theorem 1.7.3 from the context of
scalar invariants to p form valued invariants. We refer to [7] for further details.
Including the dilaton � in the discussion also poses no diÆculties. Thus one
may show that all p form valued invariants are constructed by alternating p
indices and by contracting the remaining indices in pairs in monomials formed
from the covariant derivatives of R and of �. The invariants that belong to
Qp
n;m are de�ned by letting the indices in question range from 1 to m. We

de�ne rQ by restricting the range of summation to be from 1 to m � 1.
Assertion (1) now follows.
Let fe1; :::; emg be a local orthonormal frame for the tangent bundle of

M := N �S1. Assume em = @�. As the structures are 
at in the S1 direction,

rM
emq(gN + d�2; �N ) = 0;

i�rM
eaq(gN + d�2; �N ) = rN

ea i
�q(gN + d�2; �N );

i�i(ea) = i(ea)i
� :

Consequently

ÆNr(q)(gN ; �N ) = �i(ea)rN
ea i

�q(gN + d�2; �N )

= �i�fi(ea)rM
ea + i(em)rM

emgq(gN + d�2; �N )

= i�ÆMq(gN + d�2; �N ) = r(ÆM q)(gN ; �N ) :

This establishes Assertion (2). ut
If P 2 Pn;m, then the evaluation I(P )(g) 2 R is de�ned by setting

IP (�; g) :=

Z
@M

P (�; g)(y)dy :

The analysis of the formal cohomology groups of the spaces of invariants of
Riemannian manifolds, which was given in [172], then extends immediately to
this more general setting to yield:
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Lemma 1.8.6

1. If Q 2 Q+
n;m \ kerI and if n 6= m, then there exists Q1 2 Q1;+

n�1;m so that

ÆQ1 = Q.

2. If Q1 2 Q1;+
n;m, if ÆQ

1 = 0, and if n 6= m�1, then there exists Q2 2 Q2;+
n�1;m

so that Q1 = ÆQ2.

Assertion (1) shows that any scalar invariant which always integrates to
zero is canonically a divergence. Assertion (2) implies that any 1 form valued
invariant which is co-closed is canonically co-exact. The restriction on the
weight n is a technical one which causes no diÆculty as we shall be taking
n = m+2 in Assertion (1) and we shall be taking n = m+1 in Assertion (2).

We use this result to show

Lemma 1.8.7 If m is even, then there exists a 1 form valued invariant
Q1
m+1;m in Q1;+

m+1;m \ ker r so that ÆQ1
m+1;m = ad+Æm+2;m.

Proof: By Lemma 1.3.10, I(ad+Æm+2;m(�; g)) = 0. Thus Lemma 1.8.6 (1), im-
plies that there exists

�Q1
m+1;m 2 Q1;+

m+1;m so Æ �Q1
m+1;m(�; g) = ad+Æm+2;m(�; g) :

Unfortunately, r �Q1
m+1;m need not be zero and we must correct for this. Since

rad+Æm+2;m = 0, we use Lemma 1.8.5 (2) to see

0 = rÆ �Q1
m+1;m = Ær �Q1

m+1;m :

Thus by Lemma 1.8.6 (2), there exists

�Q2
m;m�1 2 Q2;+

m;m�1 so r �Q1
m+1;m = Æ �Q2

m;m�1 :

Since by Lemma 1.8.5 r is surjective, there exists

Q2
m;m 2 Q2;+

m;m so rQ2
m;m = �Q2

m;m�1 :

We complete the proof by setting Q1
m+1;m := �Q1

m+1;m � ÆQ2
m;m. Then

ÆQ1
m+1;m = Æ �Q1

m+1;m � ÆÆQ2
m;m = Æ �Q1

m+1;m = ad+Æm+2;m

rQ1
m+1;m = r �Q1

m+1;m � rÆQ2
m;m = r �Q1

m+1;m � ÆrQ2
m;m

= r �Q1
m+1;m � Æ �Q2

m;m�1 = 0 :

Thus Q1
m+1;m has the required properties. ut

For m even, we de�ne elements of Q1;+
m+1;m \ ker r by setting:

�1;`
m+1;m := "IJ�

`�;i1j1�;i2RI;m
J;3 e

j2 (` even);

�2;`
m+1;m := "IJ�

`Ri1i2j2j1;kRI;m
J;3 e

k (` even);

�3;`
m+1;m := "IJ�

`Ri1i2kj1 ;kRI;m
J;3 e

j2 (` even);

�4;`
m+1;m := "IJ�

`�;kRI;m
J;1 e

k; (` odd);

�5;`
m+1;m := "IJ�

`�;i1Ri2kkj2RI;m
J;3 e

j1 (` odd):
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Lemma 1.8.8 Let m = 2 �m. Then Q1;+
m+1;m \ ker r = Span i;`f�i;`m+1;mg.

Proof: Let 0 6= Qm+1;m 2 Q1;+
m+1;m \ ker r. Let A be a monomial of Qm+1;m.

Expand
A = �`�;�1 :::�;�uRi1j1k1l1;�1 :::Rivjvkvlv ;�ve

h

where j�� j � 1 and `+ u is even. The weight n of A is given by

n =
uX

�=1

j��j+
vX

�=1

(j�� j+ 2) :

To ensure that rQ = 0, we must use the " tensor to contract 2m indices
in A and contract the remaining indices in pairs using the inner product. Let
k be the total number of indices appearing in A. As in the proof of Lemma
1.8.4, the following estimate is critical:

2m � k =

uX
�=1

j��j+
vX

�=1

(j4 + �� j) + 1 = n+ 2v + 1 (1.8.c)

= 2n+ 1�
uX

�=1

j��j �
vX

�=1

j�� j � 2n+ 1 (1.8.d)

We set n = m+ 1. These inequalities, 2m � ::: � 2n+ 1 = 2m+ 3, represent
a total increase by 3. Since 2m and n+ 2v + 1 are both even, the inequality
in Display (1.8.d) must be strict and represent an increase either of 1 or of 3.
We distinguish two cases:

Case 1: Suppose that Display (1.8.c) is an equality. Then all the 2m indices
present in A are contracted using the " tensor. We can commute covariant
derivatives at the cost of introducing additional curvature terms. Thus since
all indices are to be contracted using the " tensor, we do not alternate two
indices in �;:::. This means that we may assume without loss of generality that
the variables

�;:::i1:::i2::: and �;:::j1:::j2:::

are not present. This implies that j��j � 2 for all �. Furthermore, by the �rst
and second Bianchi identity, at most 2 indices can be alternated in Rijkl;� .
Thus j�� j = 0 for all �. Since the inequality in Display (1.8.d) represents an
increase of 3, we have

Pu
�=1 j��j = 3. This leads to the invariants which have

the form �1;`
m+1;m.

Case 2 Suppose that Display (1.8.c) is not an equality. Then there are
2m+ 2 indices and one explicit covariant derivative present in A; 2m indices
are contracted using the " tensor and two indices are contracted as a pair. This
yields the invariants �i;`m+1;m for i = 2; 3; 4; 5 and the additional invariants:

�1;`
m+1;m := "IJ�

`�;kRi1i2j2kRI;m
J;3 e

j1 (` odd);

�2;`
m+1;m := "IJ�

`�;i1Ri2kj2j1RI;m
J;3 e

k (` odd);

�3;`
m+1;m := "IJ�

`�;i1Ri2kj3j2Ri3i4j4kRI;m
J;5 e

j1 (` odd);

�4;`
m+1;m := "IJ�

`Ri1i2kj2Ri3i4j4j3;kRI;m
J;5 e

j1 (` even):
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Note that the invariants �3;`
m+1;m (resp. �4;`

m+1;m) are to be set to 0 if m < 3
(resp. m < 4).

To complete the proof, we must show the invariants �i;`
m+1;m play no role.

At this stage, we use the vanishing

0 = det

0
BB@

g(v1; w1) g(v2; w1) ::: g(vm+1; w1)
g(v1; w2) g(v2; w2) ::: g(vm+1; w2)
::: ::: ::: :::

g(v1; wm+1) g(v2; wm+1) ::: g(vm+1; wm+1)

1
CCA ;

which played a central role in Theorem 1.7.2, to derive some \unexpected
relationships". Similar arguments were employed to establish Equation (1.8.b)
and will be used subsequently in the proof of Lemma 1.8.10.
Let U = (u1; :::; um+1) and let V = (v1; :::; vm+1) be collections of m + 1

indices. Since "UV = 0, we have

0 = "UV �
`�;u1RU;m+1

V;2 ev1 ; (1.8.e)

where we sum over all possible pairs of m+ 1 tuples U and V .
We shall expand the determinant "UV in minors around various rows and

columns. Let u1 = k and let I = (i1; :::; im) := (u2; :::; um+1). We expand
around row 1 and column 1 setting

v1 = k and J = (j1; :::; jm) := (v2; :::; vm+1) :

This yields the invariant
"IJ�

`�;kRI;m
J;1 e

k :

Then we set v2 = k and J = (j1; :::; jm) := (v1; v3; :::; vm+1) to obtain, after
taking into account the fact that the relevant sign is �1 when expanding a
determinant in minors around row 1 and column 2, the invariant

�"IJ�`�;kRi1i2j2kRI;m
J;3 e

j1 :

Then we set v3 = k and J = (j1; :::; jm) := (v1; v2; v4; :::; vm+1). Since we are
expanding in minors using the row 1 and column 3, the relevant sign is +.
This creates the invariant

+"IJ�
`�;kRi1i2kj2RI;m

J;3 e
j1 = �"IJ�`�;kRi1i2j2kRI;m

J;3 e
j1 :

We continue in this fashion until �nally we have that vm+1 = k and we have
that J = (j1; :::; jm) := (v1; :::; vm) which creates the invariant

+"IJ�
`�;kRi1i2j3j2 :::Rim�1imkjme

j1 = �"IJ�`�;kRi1i2j2kRI;m
J;3 e

j1 :

We sum these invariants to expand Equation (1.8.e) around row 1 to show

0 = "IJ�
`�;kRI;m

J;1 e
k �m"IJ�

`�;kRi1i2j2kRI;m
J;3 e

j1 (1.8.f)

= �4;`
m+1;m �m�1;`

m+1;m :

Next, we expand about row 2. We set u2 = k and argue as above to see

0 = "IJ�
`�;i1Ri2kj2j1RI;m

J;3 e
k � 2"IJ�

`�;i1Ri2kj2kRI;m
J;3 e

j1 (1.8.g)
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� (m� 2)"IJ�
`�;i1Ri2kj3j2Ri3i4j4kRI;m

J;5 e
j1

= �2;`
m+1;m + 2�5;`

m+1;m � (m� 2)�3;`
m+1;m :

Now we change the procedure slightly. We expand about column 1 by setting
v1 = k. A similar expansion by taking u1 = k for row 1, u2 = k for row 2, and
so forth then yields the identity

0 = "IJ�
`�;kRI;m

J;1 e
k +m"IJ�

`�;i1Ri2kj2j1RI;m
J;3 e

k (1.8.h)

= �4;`
m+1;m +m�2;`

m+1;m :

We use Equations (1.8.f), (1.8.g), and (1.8.h) to conclude therefore

f�1;`
m+1;m;�

2;`
m+1;m;�

3;`
m+1;mg � Span i;`f�i;`m+1;mg :

Finally, consider the identity

0 = "UV �
`Ru2u3v3v2;u1RU;m+1

V;4 ev1 :

We expand around the �rst row. We set u1 = k and then set v1 = k, v2 = k,
..., vm+1 = k in turn to derive the identity

0 = "IJ�
`Ri1i2j2j1;kRI;m

J;3 e
k � 2"IJ�

`Ri1i2j2k;kRI;m
J;3 e

j1

�(m� 2)"IJ�
`Ri1i2j3j2;kRi3i4j4kRI;m

J;5 e
j1

= �2;`
m+1;m � 2�3;`

m+1;m + (m� 2)�4;`
m+1;m :

This establishes the lemma. ut

1.8.4 Expressing the supertrace invariants in terms of a Weyl basis

We use the results of the previous Section to show

Lemma 1.8.9 There exist universal constants so that

1. If n < m or if n is odd, then ad+Æn;m = 0.

2. If m is even, then ad+Æm;m = cm;m"
I
JRI;m

J;1 .

3. If m is odd, then ad+Æm+1;m = cm+1;m"
I
J�;i1j1RI;m

J;2 .

4. If m is even, then ad+Æm+2;m = c1m+2;m("
I
J�;i1j1�;i2RI;m

J;3 );j2

+c2m+2;m("
I
JRI;m

J;1 );kk + c3m+2;m("
I
JRi1i2kj1;kRI;m

J;3 );j2 .

Proof: Assertions (1), (2), and (3) follow directly from Lemmas 1.8.1, 1.8.2,
1.8.3, and 1.8.4. To prove Assertion (4), let m be even. We apply Lemma 1.8.7
and Lemma 1.8.8 to see there exist universal constants so

ad+Æm+2;m(�; g) =

3X
i=1

X
`�even

c
i;`
m+1;mÆ�

i;`
m+1;m (1.8.i)

+
5X
i=4

X
`�odd

c
i;`
m+1;mÆ�

i;`
m+1;m :
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We consider various contributions to ad+Æm+2;m. We shall eliminate some
monomials using the fact that the undi�erentiated variable � does not ap-
pear in any monomial of ad+Æm+2;m. We will also use the fact that if a monomial

of ad+Æm+2;m involves the jets of �, then the weight of that monomial in � is at
least 2 to eliminate other monomials.
We �rst study terms which are linear in the 2 jets of � and which have

total weight 2 in �. Such terms can arise only when i = 4 or when i = 5 in
Equation (1.8.i). We indicate the remaining terms by + : : : to express

ad+Æm+2;m(�; g) = �
X

`�odd
�`(c4;`m+1;mQ

4
m+2;m + c5;`m+1;mQ

5
m+2;m) + : : : for

Q4
m+2;m := "IJ�;kkRI;m

J;1 and Q5
m+2;m := "IJ�;i1j1Ri2kkj2RI;m

J;3 :

Since ` > 0, such terms do not appear in ad+Æm+2;m. Consequently

0 = c4;`m+1;mQ
4
m+2;m + c5;`m+1;mQ

5
m+2;m for ` odd :

We show that Q4
m+2;m and Q5

m+2;m are linearly independent by expanding

Q4
m+2;m = ? � A4

m+1;m + 0 � A5
m+1;m + :::

Q5
m+2;m = ? � A4

m+1;m + ? � A5
m+1;m + :::: where

A4
m+1;m := �;11R1221R3443:::Rm�1;mm;m�1 and

A5
m+1;m := �;12R1332R3443:::Rm�1;mm;m�1

and where ? denotes a suitably chosen non-zero coeÆcient. This showsQ4
m+2;m

and Q5
m+2;m are linearly independent so c4;`m+1;m = c5;`m+1;m = 0. Consequently

ad+Æm+2;m =

3X
i=1

X
`�even

ci;`m+1;mÆ�
i;`
m+1;m :

We may now argue that

ad+Æn;m = �
X

`�even ;`>0

`�`�1
3X
i=1

ci;`m+1Q
i
m+2;m + ::: where

Q1
m+1;m := "IJ�;j2�;i1j1�;i2RI;m

J;3 ;

Q2
m+1;m := "IJ�;kRi1i2j2j1;kRI;m

J;3 ;

Q3
m+1;m := "IJ�;j2Ri1i2kj1 ;kRI;m

J;3 :

We show that these 3 invariants are linearly independent by computing

Q1
m+1;m = ?A1

m+1;m + 0A2
m+1;m + 0A3

m+1;m + : : :

Q2
m+1;m = 0A1

m+1;m + ?A2
m+1;m + ?A3

m+1;m + : : :

Q3
m+1;m = 0A1

m+1;m + ?A2
m+1;m + 0A3

m+1;m + : : : where

A1
m+1;m := �;11�

2
;2R3443:::Rm�1;mm;m�1;

© 2004 by CRC Press LLC 



86 Analytic preliminaries

A2
m+1;m := �;1R1221;1R3443:::Rm�1;mm;m�1; and

A3
m+1;m := �;3R1221;3R3443:::Rm�1;mm;m�1 :

This shows that c1;`m+1;m = c2;`m+1;m = c3;`m+1;m = 0 for ` > 0 and ` even. Lemma
1.8.9 now follows. ut
Remark. It is by no means obvious that the invariants fQi

m+2;mg5i=1 form a
linearly independent set. The proof of Lemma 1.8.8 shows that there are \un-
expected relations". The use of the \classifying monomials" Ai

m+2;m shows,
fortunately, that this is not the case; there are no unexpected relations among
the invariants fQi

m+2;mg.

1.8.5 Supertrace invariants for manifolds with boundary

LetM be a compactm dimensional Riemannian manifold with smooth bound-
ary @M . Let an;k be the heat trace invariants de�ned in Equation (1.4.e). Let
B = Ba or B = Br de�ne either absolute or relative boundary conditions. Set

ad+Æn;m;k(�; g;B)(y) :=
mX
p=0

(�1)pan;k(y;�p
�;B) :

If f 2 C1(M), then

mX
p=0

(�1)pTrL2(fe�t�
p

�;B)

�
1X
n=0

t(n�m)=2

Z
M

f(x) � ad+Æn;m(�; g)(x)dx

+
1X
n=0

t(n�m)=2

Z
@M

X
k<n

rk
emf(y) � ad+Æn;m;k(�; g;B)(y)dy :

The same argument given to establish Lemma 1.8.4 then shows

ad+Æn;m;k(�; g;Ba) = (�1)mad+Æn;m;k(��; g;Br) :
We therefore restrict to absolute boundary conditions and set

ad+Æn;m;k(�; g) := ad+Æn;m;k(�; g;Ba) :
Let ~r be the Levi-Civita connection of the boundary. On the boundary,

consider polynomials in the components of the tensors

fR; rR; r2R; ::: ; L; ~rL; ~r2L; ::: ; r�; r2�; :::g :
We do not introduce the variable �. We let

weight (rkR) := 2 + k;

weight ( ~rkL) := 1 + k;

weight (rk�) = k :
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Let ~Qn;m be the space of all O(m�1) invariant polynomials of total weight n
where we admit monomials which either do not involve the covariant deriva-
tives of � at all or which involve at least two covariant derivatives of �.
Lemma 1.8.3 extends immediately to this situation to show

ad+Æn;m;k 2 ~Qn�k�1 \ ker r : (1.8.j)

Let ~Pn;m � ~Qn;m be the subspace of invariants that do not involve the

covariant derivatives of �. Setting � = 0 de�nes a natural map from ~Qn;m to
~Pn;m. If P 2 ~Pn;m, then the evaluation I(P )(g) 2 R is de�ned by setting

IP (g) :=

Z
@M

P (g)(y)dy :

By Lemma 1.5.10,

0 =

Z
M

ad+Æm+1;m(0; g)(x)dx +

Z
@M

ad+Æm+1;m;0(0; g)(y)dy :

We apply Lemma 1.8.9. The interior integrand ad+Æm+1;m vanishes if m is even.

It is divisible by r2� if m is odd. Consequently it vanishes if � = 0, for either
parity of m. This implies the boundary integral is zero and therefore

Iad+Æm+1;m;0(g) = 0 : (1.8.k)

Let A and B be m� 1 tuples of indices indexing an orthonormal frame for
T (@M). Let \:" be covariant di�erentiation with respect to the Levi-Civita
connection of @M . We de�ne

RA;t
B;s := Rasas+1bs+1bs :::Rat�1atbtbt�1 ; (1.8.l)

LA;tB;s := Lasbs :::Latbt ;

Fk
m�1;m := "ABRA;2k

B;1 LA;m�1B;2k+1;

F1;k
m;m := "ABRA;2k

B;1 �;a2k+1b2k+1LA;m�1B;2k+2;

F2;k
m;m := "ABRA;2k

B;1 �;a2k+1�;b2k+1LA;m�1B;2k+2;

F3;k
m;m := "ABfRA;2k

B;1 Ra2k+1a2k+2b2k+2mLA;m�1B;2k+3g:b2k+1 :
By de�nition, the empty product is 1. Consequently if t < s, then we shall set
RA;t
B;s = 1 and LA;tB;s = 1. We shall also set RA;t

B;s = 1 if t� s is even. Thus

F3;0
m;m =

�
"ABRa1a2mb1:b2 if m = 3 ;

"AB(Ra1a2mb1LA;m�1B;3 ):b2 if m � 4 :

We extend previous results for the interior invariants to this setting as:

Lemma 1.8.10

1. We have ~Qn;m \ ker r = f0g if n < m� 1.

2. We have ~Q@M
m�1;m \ ker r = Span kfFk

m�1;mg.
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3. We have ~Qm;m \ ker r = Span kfF1;k
m;m;F2;k

m;mg+ f ~P@M
m;m \ ker rg.

4. If P 2 ~P@M
m;m \ ker r and if I(P ) = 0, then P 2 Span kfF3;k

m;mg.
Proof: Let 0 6= Q 2 ~Qn;m \ ker r. Let A be a monomial of Q of weight n for

A := �;�1 � � � �;�uRi1j1k1`1;�1 � � �Rivjvkv`v;�vLa1b1:
1 � � � Lawbw:
w ;

n :=
uX

�=1

j��j+
vX

�=1

(j�� j+ 2) +
wX
�=1

(j
� j+ 1) :

To ensure that rQ = 0, we contract 2(m� 1) tangential indices in A using
the " tensor; the remaining tangential indices must be contracted in pairs.
Since the structure group is O(m� 1), the normal index \m" can stand alone
and unchanged. Let kT be the total number of tangential indices in A, and
let km be the total number of times the normal index m appears in A. Then

2m� 2 � kT � kT + km (1.8.m)

=

uX
�=1

j��j+
vX

�=1

(j�� j+ 4) +

wX
�=1

(j
� j+ 2)

= n+ 2v + w

= 2n�
uX

�=1

j��j �
vX

�=1

j�� j �
wX
�=1

j
� j � 2n:

Assertion (1) of the Lemma follows as this is not possible if n < m� 1.
We set n = m � 1 to prove Assertion (2). All the inequalities of Display

(1.8.m) must have been equalities so there are no covariant derivatives and
thus the � variables do not appear. All the indices are tangential and are
contracted using the " tensor. After using the �rst Bianchi identity, we see
that this leads to the invariants Fk

m�1;m which proves Assertion (2).
Let n = m. Display (1.8.m) involves a total increase of 2. Thus at most 2

explicit covariant derivatives are present. However, unless at least 2 covariant
derivatives are present, � is not involved and this leads to invariants which
belong to ~Pm;m \ ker r. Thus we may suppose exactly 2 explicit covariant
derivatives are present, and that all of them appear on �. Consequently

kT = 2m� 2; km = 0;
uX

�=1

j��j = 2;

vX
�=1

j�� j = 0; and

wX
�=1

j
� j = 0 :

Since every index is tangential and all are contracted using the tensor ", after
applying the Bianchi identities, we obtain the invariants F1;k

m;m and F2;k
m;m.

This completes the proof of Assertion (3).
To prove Assertion (4), we set � = 0 and consider only metric invariants.

Let ~Pp
n;m be the space of p form valued invariants which are homogeneous of
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degree n in the derivatives of the metric; ~Pn;m = ~P0
n;m. Let

~Æ : ~Pp
n;m ! ~Pp�1

n+1;m

be induced by the coderivative of the boundary. Lemma 1.8.6 extends to this
setting to become

1. r is a surjective map from ~Pp
n;m to ~Pp

n;m�1 with r~Æ
@M = ~Æ@Nr.

2. If n 6= m� 1, then ~P0
n;m \ kerI = ~Æ ~P1

n�1;m.

3. If n 6= m� 1, then ~P1
n�1;m \ ker ~Æ = ~Æ ~P2

n�2;m.

Let Pm;m 2 ~Pm;m \ ker r \ kerI. Choose

P 1
m�1;m 2 ~P1

m�1;m so ~ÆP 1
m�1;m = Pm;m :

Unfortunately, rP 1
m�1;m need not vanish and we must adjust P 1

m�1;m in ex-
actly the same fashion as was done previously. Since

~ÆrP 1
m�1;m = r~ÆP 1

m�1;m = rPm;m = 0 ;

we may choose

P 2
m�2;m�1 2 ~P2

m�2;m�1 so ~ÆP 2
m�2;m�1 = rP 1

m�1;m :

Since r is surjective, we may choose

P 2
m�2;m 2 ~P2

m�2;m so rP 2
m�2;m = P 2

m�2;m�1 :

We then have

~ÆfP 1
m�1;m � ~ÆP 2

m�2;mg = ~ÆP 1
m�1;m = Pm;m;

rfP 1
m�1;m � ~ÆP 2

m�2;mg = rP 1
m�1;m � ~ÆrP 2

m�2;m

= rP 1
m�1;m � ~ÆP 2

m�2;m�1 = 0 :

Consequently

~Pm;m \ ker r \ kerI = ~Æf ~P1
m�1;m \ ker rg : (1.8.n)

We clear the previous notation. Let 0 6= P 1
m�1;m 2 ~P1

m�1;m \ ker r and let

A = Ri1j1k1`1;�1 :::Rivjvkv`v ;�vLa1b1:
1 :::Lawbw:
we
c

be a monomial of P 1
m�1;m. Since rP

1
m�1;m = 0, we must contract 2(m � 1)

indices in A using the " tensor and contract the remaining indices in pairs.
We estimate

2(m� 1) � kT � kT + km =

vX
�=1

(j�� j+ 4) +

wX
�=1

(j
� j+ 2) + 1

= n+ 2v + w + 1 = 2n�
vX

�=1

j�� j �
wX
�=1

j
� j+ 1 � 2n+ 1 : (1.8.o)

As n = m � 1, this sequence of inequalities represents a total increase of 1.
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Thus kT = 2(m � 1) and every tangential index is contracted using the "
tensor. By Lemma 1.1.4,

Lc2c3:c1 � Lc1c3:c2 = Rc1c2c3m :

This permits us to assume j
� j = 0 and consequently there are no tangential
derivatives of L present. If km = 0, then every index is contracted using the
" tensor. Thus the Bianchi identities show j�� j = 0 for all �. This means
that every inequality in Display (1.8.o) is an equality which is impossible.
Consequently km = 1 and

P
� j�� j = 0. This leads to the invariants

Gkm�1;m := "BARA;2k
B;1 Ra2k+1a2k+2mb2k+1LA;m�1B;2k+3e

b2k+2 :

Assertion (4) now follows from Equation (1.8.n) as

~ÆGkm�1;m = �F3;k
m;m :

This completes the proof. ut
The following Lemma is now an immediate consequence of Lemma 1.8.10,

Equation (1.8.j), and Equation (1.8.k). We adopt the notation of Display
(1.8.l).

Lemma 1.8.11 There exist constants so that:

1. ad+Æm;m;0 =
P

k c
k
m;m;0Fk

m�1;m.

2. ad+Æm+1;m;1 =
P

k c
k
m+1;m;1Fk

m�1;m.

3. ad+Æm+1;m;0 =
P

i;k c
i;k
m+1;m;0F i;k

m;m.

1.9 Chern-Gauss-Bonnet Theorem

We adopt the notational conventions established in Section 1.8. Let M be a
compact Riemannian manifold of dimension m with smooth boundary and let
Ba de�ne absolute boundary conditions. We set � = 0 to de�ne

an;m(g)(x) :=
mX
p=0

(�1)pan(x;�p) and

an;m;k(g)(y) :=
mX
p=0

(�1)pan;k(y;�p;Ba) :

If M is closed, then the following result follows from the pioneering work of
Patodi [301]; it had been conjectured by McKean and Singer [278] who had
established it in the special case that m = 2. Subsequently, additional proofs
were given by Atiyah, Bott, and Patodi [7] and by Gilkey [173]. The extension
to manifolds with boundary was established later in [175]. We will discuss
similar results subsequently in Section 3.8 for the Witten Laplacian if � 6= 0.
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Theorem 1.9.1 Adopt the notation given above.

1. If m = 2 �m is even, then ad+Æm;m(g) =
1

� �m8 �m �m!"
I
JRI;m

J;1 .

2. If m = 2 �m+ 1 is odd, then ad+Æm;m(g) = 0.

3. Impose absolute boundary conditions. Then

ad+Æm;m;0(�; g) =
P

k
1

�k8kk!(m�1�2k)!vol(Sm�1�2k)"
A
BRA;2k

B;1 LA;m�1B;2k+1 :

We can use Lemma 1.5.10 to prove the Chern-Gauss-Bonnet Theorem [122,
123]; this result expresses the Euler-Poincar�e characteristic �(M) in terms of
curvature.

Theorem 1.9.2 LetM be a compact Riemannian manifold which has smooth
boundary @M .

1. If m = 2 �m is even, then

�(M) =
R
M

1
� �m8 �m �m!"

I
JRI;m

J;1

+
R
@M

P
k

1
�k8kk!(m�1�2k)!vol(Sm�1�2k)"

A
BRA;2k

B;1 LA;m�1B;2k+1 :

2. If m = 2 �m+ 1 is odd, then

�(M) =
R
@M

P
k

1
�k8kk!(m�1�2k)!vol(Sm�1�2k)"

A
BRA;2k

B;1 LA;m�1B;2k+1 :

Subsequently, the local index density for the classical elliptic complexes
was identi�ed by Atiyah, Bott, and Patodi [7] who used this to give a heat
equation proof of the Atiyah-Singer index theorem in complete generality.
The case of manifolds with boundary was studied in [175]. We also refer to
[61, 63, 189, 279] for other treatments of the local index theorem.
Patodi's approach involved a direct calculation analyzing cancellation for-

mulae for the fundamental solution of the heat equation. Atiyah, Bott, and
Patodi used invariance theory to identify the local index density for the twisted
signature and twisted spin complexes. By expressing the de Rham complex,
at least locally, in terms of the twisted spin complex, they gave a second proof
of Patodi's result for the de Rham complex.

Proof: We �rst analyze the interior invariants. Suppose m = 2 �m. We set
� = 0 and apply Lemma 1.8.9 to see there is a universal constant cm;m so

ad+Æm;m(g)(x) = cm;m"
I
JRI;m

J;1 :

Let Mm := S2 � :::� S2 with the standard metric. We then have that

2 �m = �(Mm) =

Z
Mm

ad+Æm;m(g)(x)dx

= 4 �m �m!cm;mvol (Mm) = 4 �m �m!cm;m(4�)
�m :

We use this relation to establish Assertion (1) of Theorem 1.9.1.
Assertion (2) of Theorem 1.9.1 follows from Lemma 1.8.9.
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We apply Lemma 1.8.11 to express

am;m;0 =
X
k

ckm;m;0"
A
BRA;2k

B;1 LA;m�1B;2k+1 :

We let Mm;k := S2 � :::� S2 �Dm�2k where 0 � 2k � m� 2. Then

2k = �(Mm;k)

= 4kk!(m� 1� 2k)!ckm;m;0vol (@Mm;k)

= (16�)kk!(m� 1� 2k)!vol (Sm�1�2k) :

We solve this equation for ckm;m;0 to complete the proof of Theorem 1.9.1. ut
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Chapter 2

Heat Content Asymptotics

2.0 Introduction

In Chapter 2, we discuss the heat content asymptotics. We adopt the following
notational conventions throughout. LetM be a compact Riemannian manifold
of dimension m with smooth boundary @M . Let V be a smooth vector bundle
over M and let D be an operator of Laplace type on C1(V ). Let DB be
the realization of D with respect to the boundary conditions de�ned by a
suitable boundary operator B. We shall always assume that (D;B) is elliptic
with respect to a cone CÆ for 0 � Æ < �

2 ; we refer to the discussion in Sections
1.4 and 1.5 for further details. Let DB be the associated realization.
Let ~D be the adjoint operator on the dual bundle V � and let ~B be the

adjoint boundary operator; the operator ~B will be an operator of the same
type which is de�ned by the dual structures on V � and hence ( ~D; ~B) will
also be elliptic with respect to the cone CÆ. Let r and E be the canonical
connection and endomorphism determined by D as discussed in Lemma 1.2.1.
Let ~r and ~E be the dual structures on V �. By Lemma 1.2.2,

D� = �(�;ii +E�) and ~D = �(�;ii + ~E�) :

Let � 2 C1(V ) be the initial temperature distribution. Let u = e�tDB� be
the subsequent temperature; u is characterized by Display (1.4.d)

(@t +D)u = 0 for t > 0 (evolution equation)

Bu = 0 for t > 0 (boundary condition)

ujt=0 = � (initial condition).

The initial condition is to be understood in the distributional sense if @M is
non-empty. This means that

lim
t#0

Z
M

hu(x; t); �(x)idx =

Z
M

h�(x); �(x)idx for all � 2 C1(V �) :

93
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Let � 2 C1(V �) be the speci�c heat. The total heat energy content of the
manifold is de�ned to be

�(�; �;D;B)(t) :=
Z
M

hu(x; t); �(x)idx :

By Theorem 1.4.7, there is a complete asymptotic expansion as t # 0 of the
form

�(�; �;D;B)(t) �
1X
n=0

tn=2�n(�; �;D;B);

where the heat content asymptotic coeÆcients �n are locally computable

�n(�; �;D;B) =

Z
M

�Mn (�; �;D)(x)dx +

Z
@M

�@Mn (�; �;D;B)(y)dy :

The interior invariants are completely determined by Equation (1.4.f);

�Mn (�; �;D)(x) =

�
0 if n is odd;
(�1)k 1

k! hDk�; �i(x) if n = 2k :

Thus we shall focus on computing the boundary integrands for various bound-
ary conditions. We will often replace the interior integrand 1

2 hD2�; �i by the

more symmetric integrand 1
2 hD�; ~D�i in discussing �4. This requires changing

the formula for �@M4 to include the appropriate correction term in the Green's
formula. This change is motivated by preserving the symmetry, established in
Lemma 2.1.3, between the roles of � and �

�n(�; �;D;B) = �n(�; �; ~D; ~B) :
In Sections 2.1 and 2.2 we review the functorial properties which these

invariants have for quite general boundary conditions. There are many func-
torial properties which are independent of the particular boundary condition
studied. The symmetry property of Lemma 2.1.3 and the product formula of
Lemmas 2.1.8, 2.1.9, and 2.1.10 are true quite generally. There are also rela-
tions between the heat content asymptotics for various boundary conditions.
For example Lemma 2.1.15 relates heat content asymptotics for Dirichlet and
Robin boundary conditions, Lemma 2.2.1 and Lemma 2.2.5 relate transmis-
sion and transfer boundary conditions to Dirichlet and Robin boundary con-
ditions, and Lemma 2.2.16 relates heat content asymptotics for mixed and
spectral boundary conditions. There are also many results which are speci�c
to the particular boundary condition studied.
In subsequent sections, we treat various boundary conditions separately. In

Section 2.3 we study the heat content asymptotics for Dirichlet boundary con-
ditions. In Theorems 2.3.1 and 2.3.2, we discuss the heat content asymptotics
in the special case that � = � = 1 and D is the scalar Laplacian for the unit
disk or the upper hemisphere, respectively. In Theorem 2.3.3, we determine
�n(�; �;D;B) for general � and � and for general operators of Laplace type
for n � 4. In Theorem 2.3.4, we return to the special case in which D is the
scalar Laplacian and � = � = 1 to give �5. We shall follow the discussion in
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[46] for the proof of Theorems 2.3.1 and 2.3.3; we shall not prove Theorems
2.3.2 or 2.3.4 but instead refer to [37, 47] and [49], respectively, for further
details.
In Section 2.4, we discuss the heat content asymptotics for Robin boundary

conditions; these boundary conditions are de�ned by the operator

B� := (�;m + S�)j@M
where �;m denotes the covariant derivative of � with respect to the inward
unit normal vector �eld and where S is an auxiliary endomorphism of V j@M .
In Theorem 2.4.1, we follow the discussion of [45, 132] to give the heat content
asymptotics for n � 6. The results of Section 2.3 play an important role in this
discussion as Lemma 2.1.15 relates the Dirichlet and the Robin heat content
asymptotics. In Section 2.5, we combine the results of Sections 2.3 and 2.4 to
treat the invariants �n(�; �;D;B) where B is the mixed boundary operator

B� := �+(�;m + S�)j@M ����j@M
introduced in Section 1.5.3. In addition to terms that arise from decoupling the
problem as a direct sum of Dirichlet and Robin boundary conditions, there
are new contributions which re
ect the failure of the problem to decouple.
These terms arise both from the endomorphism E which can intertwine the
Dirichlet and Neumann bundles V� and V+ as well as from the failure of the
splitting V j@M = V+�V� to be parallel with respect to the connection r. In
Theorem 2.5.1, we present results of [132] giving the heat content asymptotics
in this setting for n � 3. In principle, �4 could be computed, but the essential
new features are already manifest at the �3 level.
In Sections 2.6 and 2.7, we follow the discussion in [194] to discuss trans-

mission and transfer boundary conditions. Much of the computation relies
upon the functorial properties which relate the heat content asymptotics with
these boundary conditions to the corresponding heat content asymptotics with
Dirichlet and Robin boundary conditions. There are, however, signi�cant new
phenomena which relate to the singular structures involved and which relate
to the results in Lemmas 2.2.2 and 2.2.3 discussed in Section 2.2. We give in
Theorems 2.6.1 and 2.7.1 the heat content asymptotics for n � 3 for transmis-
sion boundary conditions and for transfer boundary conditions, respectively.
In Section 2.8, we study oblique boundary conditions

B� := (rem + BT )�j@M
where BT is a suitably chosen tangential operator. The ellipticity condition is
not automatic in this setting, but it does follow for small tangential operators
by Lemma 1.6.8. It is somewhat surprising that the heat content asymptotics
in this setting are not sensitive to the loss of ellipticity; the formulae of The-
orem 2.8.1, which summarizes work of [196], remains valid for all tangential
operators BT . By contrast, the formulae for the heat trace asymptotics given
in [25, 146] become singular when the ellipticity condition breaks down.
In Section 2.9, we study time-dependent phenomena where the operatorsDt
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in question are operators of Laplace type for a smooth 1 parameter family of
time-dependent Riemannian metrics. We consider either Dirichlet boundary
conditions or a smooth 1 parameter family of Robin boundary conditions.
Theorem 2.9.1 generalizes results of [190] and computes �n for n � 4 in this
setting.
In Section 2.10, we return to the discussion of static operators; these are

operators whose coeÆcients are independent of t. We follow the discussion of
[49, 51] and consider the inhomogeneous problem

(@t +D)u(x; t) = p(x; t) t > 0 (evolution equation);

Bu(y; t) =  (y; t) t > 0; y 2 @M (boundary condition);

ujt=0 = � (initial condition) :

Here p is a smooth time-dependent potential function describing heat sources
and sinks in the interior and  is a smooth time-dependent function giving the
heat 
ow on the boundary. The problems decouple; we can consider the e�ect
of p, of  , and of a time-dependent speci�c heat � separately. In Theorem
2.10.1, we deal with time-dependent speci�c heats �(x; t) and in Theorem
2.10.3 we study the potential p(x; t). Both theorems relate the resulting heat
content asymptotics to previously computed invariants. The most interesting
phenomena relate to the heat transfer de�ned by  . Expand

 �
1X
i=0

ti i

in a Taylor series. Assuming one can �nd harmonic functions hi so Bhi =  i,
Theorem 2.10.6 relates the heat content asymptotics de�ned by the boundary
heat pump  to the heat content asymptotics with initial conditions hi. In
Theorem 2.10.10, we show that the heat content asymptotics �n(hi; �;D;B)
for n � 1 are in fact determined by  i, and thus the formulae of Theorem
2.10.6 are local in  i. In the proof of Theorem 2.10.9, we add a �ctitious Dirich-
let boundary to facilitate �nding such harmonic functions hi and thereby solve
the problem of a boundary heat pump without any additional assumptions.
In Section 2.11 we discuss non-minimal operators of the form

D := AdÆ +BÆd�E on C1(T �M) :

These are not operators of Laplace type. We follow the discussion of [188] to
determine the invariants �0, �1, and �2 in this setting for relative and absolute
boundary conditions.
In Section 2.12, we generalize the discussion in [197] to present some pre-

liminary work concerning the invariants �0, �1, and �2 for spectral boundary
conditions.
In our study of the boundary invariants for various boundary conditions,

we shall have to introduce various universal constants. We clear the previous
notation in each new Section; thus the constants ci of Section 2.3 have no
relation to the constants of Section 2.4.
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2.1 Functorial properties I

The heat content asymptotics have a number of functorial or naturality prop-
erties that will be essential to our study of these invariants. Until much later
in this section, we work in great generality. We suppose M is a compact Rie-
mannian manifold with smooth boundary @M . We �x 0 � Æ < �

2 ; we shall
take Æ = 0 except when considering oblique boundary conditions.
LetD be a second order partial di�erential operator and let B be a boundary

operator. Let ( ~D; ~B) be the dual structures on V �. We say that (D;B) is
admissible if (D;B) and ( ~D; ~B) are elliptic with respect to the cone CÆ for some
0 � Æ < �

2 . If D is an operator of Laplace type and if B is one of the boundary
operators discussed in Sections 1.5 and 1.6, then (D;B) is admissible.
We shall implicitly assume a linkage between the operator D and the Rie-

mann metric. If D is an operator of Laplace type, then the leading symbol
of D is given by the metric tensor. Similarly, if D = AdÆ + BÆd � E is a
non-minimal operator on C1(T �M), then again the linkage is clear. In the
general setting, the linkage must be imposed externally to make sense of the
results concerning product formulae and dimensional analysis given in Sec-
tions 2.1.7 and 2.1.8; we shall not bother to discuss the nature of this linkage
in the general setting as the two examples cited above are the only ones we
shall be interested in.
It is sometimes not safe to commute a spectral invariant function, such as

the heat content asymptotics or the heat trace asymptotics, with a variation.
For example, the eta invariant is not continuous as an R valued invariant,
although it is continuous when regarded as a R=Z valued invariant. However
as we shall be dealing for the most part with invariants which are given by a
local formula, the methods described in [189] Lemma 1.9.3 (d) apply and can
be extended to the class of manifolds with boundary as long as the boundary
condition is not varied. We shall therefore not belabor the point unduly but
shall simply commute the two processes as needed henceforth.
In Section 2.9, we will study variable geometries. Let D = fDtg be a smooth

1 parameter family of second order operators and let B = fBtg be a smooth
1 parameter family of boundary operators. We say that (D;B) is admissible
if (Dt;Bt) is admissible for all t in the parameter range. Many, but not all, of
our results hold true in this slightly greater generality. We shall formally let
u = e�tDB� denote the solution to Equation (1.6.p). This is not de�ned by
the functional calculus.

2.1.1 The interior integrands

If (D;B) is admissible, then the heat content asymptotics are well de�ned.
The following observation will be fundamental to our study.

Lemma 2.1.1 If (D;B) is admissible, then:

© 2004 by CRC Press LLC 



98 Heat Content Asymptotics

1. �0(�; �;D;B) =
R
M
h�; �idx.

2. If k � 1, then we may take �M2k�1(�; �;D;B)(x) = 0.

3. If k � 1, then we may take �M2k (�; �;D;B)(x) = (�1)k 1
k! hDk�; �i(x).

Proof: Let u := e�tDB�. Since limt#0 u(�; t) = � in the distributional sense,

lim
t#0

Z
M

hu(x; t); �(x)idx =

Z
M

h�(x); �(x)idx :

Assertion (1) now follows. Furthermore, Assertions (2) and (3) follow from
Equation (1.4.f). ut

2.1.2 Shifting the spectrum

The following Lemma is useful in studying the dependence of �n upon the
auxiliary endomorphism E.

Lemma 2.1.2 Let (D;B) be admissible.

1. �(�; �;D� "Id ;B)(t) = et"�(�; �;D;B)(t).

2. @"j"=0�n(�; �;D� "Id ;B) = �n�2(�; �;D;B).

Proof: Let u = e�tDB�. Let Dt;" := Dt � "Id de�ne the 1 parameter family
D". Let u"(x; t) := et"u(x; t). We show that

u" = e�tD";B�;

the assertions of the Lemma will then follow. We compute

(@t +Dt;")u" = @tu" +Dt;"u" = et"(@tu+ "u) + et"(Dtu� "u) = 0,

Btu" = et"Btu = 0,

u"jt=0 = ujt=0 = �. ut

2.1.3 A duality relationship

We relate the heat content asymptotics of (D;B) and of ( ~D; ~B); this lemma
does not generalize to the time-dependent setting.

Lemma 2.1.3 Let (D;B) be admissible. Then:

1. �(�; �;D;B)(t) = �(�; �; ~D; ~B)(t).
2. �n(�; �;D;B) = �n(�; �; ~D; ~B).
Proof: Let u(x; t) := e�tDB� and let ~u(x; t) := e�t ~D ~B�. Let @2u and @2~u
denote the derivatives of u and of ~u, respectively, with respect to the temporal
parameter t. By the de�ning equation,

@2u = �Du and @2~u = � ~D~u :

Fix t > 0. For 0 � s � t, we de�ne

f(s) :=

Z
M

hu(x; s); ~u(x; t� s)idx:
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We may then use the chain rule and the product rule to compute

@sf(s) =

Z
M

�
h@2u(x; s); ~u(x; t� s)i � hu(x; s); @2~u(x; t� s)i

�
dx

=

Z
M

�
� hDu(x; s); ~u(x; t� s)i+ hu(x; s); ~Du(x; t� s)i

�
dx :

Since Bu = 0 and ~B~u = 0, the boundary terms vanish in the Green's formula
and consequently we have thatZ

M

�
� hDu(x; s); ~u(x; t� s)i+ hu(x; s); ~Du(x; t� s)i

�
dx = 0:

This implies @sf(s) = 0 so f(s) is constant. Thus

0 = f(t)� f(0) =

Z
M

�
hu(x; t); ~u(x; 0)i � hu(x; 0); ~u(x; t)i

�
dx

=

Z
M

�
hu(x; t); �(x)i � h�(x); ~u(x; t)i

�
dx

= �(�; �;D;B)(t)� �(�; �; ~D; ~B)(t) :
This establishes the �rst assertion; the second then follows from the �rst. ut

2.1.4 A recursion relation

We can generalize the recursion relation of Equation (1.3.e) to the case of
manifolds with boundary if � satis�es the boundary condition under consid-
eration.

Lemma 2.1.4 Let (D;B) be admissible. If B� = 0, then:

1. @t�(�; �;D;B)(t) = ��(D�; �;D;B)(t).
2. �n(�; �;D;B) = � 2

n�n�2(D�; �;D;B).
Proof: We shall use the same argument as that given in the proof of Asser-
tions (2) and (3) of Theorem 1.3.12 to establish Equation (1.3.e). Let

~u(x; t) = e�t
~D ~B� :

Since ~B~u = 0 and B� = 0, we can integrate by parts to concludeZ
M

h ~D~u(x; t); �idx =

Z
M

h~u(x; t); D�idx :

We apply Lemma 2.1.3 to prove the �rst assertion by computing

@t�(�; �;D;B)(t) = @t�(�; �; ~D; ~B)(t)
=

Z
M

h@t~u(x; t); �(x)idx = �
Z
M

h ~D~u(x; t); �(x)idx

= �
Z
M

h~u(x; t); D�(x)idx = ��(�;D�; ~D; ~B)(t)
= ��(D�; �;D;B)(t) :
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We equate the coeÆcients of corresponding powers of t in the asymptotic
expansions to derive the second assertion from the �rst. ut

We can draw a useful consequence from Lemmas 2.1.1 and 2.1.4 that we
shall need subsequently in Section 2.10.

Lemma 2.1.5 Let (D;B) be admissible. Normalize the interior integrands for
�n as in Lemma 2.1.1. Then there exist natural partial di�erential operators
Tp;n so that

�@Mn (�; �;D;B) = R
@M

P
phBDp�; Tp;n�idy :

Proof: Choose a complementary boundary condition B1 so the Cauchy data

�j@M � �;mj@M
is determined by B� � B1�. For example, if B de�nes Dirichlet boundary
conditions, then we can let B1 be the Robin boundary operator for any S;
if B de�nes Robin boundary conditions, then we can let B1 be the Dirichlet
boundary operator. The Cauchy data of all orders is then speci�ed by

�pfBDp��B1Dp�g :
We integrate by parts tangentially to see there exist natural partial di�er-

ential operators Tp;n and Up;n so that

�@Mn (�; �;D;B) =
Z
@M

(X
p

hBDp�; Tp;n�i+
X
p

hB1Dp�; Up;n�i
)
dy :

Choose � 2 C1(V ) so that

BDp� = 0 for 2p � n; and

B1Dp� = B1Dp� for 2p � n :

By Lemmas 2.1.1 and 2.1.4,

�n(�; �;D;B) =
�

0 if n is odd;

(�1)k 1
k!

R
M
hDk�; �idx if n is even :

It now follows that �@Mn (�; �;D;B) = 0 and hence

0 =

Z
@M

(X
p

hB1Dp�; Up;n�i
)
dy :

The Lemma now follows asZ
@M

(X
p

hB1Dp�; Up;n�i
)
dy =

Z
@M

(X
p

hB1Dp�; Up;n�i
)
dy : ut
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2.1.5 Heat content asymptotics for self-adjoint operators

Assume that V is equipped with a positive de�nite Hermitian inner product
(�; �). Set u := e�tDB�. If � 2 C1(V ), then we de�ne

�(�; �;D;B)(t) :=
Z
M

(u(x; t); �(x))dx :

Note that this is conjugate linear in �.
We assume further that DB is self-adjoint. Let f�i; �ig be a discrete spectral

resolution of DB as discussed in Theorem 1.4.18. We de�ne the associated
Fourier coeÆcients for � 2 C1(V ) by setting

�i(�) = (�; �i)L2 :=

Z
M

(�(x); �i(x))dx :

Lemma 2.1.6 Let (D;B) be admissible. If DB is self-adjoint, then:

1. e�tDB� =
P

i e
�t�i�i(�)�i.

2. �(�; �;D;B)(t) =Pi e
�t�i�i(�)��i(�):

Proof: The Fourier coeÆcients �i(�) are uniformly bounded sinceX
i

�i(�)
2 = j�j2L2 <1:

The estimates of Theorem 1.4.18 show the series

u(x; t) :=
X
i

e�t�i�i(�)�i:

converges uniformly in the Ck norm for any k for t > 0; it also converges in
the L2 norm for t = 0. Assertion (1) is now immediate since u satis�es the
de�ning relations given in Display (1.4.d):

(@t +D)u =
X
i

�i(�)(@t +D)e�t�i�i

=
X
i

�i(�)(��i + �i)e
�t�i�i = 0;

Bu =
X
i

�i(�)e
�t�iB�i = 0;

u(�; 0) =
X
i

�i(�)�i = � in L2 :

The series in question converge uniformly. Consequently, we can interchange
summation and integration to prove Assertion (2) by computing

�(�; �;D;B)(t) =
Z
M

(u(x; t); �(x))dx

=

Z
M

X
i

e�t�i�i(�)(�i(x); �(x))dx
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=
X
i

e�t�i�i(�)
Z
M

(�i(x); �(x))dx

=
X
i

e�t�i�i(�)��i(�) : ut

We use Lemma 2.1.6 to see

�(�; �;D;B)(t) =
X
i

e�t�i�i(�)��i(�);

�(�; �;D;B)(t) =
X
i

e�t�i�i(�)��i(�); so

�(�; �;D;B)(t) = ��(�; �;D;B)(t) :
Thus we recover Lemma 2.1.3 in this setting; the complex conjugate is in-
troduced as the identi�cation of V with V � is conjugate linear. Similarly, if
B� = 0, we may integrate by parts to see

�i(D�) =

Z
M

(D�(x); �i(x))dx =

Z
M

(�(x); D�i(x))dx

= �i

Z
M

(�(x); �i(x)) = �i�i(�) :

Consequently, we may give another derivation of Lemma 2.1.4 in this setting
by computing

�(D�; �;D;B)(t) =
X
i

e�t�i�i�i(�)��i(�)

= �@t
X
i

e�t�i�i(�)��i(�) = �@t�(�; �;D;B)(t) :

2.1.6 Direct sums

The heat content asymptotics are additive with respect to direct sums.

Lemma 2.1.7 For i = 1; 2, let (Di;Bi) be admissible. Let

D := D1 �D2 and B := B1 �B2 on C1(V1 � V2) :

Let � := �1 � �2 and � := �1 � �2 for �i 2 C1(Vi) and �i 2 C1(V �i ). Then:
1. �(�; �;D;B)(t) = �(�1; �1;D1;B1)(t) + �(�2; �2;D2;B2)(t).

2. �n(�; �;D;B) = �n(�1; �1;D1;B1) + �n(�2; �2;D2;B2).

Proof: It is immediate that (D;B) is admissible. Let

u(x; t) := u1(x; t) � u2(x; t) where ui(x; t) := e�t(Di)Bi�i :

We check that u = e�tDB� by verifying that the de�ning relations are satis�ed

(@t +Dt)u = (@t +Dt;1)u1 � (@t +Dt;2)u2 = 0;

Bu = Bt;1u1 �Bt;2u2 = 0;

ujt=0 = u1jt=0 � u2jt=0 = �1 � �2 = � :
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Assertion (1) now follows from the computation

�(�; �;D;B)(t) =

Z
M

hu(x; t); �(x)idx

=

Z
M

�
hu1(x; t); �1(x)i + hu2(x; t); �2(x2)i

�
dx

= �(�1; �1;B1;D1)(t) + �(�2; �2;D2;B2)(t) :

Assertion (2) follows from Assertion (1) by equating terms in the asymptotic
expansions. ut

2.1.7 Products

There are a number of product formulae that are important to our investiga-
tion. We begin by studying Cartesian product structures:

Lemma 2.1.8 For i = 1; 2, let (Di;Bi) be admissible on vector bundles Vi
over compact Riemannian manifolds (Mi; gi). LetM1 be closed so no boundary
condition is needed for D1. Let (M; g) := (M1; g1) � (M2; g2) be the product
Riemannian manifold and let V := ��1V1 
 ��2V2 be the tensor product bundle
over M . De�ne D and B by setting

Dt := Dt;1 
 Id 2 + Id 1 
Dt;2 and Bt := Id 
Bt;2 on C1(V ) :

Let �(x) := �1(x1)
�2(x2) and �(x) := �1(x1)
�2(x2) for �i 2 C1(Vi) and
�i 2 C1(V �i ) over Mi. Then:

1. �(�; �;D;B)(t) = �(�1; �1;D1)(t) � �(�2; �2;D2;B2)(t).

2. �n(�; �;D;B) =
P

p+q=n �p(�1; �1;D1)�q(�2; �2;D2;B2).

Proof: It is immediate that (D;B) is admissible. Let

u1(x1; t) := e�tD1�1;

u2(x2; t) := e�t(D2)B2�2; and

u(x; t) := u1(x1; t)
 u2(x2; t) :

We show that u = e�tDB� by checking that the de�ning relations are satis�ed

(@t +Dt)u = (@t +Dt;1)u1 
 u2 + u1 
 (@t +Dt;2)u2 = 0;

Btu = u1 
Bt;2u2 = 0;

ujt=0 = u1jt=0 
 u2jt=0 = �1 
 �2 = � :

Consequently, we may establish Assertion (1) by computing

�(�; �;D;B)(t) =

Z
M

hu(x; t); �(x)idx

=

Z
M

hu1(x1; t); �1(x1)i � hu2(x2; t); �2(x2)idx1 � dx2
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=

Z
M1

hu1(x1; t); �1(x1)idx1 �
Z
M2

hu2(x2; t); �2(x2)idx2
= �(�1; �1;D1)(t) � �(�2; �2;D2;B2)(t) :

Assertion (2) follows from Assertion (1) by equating terms in the asymptotic
expansions. ut
Lemma 2.1.8 can be generalized to study certain warped products:

Lemma 2.1.9 For i = 1; 2, let (Di;Bi) be admissible on vector bundles Vi
over compact Riemannian manifolds (Mi; gi) of dimension mi. Let M1 be
closed so no boundary condition is needed for D1. Let � 2 C1(M2). Let

M :=M1 �M2; ds2M := e2�ds2M1
+ ds2M2

;

D := e�2�D1 
 Id 2 + Id 1 
D2; B := Id 1 
B2;

� := �1 
 �2 for �i 2 C1(Vi); � := �1 
 �2 for �i 2 C1(V �i ) :

If Dt;1�1 = 0 for all t, then

1. �(�; �;D;B)(t) = h�1; �1iL2�(�2; em1��2;D2;B2)(t).

2. �n(�; �;D;B) = h�1; �1iL2�n(�2; em1��2;D2;B2).

Proof: It is clear (D;B) is again admissible. Let

u2 := e�t(D2)B2�2 and u(x; t) := �1(x1)
 u2(x2; t) :

We show that u = e�tDB� by computing

(@t +Dt)u = e�2�Dt;1�1 
 u2 + �1 
 (@t +Dt;2)u2 = 0;

Btu = �1 
Bt;2u2 = 0;

ujt=0 = u1jt=0 
 �2 = �1 
 �2 = � :

The Riemannian measure dx for the warped product metric onM is given by

dx = em1�dx1dx2

where dxi are the Riemannian measures on the factors Mi for i = 1; 2. Thus

�(�; �;D;B)(t)

=

Z
M

h�1(x1); �1(x1)ihu(x2; t); �2(x2)iem1�dx1dx2

=

Z
M1

h�1(x1); �1(x1)idx1 �
Z
M2

hu(x2; t); em1��2(x2)idx2
= h�1; �1iL2�(�2; em1��2;D2;B2)(t) :

The �rst assertion now follows; the second follows from the �rst by equating
terms in the asymptotic expansions. ut
A similar argument can also be used to warp the lower order terms. We

introduce some notational conventions. Let (�1; :::; �m�1) be the usual periodic
parameters on the torus Tm�1 := S1 ��S1.
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Lemma 2.1.10 Let M := Tm�1 �M2 with ds2M = guv(x2)d�
u Æ d�v + ds2M2

.
Let � be the associated scalar Laplacian; the associated connection is the 
at
connection. Let B de�ne Dirichlet or Robin boundary conditions. Let �u;r be
smooth vector �elds onM2. Set Dt := �+

P
r�1fGuu

r @�u@
�
v+�u;r@

�
u+F

u
r @

�
ugtr.

Let � = �(x2) and let � = �(�; x2). Then:

1. �(�; �;D;B)(t) = �(�; �;�;B)(t).
2. �n(�; �;D;B) = �n(�; �;�;B).
Proof: Clearly (D;B) is admissible on M . We may decompose � = P1 + P2
where P2 is a tangential operator onM2 whose coeÆcients depend only on x2
and P1 is a tangential operator on Tm�1 whose coeÆcients depend on both
x2 and on �; there are no mixed @xi @

�
u terms. Set

u2 := e�t(P2;B)� on M2 and u(�; x2; t) := u(x2; t) on M :

We show u = e�tDB� by verifying the de�ning relations are satis�ed

(@t +Dt)u = (@t + P2)u2 = 0;

Bu = Bu2 = 0;

ujt=0 = u2jt=0 = � :

It now follows that

�(�; �;D;B)(t) =
Z
M

hu2(x2; t); �(x2; �)idx :

Setting G = 0, � = 0, and F = 0 then yields as a special case that

�(�; �;�;B)(t) =
Z
M

hu2(x2; t); �(x1; �)idx :

The Lemma now follows from these two identities. ut
We will use the following variant of Lemma 2.1.10 in Section 2.8 in our

analysis of oblique boundary conditions.

Lemma 2.1.11 Let M := T
m�1 � [0; 1] with ds2M = g��(r)d�

� Æ d�� + dr2.
Let � be the associated scalar Laplacian. Let V :=M � C ` . Let

D := �
 Id +A�(�; r)@�� and B := @r 
 Id +B�(�; r)@�� + S

where S 2 M`(C ) is constant and where A�; B� 2 C1(End (V )) are ar-
bitrary. Assume (D;B) is admissible. Let � = �(r) and � = �(�; r). Then
�(�; �;D;B)(t) and �n(�; �;D;B) are independent of fA�; B�g.
Proof: Decompose D = P1+P2 where P1 is a tangential operator onM1 and
P2 is a tangential operator on [0; 1] and whereD� = P2�. Set u0 := e�t(P2)B0�
where B0 = @r
Id +S. The same argument as that given to establish Lemma
2.1.10 then shows e�tDB� = u0 as well. Thus

�(�; �;D;B) =
Z
M

hu0(r; t); �(�; r)idx : ut
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2.1.8 Dimensional Analysis

One of the fundamental properties of the heat content coeÆcients derives from
their behavior under rescaling, or, in other words, from dimensional analysis.
We use Theorem 1.4.7 to express

�n(�; �;D;B) =
Z
M

�Mn (�; �;D)(x)dx +

Z
M

�@Mn (�; �;D;B)(y)dy :

It then follows from the Greiner-Seeley calculus [224, 341] that:

Theorem 2.1.12 Let Dc := c2D where c be a positive constant. Then:

1. �Mn (�; �;Dc)(x) = cn�Mn (�; �;D)(x).

2. �@Mn (�; �;Dc;B)(y) = cn�1�@Mn (�; �;D;B)(y).
As Theorem 2.1.12 is central to our investigation, it is giving a second

proof rather than simply appealing to the Greiner-Seeley calculus. By Lemma
2.1.1, we have, trivially, �Mn (�; �;Dc) = cn�Mn (�; �;D). We can investigate
�@Mn using only the formal properties of this invariant as follows:

Lemma 2.1.13 Let c be a positive constant. Let Dc := c2D. Then:

1. �(�; �;Dc;B)(t) = c�m�(�; �;D;B)(c2t).
2. �n(�; �;Dc;B) = cn�m�n(�; �;D;B).
3.
R
@M

�@Mn (�; �;Dc;B)dy = cn�1
R
@M

�@Mn (�; �;D;B)dy.
Proof: The operator Dc is of Laplace type with respect to the Riemannian
metric gc := c�2g. Furthermore, (Dc;B) is admissible. Therefore, the heat
content asymptotics �n(�; �;Dc;B) are well-de�ned.
Let x = (x1; :::; xm) and let y = (y1; :::; ym�1) be local coordinates for M

and for the boundary of M , respectively. We let indices �; � range from 1
through m and indices �; � range from 1 through m � 1. The Riemannian
measures dx on M and dy on @M which are de�ned by g are then given by

dx :=
q
det(g��) � dx1:::dxm and dy :=

q
det(g��) � dy1:::dym�1 :

Consequently the Riemannian measures determined by gc = c�2g are

dxc = c�mdx and dyc = c1�mdy : (2.1.a)

Let u(x; t) := e�tDB� and let uc(x; t) := u(x; c2t). In order to show that
uc = e�tDc;B�, we must verify that de�ning relations are satis�ed

(@t +Dc)uc(x; t) = c2@2u(x; c
2t) + c2Du(x; c2t) = 0;

Buc = Bu = 0;

ucjt=0 = ujt=0 = � :

We prove Assertion (1) by computing

�(�; �;Dc;B)(t) =
Z
M

huc(x; t); �(x)idxc

= c�m
Z
M

hu(x; c2t); �(x)idx = c�m�(�; �;D;B)(c2t) :
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We equate coeÆcients in the asymptotic expansion to derive Assertion (2)
from Assertion (1). By Equation (2.1.a) and Assertion (2),

cm�n(�; �;Dc;B)
=

Z
M

�Mn (�; �;Dc)(x)dx + c

Z
@M

�@Mn (�; �;Dc;B)(y)dy
= cn�n(�; �;D;B)
= cn

Z
M

�Mn (�; �;D)(x)dx + cn
Z
@M

�@Mn (�; �;D;B)(y)dy :

Assertion (3) now follows since

�Mn (�; �;Dc)(x) = cn�Mn (�; �;D)(x). ut
Remark 2.1.14

1. By replacing �@Mn (�; �;D;B)(y) by
~�@Mn (�; �;D;B)(y) := lim

c!1
c1�n�@Mn (�; �;Dc;B)(y) (2.1.b)

if necessary, and by using Lemma 2.1.13, we may ensure the desired point-
wise equality of Theorem 2.1.12 (2).

2. In Section 2.2.4, we will use the \weight" to de�ne a grading on the space
of invariants; the limit taken in Equation (2.1.b) is just projection on the
part of weight n� 1.

3. IfD andB are a time-dependent family, then we must rescale the parameter
to set Dc = fDc2tg and Bc = fBc2tg. Exactly the same argument then
yields

�(�; �;Dc;Bc)(t) = c�m�(�; �;D;B)(c2t) :

2.1.9 Relating Dirichlet and Robin boundary conditions

There is a useful relationship between the heat content invariants for Robin
and Dirichlet boundary conditions on the interval.

Lemma 2.1.15 Let M := [0; 1] and let b 2 C1(M) be real. De�ne

A := @x + b; D1 := A�A; B1� = A�j@M ;
A� := �@x + b; D2 := AA� B2� = �j@M :

1. @t�(�; �;D1;B1) = ��(A�;A�;D2;B2).
2. �n(�; �;D1;B1) = � 2

n�n�2(A�;A�;D2;B2).
Proof: The operators D1 and D2 are formally self-adjoint. The inward unit
normal is @x when x = 0 and �@x when x = 1. Consequently, the boundary
condition de�ned by the operator B1 is the Robin boundary condition where

S(0) = b(0) and S(1) = �b(1) :
The operator B2 de�nes Dirichlet boundary conditions. Thus the discussion in
Sections 1.5.1 and 1.5.2 shows that D1 and D2 are self-adjoint, non-negative
operators and that (D1;B1) and (D2;B2) are admissible.
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Let f�� ; ��g be the discrete spectral resolution of (D1;B1) as described in
Theorem 1.4.18. We restrict to �� > 0 as the zero spectrum plays no role. Let

 � :=
1p
��
A�� :

Then f � ; ��g comprises a discrete spectral resolution of (D2;B2) on the space
ker(D2)

? := Range (A). Let �1;� and �2;� be the associated Fourier coeÆcients
of (D1;B1) and (D2;B2), respectively. Let f 2 C1(M). Since A�� j@M = 0,
we may integrate by parts to see

�2;�(Af) =

Z
M

(Af;  �)dx =
1p
��

Z
M

(Af;A�� )dx

=
1p
��

Z
M

(f;A�A��)dx =
p
��

Z
M

(f; ��)

=
p
�� � �1;�(f) :

Assertion (1) now follows from Lemma 2.1.6 since

@t�(�; �;D1;B1) = @t
X
�

e�t���1;�(�)�1;� (�)

= �
X
�

e�t�����1;�(�)�1;� (�) = �
X
�

e�t���2;�(A�)�2;� (A�)

= ��(A�;A�;D2;B2)(t) :
Assertion (2) follows from Assertion (1) by equating coeÆcients in the asso-
ciated asymptotic expansions. ut

2.1.10 Shu�e formulae for non-minimal operators

As discussed in Section 1.6.7, let

D := AdÆ +BÆd

where A and B are positive constants. This is a non-minimal operator on
C1(�(M)); if A 6= B, then D is not of Laplace type but D is still elliptic
with respect to the cone C.
Lemma 2.1.16 Let D := AdÆ+BÆd, where A and B are positive constants,
and let � = dÆ + Æd on C1(�(M)). Let �; � 2 C1(�(M)).

1. If B de�nes absolute boundary conditions, then

�(d�; �;D;B)(t) = �(d�; �;�;B)(At) and
�n(d�; �;D;B) = An=2�n(d�; �;�;B).

2. If B de�nes relative boundary conditions, then

�(Æ�; �;D;B)(t) = �(Æ�; �;�;B)(At) and
�n(Æ�; �;D;B) = Bn=2�n(Æ�; �;�;B).
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Proof: Let B de�ne absolute boundary conditions. By Theorem 1.5.7, there
is a complete orthonormal basis f�+i ��j ; �0kg for L2(�(M)) so that

dÆ�+i = �+i �
+
i ; d�+i = 0; B�+i = 0;

Æ��j = 0; Æd��j = ��j �
�
j ; B��j = 0;

Æ�0k = 0; d�0k = 0; B�0k = 0 :

Let �+i := (d�; �+i )L2 be the Fourier coeÆcients. We have Æ��j = 0 and

Æ�0k = 0. Since B��j = 0 and B�0k = 0, i(em)�
�
j = 0 and i(em)�

0
k = 0 on @M .

Thus, by Lemma 1.4.16, the remaining Fourier coeÆcients of d� vanish asZ
M

(d�; ��j )dx =
Z
M

(�; Æ��j )dx �
Z
@M

(�; i(em)�
�
j )dy = 0;Z

M

(d�; �0k)dx =

Z
M

(�; Æ�0k)dx �
Z
@M

(�; i(em)�
0
k)dy = 0 :

Consequently,

d� =
X
i

�+i �
+
i

in the distributional sense. Let

u(x; t) :=
X
i

e�t�
+

i �+i �
+
i :

Since ��+i = �+i �
+
i , D�

+
i = A�+i �

+
i , and B�+i = 0, one may verify

u(x; t) = e�t�Bd� and u(x;At) = e�tDBd�

by computing that

(@t + dÆ + Æd)u(x; t) =
X
i

e�t�
+

i �+i (��+i + �+i )�
+
i = 0;

(@t +AdÆ +BÆd)u(x;At) =
X
i

e�At�
+

i �+i (�A�+i +A�+i )�
+
i = 0;

Bu =
X
i

e�t�
+

i �+i B�+i = 0;

ujt=0 =
X
i

�+i �
+
i = d� :

The �rst equality of Assertion (1) now follows since

�(d�; �;D;B)(t) =

Z
M

(u(x;At); �)dx

= �(d�; �;�;B)(At) :
The second equality of Assertion (1) follows by equating terms in the asymp-
totic expansions. Assertion (2) follows from Assertion (1) by duality, since the
Hodge operator interchanges relative and absolute boundary conditions. ut
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2.2 Functorial properties II

We continue our discussion of functorial properties of the heat content asymp-
totics in this section.

2.2.1 Transmission boundary conditions

We recall the notational conventions from Section 1.6.1. Let M = (M+;M�),
V = (V+; V�), and D = (D+; D�) where D� are operators of Laplace type
on bundles V� over M�. We assume as compatibility conditions that

@M+ = @M� = �; g+j� = g�j�; and V+j� = V�j� : (2.2.a)

Let �� be the inward unit normals of � in ��; �+ + �� = 0. If U is an
impedance matching endomorphism on �, then the transmission boundary
operator BU is de�ned for � = (�+; ��) by setting

BU� := f�+j� � ��j�g � fr�+�+j� +r����j� � U�+j�g :
We double a model problem (M0; V0; D0) to obtain our �rst functorial prop-

erty by considering the singular structures. Over M0, we let

BD�0 := �0j@M0
and BR�0 := (rem + S)�0j@M0

de�ne Dirichlet and Robin boundary conditions, respectively. Let

�even (x) :=
1
2 (�+(x+) + ��(x�)) and �odd (x) =

1
2 (�+(x+)� ��(x�))

be the even and odd parts of � = (�+; ��). The following Lemma relates the
heat content asymptotics on M to those on M0 taking into account the Z2

action which interchanges x+ and x�.

Lemma 2.2.1 Adopt the notation given above. If U = �2S, then:
1. �(�; �;D;BU )(t) = 2�(�odd ; �odd ; D;BD)(t) + 2�(�even ; �even ; D;BR)(t).
2. �n(�; �;D;BU ) = 2�(�odd ; �odd ; D;BD) + 2�(�even ; �even ; D;BR).
Proof: Let u = e�tDBU � solve the heat equation on the singular manifold
M with transmission boundary conditions. Decompose u into even and odd
pieces by setting

ueven (x; t) :=
1
2fu+(x+; t) + u�(x�; t)g and

uodd (x; t) :=
1
2fu+(x+; t)� u�(x�; t)g :

We wish to show that

ueven = e�tD0;BR�even and uodd = e�tD0;BD�odd : (2.2.b)

We note that u+j� = u�j�. We compute that

(@t +D0)ueven = 1
2f(@t +D+)u+(x+; t) + (@t +D�)u�(x�; t)g = 0;
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(r� + S)ueven j� = 1
2f(r�+ + S)u+j� + (r�� + S)u�j�g

= 1
2fr�+u+ +r��u� � Uu�gj� = 0;

ueven jt=0 = �even ;

and that

(@t +D0)uodd = 1
2f(@t +D+)u+(x+; t)� (@t +D�)u�(x�; t)g = 0;

uodd j� = 1
2 (u+j� � u�j�) = 0;

uodd jt=0 = �odd :

We then have

�(�; �;D;BU )(t)
=

Z
M+

hu+(x+; t); �+(x+)idx+ +

Z
M�

hu�(x�; t); ��(x�)idx�

= 1
2

Z
M0

hu+(x+; t) + u�(x�; t); �+(x+) + ��(x�)idx0

+ 1
2

Z
M0

hu+(x+; t)� u�(x�; t); �+(x+)� ��(x�)idx0

= 2

Z
M0

�
hueven ; �even i+ huodd ; �odd i

�
dx

= 2�(�even ; �even ; D0;BR)(t) + 2�(�odd ; �odd ; D0;BD)(t) :
This proves the �rst assertion; the second now follows. ut
The null space of the operators in question again plays a crucial role.

Lemma 2.2.2 Let D� be the scalar Laplacians on the manifolds M�. Let
� = 1 and let U = 0. Then:

1. �(�; �;D;BU )(t) = vol (M).

2. �0(�; �;D;BU ) = vol (M).

3. If n � 1, then �n(�; �;D;BU ) = 0.

Proof: Let �(x) = u(x; t) = 1. We verify u = e�tDBU � by checking the
de�ning relations are satis�ed:

(@t +D)u = 0;

u+j� � u�j� = 0;

u+;�+ j� + u�;�� j� = 0 + 0 = 0;

ujt=0 = � :

The �rst assertion of the Lemma is now immediate; the second follows from
the �rst. ut
If we introduce an \arti�cial" singularity, then the heat content asymptotics

are not a�ected.
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Lemma 2.2.3 Let D0 be an operator of Laplace type on a bundle V0 over
a closed Riemannian manifold M0. Let � be a smooth submanifold of M0

which separates M0 into two components M+ and M�. Let D� := D0jM�

and let U = 0. Let �0 2 C1(V0) and �0 2 C1(V �0 ). Set �� := �0jM�
and

�� := �0jM�
. Then

1. �(�; �;D;BU )(t) = �(�0; �0; D0)(t).

2. �n(�; �;D;BU ) = �n(�0; �0; D0).

Proof: Let u0 := e�tD0�0. Let u� := u0jM�
. We check u = e�tDBU � by

verifying that the de�ning relations hold

(@t +D�)u� = (@t +D0)u0jM�
= 0;

u+j� � u�j� = u0j� � u0j� = 0;

u+;�+ j� + u�;�� j� = u0;�+ j� � u0;�+ j� = 0;

u�jt=0 = u0jt=0;M�
= �0jM�

= �� :

Consequently

�(�; �;D;BU )(t)
=

Z
M+

hu+(x+; t); �+(x+)idx+ +

Z
M�

hu�(x�; t); ��(x�)idx�

=

Z
M0

hu0(x; t); �0(x)idx0 = �(�0; �0; D0)(t) :

This establishes Assertion (1); Assertion (2) follows from Assertion (1). ut

2.2.2 Transfer boundary conditions

We adopt the same notation as that used to discuss transmission boundary
conditions with the exception that we replace the compatibility condition of
Equation (2.2.a) by the weaker assumption that

@M+ = @M� = � and g+j� = g�j� :
No relation is assumed between V+j� and V�j�. We adopt the notation of
Section 1.6.3 and de�ne

BS� :=

�� r+
�+ + S++ S+�

S�+ r��� + S��

��
�+
��

�� ����
�

where
S++ : V+j� ! V+j�; S+� : V�j� ! V+j�;
S�+ : V+j� ! V�j�; S�� : V�j� ! V�j�:

Lemma 2.2.2 generalizes to this setting.

Lemma 2.2.4 Let D� be the scalar Laplacians on the manifolds M�. Let
� = 1 and let � = 1. If S++ + S+� = 0 and if S�� + S�+ = 0, then:

1. �(�; �;D;BS)(t) = vol (M).
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2. �0(�; �;D;BS) = vol (M).

3. If n � 1, then �n(�; �;D;BS) = 0.

Proof: Let u(x; t) = 1. We verify u = e�tDB� by checking the de�ning
relations are satis�ed:

(@t +D)u = 0;

�+;�+ j� + S++�+j� + S+���j� = 0;

��;�� j� + S����j� + S�+�+j� = 0;

ujt=0 = � :

The Lemma now follows. ut
Let BR(S++) and BR(S��) de�ne Robin boundary conditions for D�. If

S+� = 0 and S�+ = 0, then BS = BR(S++) � BR(S��). Since the operators
and boundary conditions decouple, the following Lemma is immediate:

Lemma 2.2.5 If S+� = 0 and if S�+ = 0, then

1. �(�; �;D;BS)(t) = �(�+; �+; D+;BR(S++))(t)+�(��; ��; D�;BR(S��))(t).
2. �n(�; �;D;BS) = �n(�+; �+; D+;BR(S++)) + �n(��; ��; D�;BR(S��)).

2.2.3 Time-dependent processes

We now discuss functorial properties that relate directly to time-dependent
as opposed to static processes. The �rst property deals with a rather trivial
variation of the geometry.

Lemma 2.2.6 Let (D;B) be elliptic with respect to the cone CÆ. Consider the
family Dt := etD0 and Bt := B0. Then:
1. �(�; �;D;B)(t) = �(�; �;D;B)(et � 1).

2. �n(�; �;D;B) = �n(�; �;D;B) for n � 2.

3. �3(�; �;D;B) = �3(�; �;D;B) + 1
4�1(�; �;D;B).

4. �4(�; �;D;B) = �4(�; �;D;B) + 1
2�2(�; �;D;B).

Proof: Let s(t) := et�1. Then @t = et@s and s(0) = 0. Let u(x; t) := e�tDB�
and let v(x; t) := u(x; s(t)). We show v = e�tDB� by verifying that the
de�ning relations are satis�ed

(@t +Dt)v(x; t) = etf(@s +D0)u(x; s)g = 0;

Btv(y; t) = B0u(y; s(t)) = 0;

vjt=0 = ujt=0 = � :

The �rst assertion now follows. We expand

s = t+ 1
2 t

2 +O(t3); s2 = t2 +O(t3)

s1=2 = t1=2 + 1
4 t

3=2 +O(t5=2); s3=2 = t3=2 +O(t5=2) :
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We equate coeÆcients of t in the asymptotic expansions

1X
n=0

�n(�; �;D;B)tn=2 �
1X
n=0

�n(�; �;D;B)sn=2

to derive the remaining assertions. ut
We now make a time-dependent gauge transformation.

Lemma 2.2.7 Let (D;B) be admissible on M . Let f 2 C1(M). De�ne �D by
setting �Dt := etf (@t +Dt)e

�tf � @t and �B by setting �Bt := etfBte�tf . Then
1. �n(�; �; �D; �B) = �n(�; �;D;B) for n � 2.

2. �3(�; �; �D; �B) = �3(�; �;D;B) + �1(�; f�;D;B).

3. �4(�; �; �D; �B) = �4(�; �;D;B) + �2(�; f�;D;B) + 1
2�0(�; f

2�;D;B).

Proof: Let u(x; t) := e�tDB�. Set �u(x; t) := etfu(x; t). We verify �u = e�t �D �B

by checking the de�ning equations are satis�ed

(@t + �Dt)�u = etf (@t +Dt)e
�tfetfu(x; t) = 0;

�Bt�u = etfBte�tfetfu = 0;

�ujt=0 = ujt=0 = � :

Consequently, we may compute:

�(�; �; �D; �B)(t) =

Z
M

hetfu(x; t); �(x)idx

�
1X
r=0

1

r!

Z
M

hu(x; t); fr�idx � tr

�
1X
r=0

1

r!
�(�; fr�;D;B)(t) � tr :

The assertions of the Lemma now follow by equating powers of t in the asymp-
totic expansions. ut
We make a gauge transformation in the spacial coordinates and warp the

higher order terms.

Lemma 2.2.8 Let M := S1� [0; 1]. Let " be an auxiliary real parameter. Set

Dt := �@2r � @2� � 1 + "t@r(@� �
p�1) :

Let B de�ne Dirichlet or Robin boundary conditions (with S = S(r)), let

�(r; �) := e
p�1��0(r), and let �(r; �) := e�

p�1��0(r)�1(�). Then:

1. �(�; �;D;B)(t) = �(�0; �0;�@2r ;B)(t) �
R
S1
�1(�)d�.

2. �n(�; �;D;B) = �n(�0; �0;�@2r ;B) �
R
S1 �1(�)d�.
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Proof: Let u0 := e�t(�@
2
r )B�0 on [0; 1] and let u(r; �; t) := e

p�1�u0(r; t). We
show that u = e�tDB� by computing:

(@t +Dt)u = f@t � @2r � @2� � 1 + "t@r(@� �
p�1)ge

p�1�u0(r; t)

= e
p�1�f@t � @2rgu0(r; t) = 0;

Bu = e
p�1�Bu0 = 0;

ujt=0 = e
p�1��0 = � :

We prove the �rst assertion by computing:

�(�; �;D;B)(t) =

Z
M

hu(r; �; t); �idrd�

=

Z
M

hu0(r; t); �0(r)idr �
Z
S1
�1(�)d�

= �(�0; �0;�@2r ;B) �
Z
S1
�1(�)d� :

The second assertion now follows from the �rst by equating coeÆcients of t
in the asymptotic expansions. ut
The following Lemma involves making a change of variables which mixes

up the temporal and spatial coordinates. Let x be the usual coordinate on
M = [0; 1]. Let F be a non-negative smooth function on M so that

F (0) = F (1) = 0 and F � 0 near x = 1 :

We introduce new coordinates (�x; �t) on [0; 1]� [0; ") by setting

(�x; �t) := (x+ tF (x); t) :

The Jacobian J of this coordinate transformation is then given by

J :=

�
@x�x @t�x
@x�t @t�t

�
=

�
1 + tFx F

0 1

�
:

If t is small, then det(J) 6= 0 so this is an admissible change of variables. We
have

d�x = (1 + tFx)dx+ Fdt; d�t = dt;

@�x = (1 + tFx)
�1@x; @�t = @t � F (1 + tFx)

�1@x :
(2.2.c)

Lemma 2.2.9 Let M = [0; 1]. Let � := �@2�x. Let
Dt := �f(1 + tFx)

�1@xg2 � F (1 + tFx)
�1@x :

Let B de�ne Dirichlet boundary conditions, let � = 1, and let � = 1. Then:

1. �(�; �;�;B)(t) = �(�; �;D;B)(t) + t�(1; Fx;D;B)(t).
2. �n(�; �;�;B) = �n(�; �;D;B) + �n�2(1; Fx;D;B).
Proof: We let u = e�t�B1 and de�ne v(x; t) = u(x + tF (x); t). We show
v = e�tDB� by changing variables and using Display (2.2.c) to see

(@t +Dt)v(x; t) = (@�t +�)u(�x; �t) = 0;
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Bv(x; t) = vj@M = uj@M = 0;

vjt=0 = ujt=0 = 1 :

Fix t. It now follows that

�(�; �;�;B)(t) =
Z
M

u(�x; t)d�x =

Z
M

u(x+ tF (x); t)(1 + tFx)dx

=

Z
M

v(x; t)dx + t

Z
M

v(x; t)Fxdx

= �(�; �;D;B)(t) + t�(1; Fx;D;B)(t) :
The �rst assertion now follows; the second follows from the �rst by equating
terms in the asymptotic expansions. ut
We now exploit a crucial fact concerning Neumann boundary conditions.

Lemma 2.2.10 Let M = S1 � [0; 1]. Let B0 = @r and let

Dt := �@2r � @2� � 1 + t(G22@2r + 2G1;12@r@� +F1;2@r) :

Let �(r; �) = e
p�1�. Then �n(�; �;D;B) = 0 for n > 0.

Proof: Let u(r; �; t) := e
p�1�. It is immediate that u satis�es the de�ning

relations so u = e�tDB�. Thus � is independent of the parameter t. ut
A similar proof also yields:

Lemma 2.2.11 Let

Dtu := �u+
P

r�1 t
r(Gr;iju;ij +Fr;iu;ig; and

Btu := fu;m +
P

r�1 t
r�a;ru;agj@M :

Let � = 1. Then �n(�; �;D;B) is independent of fG; F ; �g.

2.2.4 Expressing the invariants �@Mn relative to a Weyl basis

For the remainder of this section, we restrict our attention to operators of
Laplace type and to the boundary conditions discussed in Sections 1.5 and
1.6. We �rst deal with Dirichlet boundary conditions as there are no additional
structures present. Let B� := �j@M be the Dirichlet boundary operator. Let
fe1; :::; emg be a local orthonormal frame for TM which is normalized so em is
the inward unit normal vector �eld on @M . We recall our previous notational
conventions. Let indices i; j; k range from 1 through m and index this frame
�eld. We let indices a; b; c range from 1 to m � 1 and index the induced
orthonormal frame for the tangent bundle of the boundary. Let \;" denote the
components of multiple covariant di�erentiation of tensors of all types with
respect to the Levi-Civita connection de�ned byM and the connection de�ned
by D. Similarly, we use the Levi-Civita connection of @M and the connection
de�ned by D to tangentially covariantly di�erentiate tensors de�ned on @M ;
denote the components of multiple covariant di�erentiation in this case by
\:".
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If there are no indices present from the tangent bundle, then \:" and \;"
agree. Thus, for example, �:a = �;a. More generally, the di�erence between
\:" and \;" is measured by the second fundamental form. By Lemma 1.1.4,

�;ab = �:ab � Lab�;m :

Because the second fundamental form L is de�ned only on @M , Lab;c is not
de�ned and we use instead the tensor Lab:c.
Let Rijkl be the components of the curvature tensor of the Levi-Civita con-

nection, let 
ij be the components of the curvature operator of the connection
de�ned by D, let E be the endomorphism de�ned by D, and let Lab be the
components of the second fundamental form. We may covariantly di�eren-
tiate f�; �;R;
; Eg in arbitrary directions. On the other hand, the second
fundamental form L is de�ned only on @M . Thus, as noted above, we may
only covariantly di�erentiate L tangentially with respect to the Levi-Civita
connection of @M .
An appropriate generalization of Theorem 1.1.1 then permits us to see that

any invariant of the partial derivatives of the structures involved can be ex-
pressed in terms of the variables

f�;j1:::j` ; �;j1:::j` ; Ri1i2i3i4;j1:::j` ; 
;j1:::j` ; E;j1:::j` ; La1a2:b1:::b`g (2.2.d)

relative to a suitable coordinate system and suitable frame for V . Conse-
quently, �@Mn (�; �;D;B) is an invariant polynomial in these variables. The
analysis performed in Section 1.7.2 is relevant. The Levi-Civita connections
of the metric g and gc := c�2g are the same. The connections determined by
D and Dc := c2D are the same. Let ec = (ce1; :::; cem). Then

�;j1:::j`(gc; ec) = c`�;j1:::j`(g; e);

�;j1:::j`(gc; ec) = c`�;j1:::j`(g; e);

Ri1i2i3i4;j1:::j`(gc; ec) = c2+`Ri1i2i3i4;j1:::j`(g; e);

La1a2:b1:::b`(gc; ec) = c1+`La1a2:b1:::b`(g; e);


i1i2;j1:::j`(gc; ec; Dc) = c2+`
i1i2;j1:::j`(g; e;D);

E;j1:::j`(gc; ec; Dc) = c2+`E;j1:::j`(g; e;D) :

With this rescaling behavior in mind, de�ne

weight (�;j1:::j`) = `; weight (�;j1:::j`) = `;

weight (Ri1i2i3i4;j1:::j`) = 2 + `; weight (La1a2:b1:::b`) = 1 + `;

weight (
i1i2;j1:::j`) = 2 + `; weight (E;j1:::j`) = 2 + ` :

We may then use Theorem 2.1.12 (2) to see that �@Mn (�; �;D;B) is homoge-
neous of total weight n�1 in the variables listed in Equation (2.2.d). In other
words, if A is a monomial term of �@Mn of degree (kR; kL; k
; kE) and if kr
explicit covariant derivatives appear, then

n� 1 = 2kR + kL + 2k
 + 2kE + kr :

We can now apply the �rst main theorem of invariance theory as discussed
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in Section 1.7.1 to see that �@Mn (�; �;D;B) can be expressed in terms of con-
tractions of tangential indices ranging from 1 to m�1; the normal variable em
is \free" since the structure group is O(m�1). After taking into consideration
the fact that �n is bilinear in � and �, the following Lemma is now immediate:

Lemma 2.2.12 Let B de�ne Dirichlet boundary conditions for an operator
D of Laplace type.

1. �@M0 (�; �;D;B) = 0.

2. �@M1 (�; �;D;B) 2 Span fh�; �ig.
3. �@M2 (�; �;D;B) 2 Span fh�;m; �i; h�; �;mi; Laah�; �ig.
4. �@M3 (�; �;D;B) 2 Span fh�;mm; �i; h�; �;mmi; h�;m; �;mi; h�:a; �:ai;

hE�; �i; Laah�;m; �i; Laah�; �;mi; �h�; �i; Rammah�; �i;
LaaLbbh�; �i; LabLabh�; �ig.

The invariants h�:aa; �i and h�; �:aai have been omitted sinceZ
@M

h�:aa; �idy =
Z
@M

h�; �:aaidy = �
Z
@M

h�:a; �:aidy :

For the remaining boundary conditions, there are additional structures
present. With Robin boundary conditions, B� = (rem+S)�. We set Sc := cS

to express
Bc� := c(rem + S)� = (rcem + Sc)� :

Clearly the di�erent operators B and Bc de�ne the same boundary condition.
Since Sc = cS, we set

weight (S) = 1 :

Taking into account this additional invariant, we have:

Lemma 2.2.13 Let B de�ne Robin boundary conditions for an operator D
of Laplace type.

1. �@M0 (�; �;D;B) = 0.

2. �@M1 (�; �;D;B) 2 Span fh�; �ig.
3. �@M2 (�; �;D;B) 2 Span fh�;m; �i; h�; �;mi; Laah�; �i; hS�; �ig.
With mixed boundary conditions, the auxiliary endomorphism � and its co-
variant derivatives enter. Since � has weight 0, a bit of care must be taken in
writing down the relevant invariance theory and we postpone the discussion
until the appropriate moment in Section 2.5.
With transmission boundary conditions we set weight (U) = 1, while with

transfer boundary conditions, we set weight (S�;�) = 1. Again, the weight
is increased by 1 for every explicit covariant derivative that is present. The
situation there is a bit more complicated since we have ��, ��, and so forth,
so we shall again postpone the discussion of this case.
In studying �M4 for any boundary condition, we will replace the interior in-

tegrand 1
2 hD2�; �i by the interior integrand 1

2 hD�; ~D�i to maintain the sym-
metry of Lemma 2.1.3. This can be done, of course, at the cost of changing
�@M4 to re
ect the additional compensating boundary correction terms.
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2.2.5 Dimension shifting

It is a very general principle that when the heat content asymptotics are
expressed relative to aWeyl basis that the coeÆcients are universal expressions
which are independent both of the dimension of the underlying manifold and
also of the dimension of the vector bundle V . We illustrate this principle for
Dirichlet boundary conditions.

Lemma 2.2.14 There exist universal constants ci which are independent of
the dimension of the underlying manifold M and of the vector bundle V so
that if B de�nes Dirichlet boundary conditions for an operator D of Laplace
type, then:

1. �@M1 (�; �;D;B) = R@M c1h�; �idy.
2. �@M2 (�; �;D;B) = R@Mfc2h�;m; �i+ c3h�; �;mi+ c3Laah�; �igdy.
Proof: Let m := dim(M) and r := Rank (V ). We use Lemma 2.2.12 to
express �1, �2, and �3 in the form given in the Lemma where a-priori the
constants ci = ci(m; r) depend upon the auxiliary parameters m and r. By
Lemma 2.1.7,

�n(�1 � �2; �1 � �2; D1 �D2;B1 �B2)
= �n(�1; �1; D1;B1) + �n(�2; �2; D2;B2) :

It now follows that ci(m; r1 + r2) = ci(m; r1) = ci(m; r2) and consequently

ci(m; r) = ci(m) :

Given the structure (M2; g2; D2;B2; �2; �2), we setM := S1�M2 where S
1

is the unit circle. Give M the product metric

ds2M := d�2 + ds2M2
:

Let D1 = �@2� on the trivial line bundle. Set �1 = �1 = 1. We adopt the
notation of Lemma 2.1.8 setting

D := D1 
 Id 2 + Id 1 
D2 = �@2� +D2;

B := B2 :
By Lemma 2.1.1,

�q(�1; �1; D1)(�) =

�
1 if q = 0;
0 if q > 0:

We may therefore apply Lemma 2.1.8 to see

�n(�; �;D;B)(�; x2) = �n(�2; �2; D2;B2)(x2) : (2.2.e)

Let Rn;m be the set of all local formulae which are homogeneous of weight
n in the variables de�ned in Equation (2.2.d); by Theorem 2.1.12, we can
regard the heat content asymptotics as de�ning elements �@Mn;m 2 Rn;m. We
follow the discussion of Section 1.7.4 to de�ne the restriction map

r : Rn;m ! Rn;m�1
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and to use an appropriate generalization of Theorem 1.7.3 to see that this is
surjective. Equation (2.2.e) then shows r(�@Mn;m) = �@Mn;m�1 and thus it is not
in fact necessary to introduce the additional subscript m. The assertion that
the constants ci can be chosen independent of the dimension m now follows
from this discussion. ut
The situation is the same for pure Neumann boundary conditions. For

Robin, mixed, transmission, and transfer boundary conditions, additional in-
variants must be introduced which re
ect the auxiliary structures which are
involved. With oblique boundary conditions, the leading symbol of the tan-
gential operator has weight 0 and more care needs to be exercised.

2.2.6 Spectral boundary conditions

Let P be an operator of Dirac type on a vector bundle V over a compact
Riemannian manifold with boundary. Let A be an operator of Dirac type on
V j@M which is admissible with respect to P ; we refer to the discussion in
Section 1.6.6 for details. Let D = P 2 be the associated operator of Laplace
type and let BA be the associated spectral boundary conditions for D. Let
�(�; �;D;BA)(t) be the associated heat content asymptotics. There is a Z2

symmetry involved using the involution P ! �P . The following observation
is immediate:

Lemma 2.2.15 Let A be admissible with respect to P . Then A is admissible
with respect to �P and �(�; �; P 2;BA)(t) = �(�; �; (�P )2;BA)(t).
The next functorial property relates the heat content asymptotics for spec-

tral boundary conditions to the corresponding heat content asymptotics for
mixed boundary conditions in certain settings. We recall the notation of Sec-
tion 1.6.6. Let P be an operator of Dirac type on a vector bundle V and let A
be an admissible operator of Dirac type on V j@M which de�nes the boundary
conditions �+

A for P . Let x = (y1; :::; ym�1; xm) be normalized coordinates
near the boundary. We may expand P and A locally in the form

P = 
irei +  P and A = �
m
area +  A

where  P and  A are 0th order terms and wherer is a compatible connection.
We use Lemma 1.6.7 to see that (P;�+

A) satis�es a suitable ellipticity condition
and thus the heat content asymptotics are well de�ned for the associated
second order operator and boundary condition

D := P 2 and BA := �+
A ��+

AP :

In the next result, we will relate spectral and mixed boundary conditions.
Before giving the statement, it is necessary to introduce some notation. Let
(�1; :::; �m�1) be the usual periodic parameters on the torus Tm�1 and let r be
the radial parameter on the interval [0; 1]. Give M := T

m�1 � [0; 1] a warped
product of the form

ds2M := gab(r)d�
a Æ d�b + dr2
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and set g(r) :=
p
det gab. Let "(0) := +1 and "(1) := �1 so that the inward

unit normal is "dr on

@M = T
m�1 � ff0g [ f1gg :

Let f
1(r); :::; 
m(r)g give V := M � C
` a Cli�ord module structure; we

suppose


a
b + 
b
a = �2gabId ; 
a
m + 
m
a = 0; and 
2m = �Id :
We set 
a := gab(r)
a. Let p0 = p0(r) and a0 = a0(r) be ` � ` matrices; we
suppose a0 is self-adjoint and invertible. De�ne operators of Dirac type on the
trivial bundle of dimension ` by setting

P0 := 
m@r + p0 on C1([0; 1]� C
` );

P := P0 + 
a@�a on C1(M � C
` );

A := "(�
m
a@�a + a0) on @M :

We assume ker(A) = f0g. Then A is admissible for P and we let �+
A and BA

be the associated boundary conditions for P and for D := P 2, respectively.
Let �0 be orthogonal projection on the positive eigenspaces of a0 and let

�1 = Id ��0 be the complementary projection. We assume a0 anti-commutes
with 
m. We then have 
m�1 = �0
m. Let

B0� := f�0���0P0�gj@[0;1] :
We show that B0 de�nes mixed boundary conditions for D0 := P 2

0 by consid-
ering the following equivalent formulation. We have

�0(�j@M ) = 0 and �0(
m@r�+ p0)j@M = 0;

, �0(�j@M ) = 0 and �0
m(@r�� 
mp0)j@M = 0;

, �0(�j@M ) = 0 and 
m�1(@r�� 
mp0)j@M = 0;

, �0(�j@M ) = 0 and �1(@r�� 
mp0)j@M = 0 :

Lemma 2.2.16 Adopt the notational conventions and assumptions described
above. Let � = �(r) and � = �(r) be smooth C ` and (C ` )� valued functions,
respectively. Note that �+

a � = �0�.

1. �(�; g�1�;D;BA)(t) = (2�)m�1�(�; �;D0;B0)(t).
2. �n(�; g

�1�;D;BA) = (2�)m�1�n(�; �;D0;B0).
Proof: Let u0 := e�tD0;B0�. Set u(r; �; t) := u0(r; t). We show u = e�tDB� by
checking that the de�ning relations are satis�ed

(@t +D)u = (@t +D0)u = 0;

Bu = �+
Au��+

APu = �0u��0P0u = 0;

ujt=0 = u0jt=0 = � :

Assertion (1) now follows as � has been adjusted to take into account the
change in the volume element. We equate terms in the asymptotic expansions
to derive Assertion (2) from Assertion (1). ut
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The analogue of Lemma 2.2.14 requires a di�erent proof since we do not
have product formulae available. It is somewhat surprising that the coeÆcients
with respect to a suitable Weyl basis are dimension free. The corresponding
coeÆcients for the heat trace asymptotics exhibit a very complicated depen-
dence on the dimension as we shall see in Section 3.14. We refer to the subse-
quent discussion in Ansatz 2.12.3 for a more detailed discussion of the sorts of
expressions that occur and content ourselves here with a quite general state-
ment.

Lemma 2.2.17 Let P be an operator of Dirac type on a bundle V over a
compact manifold M with smooth boundary @M . Let A be admissible with
respect to P . Express �n with respect to a suitable Weyl basis. Then the uni-
versal coeÆcients that appear are independent of the rank of the bundle and
the dimension of the manifold.

Proof: The proof of Lemma 2.1.7 shows the coeÆcients are independent of
the rank of the bundle. Let PN be an operator of Dirac type on an m � 1
dimensional manifold N . Give

M := S1 �N

the product Riemannian metric. We introduce coordinates (�; x) on M . By
doubling the rank of the vector bundle and by replacing P0 by PN ��PN if
necessary, we may suppose there exists 
0 so that


0PN + PN
0 = 0 and 
20 = �Id :
De�ne analogous structures on M by setting

P := 
0@� + PN and A := �
m
0@� +AN :

Let �(x; �) = �N (x). Then

P� = PN�N ; A� = AN�N ;

D� = DN�N ; (�+
A�)(x; �) = (�+

AN
�N )(x);

(BA�)(x; �) = (BAN�N )(x) :

Let uN := e�tDN;BN �N and let u(x; �; t) := uN (x; t). We show u = e�tDB�
by verifying the de�ning relations are satis�ed

(@t +D)u = (@t +DN )uN = 0;

Bu = BNuN = 0;

ujt=0 = uN jt=0 = � :

It now follows that

�(�; �;D;BA)(t) = 2��(�N ; �N ; DN ;BN )(t) so

�n(�; �;D;BA) = 2��n(�N ; �N ; DN ;BN ) :
The desired independence of the universal constants now follows. ut
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2.3 Heat content asymptotics for Dirichlet boundary conditions

Throughout this section, let B� := �j@M de�ne Dirichlet boundary conditions.
The case � = � = 1 of constant initial temperature and speci�c heat and
an evolution equation determined by the scalar Laplacian D = �0 are of
particular interest and we shall set

�n(M) := �n(1; 1;�
0;B) :

We begin with two special case computations which are of interest in their own
right and which deal with this situation. Recall the de�nition of the Gamma
function

�(s) :=

Z 1

0

ts�1e�tdt :

We �rst discuss the disk in 
at space and give results of [46]:

Theorem 2.3.1 Let Dm be the unit disk in Rm . Then:

1. �0(D
m) = �m=2

�( (2+m)
2 )

.

2. �1(D
m) = �4�(m�1)=2�(m2 ) .

3. �2(D
m) = �m=2

�(m2 ) (m� 1).

4. �3(D
m) = ��(m�1)=2

3�(m2 ) (m� 1)(m� 3).

5. �4(D
m) = � �m=2

8�(m2 ) (m� 1)(m� 3).

6. �5(D
m) = �(m�1)=2

120�(m2 ) (m� 1)(m� 3)(m+ 3)(m� 7).

7. �6(D
m) = �m=2

96�(m2 ) (m� 1)(m� 3)(m2 � 4m� 9).

8. �7(D
m) = � �(m�1)=2

3360�(m2 ) (m� 1)(m� 3)(m4 � 8m3 � 90m2 + 424m+ 633).

Next, we present some results for the hemisphere from [47]:

Theorem 2.3.2 Let Hm be the upper hemisphere of the unit sphere Sm. Then

1. �2k(H
m) = 0 for any m if k > 0.

2. �2k+1(H
3) = 8�1=2

k!(2k�1)(2k+1) .

3. �2k+1(H
5) = �3=222k+3(2�k)

3k!(2k�1)(2k+1) .

4. �2k+1(H
7) = �5=2

30

� (67�54k)9k
k!(2k�1)(2k+1) +

Pk
`=0

3�23`
`!(k�`)!(2k�2`+1)

	
.

The following general result [45, 46] is the main result of this section:

Theorem 2.3.3 Let D be an operator of Laplace type on a compact Rieman-
nian manifold with smooth boundary @M . Let B� = �j@M de�ne Dirichlet
boundary conditions. Then
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1. �0(�; �;D;B) =
R
M
h�; �idx.

2. �1(�; �;D;B) = � 2p
�

R
@M h�; �idy.

3. �2(�; �;D;B) = �R
M
hD�; �idx + R

@M
fh 12Laa�; �i � h�; �;migdy.

4. �3(�; �;D;B) = � 2p
�

R
@Mf 23 h�;mm; �i+ 2

3 h�; �;mmi � h�:a; �:ai
+hE�; �i � 2

3Laah�; �i;m+ h( 1
12LaaLbb� 1

6LabLab� 1
6Ramma)�; �igdy.

5. �4(�; �;D;B) = 1
2

R
M hD�; ~D�idx +

R
@Mf 12 h(D�);m; �i+ 1

2 h�; ( ~D�);mi
� 1

4 hLaaD�; �i � 1
4 hLaa�; ~D�i+ h( 18E;m � 1

16LabLabLcc +
1
8LabLacLbc

� 1
16RambmLab +

1
16RabcbLac +

1
32�;m + 1

16Lab:ab)�; �i
� 1

4Labh�:a; �:bi � 1
8 h
am�:a; �i+ 1

8 h
am�; �:aigdy.
We set � = � = 1 and E = 
 = 0 in Theorem 2.3.3 to compute �n(M)

for n � 4. The invariant �5(M) is known [49], although �5(�; �;D;B) is not
known in full generality:

Theorem 2.3.4 Let � = � = 1 and let D = �0 be the scalar Laplacian on
a compact manifold M with smooth boundary @M . Let B denote Dirichlet
boundary conditions. Then

�5(1; 1;�
0;B) = � 1

240
p
�

R
@M

f8�mm;mm � 8Laa�mm;m + 16LabRammb;m

�4�2mm + 16RammbRammb � 4LaaLbb�mm � 8LabLab�mm

+64LabLacRmbcm � 16LaaLbcRmbcm � 8LabLacRbddc

�8LabLcdRacbd + 4RabcmRabcm + 8RabbmRaccm � 16Laa:bRbccm

�8Lab:cLab:c + LaaLbbLccLdd � 4LaaLbbLcdLcd + 4LabLabLcdLcd

�24LaaLbcLcdLdb + 48LabLbcLcdLdagdy :
IfM is a domain in Rm , then �0(M) and �1(M) were computed by van den

Berg and Davies [44]; �2(M) was subsequently computed by van den Berg and
Le Gall [53]. IfM is the upper hemisphere of the unit sphere in 
at space, then
�0(M), �1(M), and �2(M) were computed by van den Berg [37]; we refer to
[47] for later work which establishes Theorem 2.3.2. There are related results
due to Phillips and Janson [307]. Subsequently, Savo [331, 333, 334, 335] gave
a closed formula for all the heat content asymptotics �k(M) in this setting.
We also refer to related work by McDonald and Meyers [276].
The general case where D is an arbitrary operator of Laplace type and

where � and � are quite arbitrary was studied in [45, 46] and we shall follow
the treatment there in discussing Theorem 2.3.3. We also refer to McAvity
[272] for a slightly di�erent approach using the DeWitt ansatz.
The remainder of this section is devoted to the proof of Assertions (1),

(2), (3), and (4) of Theorem 2.3.3. Since Theorem 2.3.3 (5) follows by similar
techniques, we shall simply refer to [45] in the interest of brevity.
Assertion (1) of Theorem 2.3.3 follows from Lemma 2.1.1. We shall use

the arguments used to established Lemma 2.2.14 to see that we may express
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�n as the integral of local invariants with certain undetermined universal
coeÆcients ci. We shall complete the proof of Theorem 2.3.3 by determining
these universal coeÆcients.
We begin our investigation by determining �1 in this setting:

Lemma 2.3.5 Let B be the Dirichlet boundary operator. Then

�1(�; �;D;B) = � 2p
�

R
@M
h�; �idy :

Proof: By Lemma 2.2.14, there exists a universal constant so

�1(�; �;D;B) = c1

Z
@M

h�; �idy :

We apply the method of universal examples to determine c1. We use Example
1.4.4. Let M = [0; �] be the interval, let D = �@2x, and let � = � = 1. Since
the structures are 
at on [0; �],

�(t) � � + 2c1
p
t+O(t) : (2.3.a)

The spectral resolution of the Laplacian with Dirichlet boundary conditions
on the interval is given by �p

2p
�
sinnx; n2

�1
n=1

:

Consequently, the associated Fourier coeÆcients are

�n(�) = �n(�) =
p
2p
�

Z �

0

sin(nx)dx =
p
2p
�

(
2
n if n is odd;

0 if n is even:

Therefore, we may use Lemma 2.1.6 to see that

�(�; �;D;B)(t) =
1X
n=1

e�tn
2

�n(�)�n(�) =
8
�

X
n�odd

1
n2 e

�tn2 : (2.3.b)

Di�erentiating Equations (2.3.a) and (2.3.b) then yields

@t�(�; �;D;B) = � 8
�

X
n�odd

e�tn
2 � c1t

�1=2 +O(1) :

We rewrite this identity slightly to see

lim
t#0

2
p
t �

X
n�odd

e�f
p
t�ng2 � ��

4 c1 : (2.3.c)

We consider the function f(x) := e�x
2

and let Æ :=
p
t. We use Riemann sums

with a width of 2Æ and center points (2k+1)Æ for k = 0; 1; ::: to compute the
area under the curve

p
�
2 =

Z 1

0

e�x
2

dx (2.3.d)

= lim
Æ#0

2Æ

�
f(Æ) + f(3Æ) + f(5Æ) + :::

�
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= lim
t#0

2
p
t �

X
n�odd

e�f
p
t�ng2 :

We use Equations (2.3.c) and (2.3.d) to complete the proof by checking

c1 = � 2p
�
. ut

Next we study �2. By Lemma 2.2.14, there exist universal constants so that

�2(�; �;D;B) = �
Z
M

hD�; �idx

+

Z
@M

�
c2h�;m; �i+ c3h�; �;mi+ c4Laah�; �i

�
dy :

Assertion (3) of Theorem 2.3.3 will follow from the following result:

Lemma 2.3.6 c2 = 0, c3 = �1, c4 = 1
2 .

Proof: Suppose that �j@M = 0. We may then apply Lemma 2.1.4 to equate

�2(�; �;D;B) = �
Z
M

hD�; �idx + c2

Z
@M

h�;m; �idy

= ��0(D�; �;D;B) = �
Z
M

hD�; �idx :

By Lemma 1.4.1, we can choose � so that �j@M = 0 and so that �;mj@M is
arbitrary. Therefore

c2 = 0 :

By Lemma 1.5.1, the Dirichlet boundary operator is the adjoint boundary
operator. We use Lemma 2.1.3 to equate

�2(�; �;D;B) = �
Z
M

hD�; �idx +
Z
@M

�
c3h�; �;mi+ c4Laah�; �i

�
dy

= �2(�; �; ~D; ~B) = �
Z
M

h ~D�; �idx +
Z
@M

�
c3h�; �;mi+ c4Laah�; �i

�
dy :

This identity implies thatZ
M

fhD�; �i � h�; ~D�igdx = c3

Z
@M

�
h�; �;mi � h�;m; �i

�
dy :

The Green's formula given in Lemma 1.4.17 then shows that

c3 = �1 :
Let ds2 := dr2 + e2f(r)d�2 be a warped product metric on M := S1� [0; 1].

Relative to the coordinate frame f@�; @rg, the non-zero Christo�el symbols
are

��r� = �r�� = ����r = @rfe
2f :

We shall suppose that f(0) = 0 and that f vanishes identically near r = 1.
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Thus only the boundary component r = 0 will be relevant; on this boundary
component, @r will be the inward unit normal. Let

D1 := �@2r ; D2 := �e�2f(r)@2� ; and D := �@2r � e�2f(r)@2� :

Since the structures on the interval are 
at, �2(1; 1; D1;B) = 0. We may
therefore use Lemma 2.1.9 with � = 1 and � = e�f to see that

�2(1; e
�f ; D;B) = 2��2(1; 1; D1;B) = 0 : (2.3.e)

By Lemma 1.2.1, !� = 1
2 (g��a

� + g������). Thus we have that

!� = 0 and !r = � 1
2@rf :

We use the fact that ~!� = �!� to compute

�;mjr=0 = f(@r + 1
2@rf)e

�fgjr=0 = � 1
2@rf(0);

Laajr=0 = ���r = �@rf(0);
�2(1; e

�f ; D;B) = 2�(� 1
2c3 � c4)@rf(0) :

Thus by Equation (2.3.e), we have

� 1
2c3 � c4 = 0 so c4 = � 1

2c3 =
1
2 . ut

The proof of Theorem 2.3.3 (4) is similar. There is no interior integrand
so by Lemma 2.1.3, the boundary integrands are symmetric in � and �. We
include the normalizing constant � 2p

�
involved in �1 to simplify subsequent

computation and use the results of Section 2.2.4 to express �3 in terms of a
Weyl basis. There are universal constants ci so that

�3(�; �;D;B) = � 2p
�

Z
@M

�
c5hE�; �i + c6(h�;mm; �i+ h�; �;mmi)

+c7Laah�; �i;m + c8Rabbah�; �i+ c9h�:a; �:ai (2.3.f)

+(c10Ramma + c11LaaLbb + c12LabLab)h�; �i
+c13h�;m; �;mi

�
dy :

Theorem 2.3.3 (4) will follow from the following result:

Lemma 2.3.7

1. c5 = 1.

2. c6 =
2
3 , c7 = � 2

3 , and c13 = 0.

3. c8 = 0.

4. c9 = �1.
5. c10 = � 1

6 , c11 =
1
12 , and c12 = � 1

6 .

Proof: By Lemma 2.1.2 and Theorem 2.3.3 (2),

@"�3(�; �;D � " � Id ;B) = �1(�; �;D;B) = � 2p
�

Z
@M

h�; �idy : (2.3.g)
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Since E(D � " � Id ) = E(D) + " � Id , we have by Equation (2.3.f) that

@"�3(�; �;D � " � Id ;B) = � 2p
�

Z
@M

c5hE�; �idy : (2.3.h)

We use Equations (2.3.g) and (2.3.h) to derive Assertion (1) by checking that

c5 = 1 :

Suppose B� = 0. We use Lemma 1.1.4 to see

�;aa = �:aa � Laa�;m = �Laa�;m on @M :

Thus by Lemma 2.1.4 and Theorem 2.3.3 (2),

�3(�; �;D;B) = � 2
3�1(D�; �;D;B)

= (� 2
3 )(� 2p

�
)

Z
@M

h��;mm � �;aa; �idy (2.3.i)

= � 2p
�

Z
@M

�
2
3 h�;mm; �i � 2

3Laah�;m; �i
�
dy :

On the other hand, by Equation (2.3.f), one has that

�3(�; �;D;B) = � 2p
�

Z
@M

�
c6h�;mm; �i+ c7Laah�;m; �i (2.3.j)

+ c13h�;m; �;mi
�
dy :

Assertion (2) now follows from Equations (2.3.i) and (2.3.j).
We use product formulae to establish the remaining assertions. To prove

Assertion (3), let M1 be an arbitrary closed Riemannian manifold. Give the
manifold M := N � [0; 1] the product metric. Let D, D1, and D2 be the
scalar Laplacians on M , M1, and [0; 1], respectively. Let � = � = 1. Since the
structures on the interval are 
at,

�n(�; �;D2;B2) = 0 for n > 0 :

As the boundary of M1 is empty, Lemma 2.1.1 implies

�n(�; �;D2) = 0 for n > 0 :

Consequently, Lemma 2.1.8 shows that

�3(�; �;D;B) = 0 :

Because �3(�; �;D;B) = � 2p
�

R
@M c8Rabbah�; �idy, Assertion (3) follows as

c8 = 0 :

If (r; �) are the usual parameters on M := S1 � [0; 1], let

D := �@2r � @2� � 2"@�; � := 1; � := 1 :

Since the structures on the interval are 
at, Lemma 2.1.8 implies that

�3(�; �;D;B) = 2��3(�; �;�@2r ;B) = 0 : (2.3.k)
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For the structures de�ned by D, we use Lemma 1.2.1 to see that

r@r� = 0; r@r� = 0; r@�� = "�; r@�� = �~"�; E = �"2 : (2.3.l)

Therefore, Equation (2.3.f) implies that

�3(�; �;D;B) =
Z
@M

�
� "2c5 � "2c9

�
dy : (2.3.m)

Assertion (4) follows from Equations (2.3.k) and (2.3.m) and Assertion (1) as

c5 + c9 = 0 so c9 = �c5 = �1 :
To prove the �nal assertion, we consider the warped product metric

ds2M := dr2 + e2f1(r)d�21 + e2f2(r)d�22 (2.3.n)

on the cylinder M := T2 � [0; 1]. As the inward unit normal is given by @r
when r = 0 and by �@r when r = 1, we shall assume that for a = 1; 2

fa(0) = 0; @rfa(0) = "a; @2rfa(0) = %a

fa(1) = 0; @rfa(1) = �"a; @2rfa(1) = %a :

Relative to the coordinate frame fX1 := @�1 ; X2 := @�2 ; X3 := @rg,
�311 = �131 = ��113 = @rf1e

2f1 ; and

�322 = �232 = ��223 = @rf2e
2f2 ;

the remaining Christo�el symbols vanish. Since @r is the inward unit normal
when r = 0 and �@r is the inward unit normal when r = 1,

Lab = �"aÆab : (2.3.o)

Raising indices then yields

�11
3 = �@rf1e2f1 ; �31

1 = @rf1

�22
3 = �@rf2e2f2 ; �32

2 = @rf2 :

We apply Equation (1.1.a) to see

R3113 = g33(@3�11
3 � �11

3�31
1) = (�@2rf1 � 2@rf1@rf1 + @rf1@rf1)e

2f1 ;

R3223 = g33(@3�22
3 � �22

3�32
2) = (�@2rf2 � 2@rf2@rf2 + @rf2@rf2)e

2f2 ;

Ramma = �%1 � %2 � "21 � "22 on @M :

Let

D1 := �@2r and D := �@2r � e�2f1(r)@2�1 � e�2f2(r)@2�2 :

Let � = 1 and let � := e�f1(r)�f2(r). We apply Lemma 2.1.9 twice to see

�3(�; �;D;B) = 2��3(�; e
f2�;�@2r � e�2f2@2�2 ;B);

= (2�)2�3(�; e
f1+f2�;�@2r ;B);

= (2�)2�3(1; 1;�@2r ;B) = 0 :
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We use Lemma 1.2.1 to compute

!3 =
1
2 (g

11�113 + g22�223) = � 1
2 (@rf1 + @rf2);

~!3 = �!3 = 1
2 (@rf1 + @rf2); (2.3.p)

E = 1
2 (@

2
rf1 + @2rf2)� 1

4 (@rf1 + @rf2)
2 + 1

2 (@rf1 + @rf2)
2 :

Consequently,

hE�; �i = 1
2 (%1 + %2) +

1
4 ("1 + "2)

2,
2
3 (h�;mm; �i+ h�; �;mmi) = 2

3 (
1
2 ("1 + "2)

2 � %1 � %2),

� 2
3Laah�; �i;m = � 2

3 ("1 + "2)
2,

c10Rammah�; �i = �c10("21 + "22 + %1 + %2),

c11LaaLbbh�; �i = c11("1 + "2)
2,

c12LabLabh�; �i = c12("
2
1 + "22).

Setting �3 = 0 then yields the three equations from which Assertion (5) follows

0 = f 12 � 2
3 � c10g(%1 + %2) so c10 = � 1

6 ,

0 = f 14 + 1
3 � 2

3 + c11g("1 + "2)
2 so c11 =

1
12 ,

0 = f�c10 + c12g("21 + "22), so c12 = � 1
6 . ut

The proof of the �nal assertion of Theorem 2.3.3 follows much the same
lines so we shall omit the proof and refer instead to [45]. We shall mention
only one important feature. Instead of choosing the interior integrand to be
� 1

2 hD2�; �i, we have chosen the interior integrand to be � 1
2 hD�; ~D�i. This

introduces additional boundary integrands we simply absorb in the universal
constants. Since this integrand is symmetric, by Lemma 2.1.3, the bound-
ary integrands are symmetric in � and � as well which vastly simpli�es the
invariance theory involved.

2.4 Heat content asymptotics for Robin boundary conditions

Throughout this section, we shall let D be an operator of Laplace type on
C1(V ). If S is an auxiliary endomorphism of V j@M , then the Robin boundary
operator is given by

B� := (�;m + S�)j@M :

By Lemma 1.5.2, the adjoint boundary operator is again of this type since

~B� := (�;m + ~S�)j@M :

Both (D;B) and ( ~D; ~B) are admissible. The following result [45, 132] is the
main result of this section.

Theorem 2.4.1 Let D be an operator of Laplace type on a compact Rieman-
nian manifold with smooth boundary. Impose Robin boundary conditions.
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1. �0(�; �;D;B) =
R
M
h�; �idx.

2. �1(�; �;D;B) = 0.

3. �2(�; �;D;B) = � RM hD�; �idx + R@M hB�; �idy.
4. �3(�; �;D;B) = 2

3 � 2p
�

R
@M

hB�; ~B�idy.

5. �4(�; �;D;B) = 1
2

R
M
hD�; ~D�idx

+
R
@M

f� 1
2 hB�; ~D�i � 1

2 hD�; ~B�i+ h( 12S + 1
4Laa)B�; ~B�igdy.

6. �5(�; �;D;B) = 2p
�

R
@Mf� 4

15 (hBD�; ~B�i+ hB�; ~B ~D�i)
� 2

15 h(B�):a; ( ~B�):ai+ h( 2
15E + 4

15S
2 + 4

15SLaa + 1
30LaaLbb

+ 1
15LabLab � 1

15Ramam)B�; ~B�igdy.

7. �6(�; �;D;B) = � 1
6

R
M
hD2�; ~D�idx+ R

@M
f 16 hBD�; ~D�i+ 1

6 hD2�; ~B�i
+ 1

6 hB�; ~D2�i � 1
6 hSBD�; ~B�i � 1

6 hSB�; ~B ~D�i � 1
12 hLaaBD�; ~B�i

� 1
12 hLaaB�; ~B ~D�i+ h( 1

24E;m + 1
12ELaa +

1
48LabLabLcc

+ 1
24LabLacLbc � 1

48RambmLab +
1
48RabcbLac � 1

24RamamLbb

+ 1
96�;m + 1

48Lab:ab +
1
12SLaaLbb +

1
12SLabLab � 1

12SRamam

+ 1
12 (SE+ES)+

1
4S

2Laa+
1
6S

3+ 1
6S:aa)B�; ~B�i� 1

12Laah(B�):b; ( ~B�):bi

� 1
12Labh(B�):a; ( ~B�):bi � 1

6 hS(B�):a; ( ~B�):ai � 1
24 h
am(B�):a; ~B�i

+ 1
24 h
amB�; ( ~B�):aigdy.

Assertion (1) of Theorem 2.4.1 follows from Lemma 2.1.1. The rest of this
section is devoted to the proof Assertions (2), (3), (4), and (5).

2.4.1 Proof of Theorem 2.4.1 (2)

By Lemma 2.2.13 there is a universal constant c0 so that

�1(�; �;D;B) = c0

Z
@M

h�; �idy : (2.4.a)

Lemma 2.1.4 is a very powerful tool in this setting. If B� = 0, then

�1(�; �;D;B) = �2��1(D�; �;D;B) = 0 : (2.4.b)

Since by Lemma 1.4.1 we can choose � so B� = 0 and so �j@M is arbitrary.
We use Equations (2.4.a) and (2.4.b) to establish Assertion (2) of Theorem
2.4.1 by showing c0 = 0. ut
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2.4.2 Proof of Theorem 2.4.1 (3)

There exist universal constants so

�2(�; �;D;B) = �
Z
M

hD�; �idx (2.4.c)

+

Z
@M

�
c1hB�; �i+ c2h�; ~B�i+ c3hS�; �i+ c4Laah�; �i

�
dy :

If B� = 0, then �2(�; �;D;B) = ��0(D�; �;D;B) = � R
M
hD�; �idx by

Lemma 2.1.4. Consequently,

0 =

Z
@M

�
c2h�; ~B�i+ c3hS�; �i+ c4Laah�; �i

�
dy :

It now follows that c2 = c3 = c4 = 0. Furthermore, by Lemma 2.1.3,

0 = �2(�; �; ~D; ~B)� �2(�; �;D;B)
=

Z
M

�
hD�; �i � h�; ~D�i

�
dx� c1

Z
@M

�
h�;m; �i � h�; �;mi

�
dy :

Thus by the Green's formula, which is given in Lemma 1.4.17, c1 = 1. ut

2.4.3 Proof of Theorem 2.4.1 (4)

Take into account the symmetry of Lemma 2.1.3. By Lemma 2.2.13, there
exist universal constants so

�3(�; �;D;B) =
Z
@M

�
c5hB�; ~B�i+ c6(h�;mm; �i+ h�; �;mmi)

+c7Laah�; �i;m + c8(hSB�; �i+ h�; ~S ~B�i) + c9h�:a; �:ai
+h(c10S2 + c11SLaa + c12� + c13Ramma + c14LaaLbb

+c15LabLab)�; �i
�
dy :

If B� = 0, then �3(�; �;D;B) = 0 by Lemma 2.1.4 since �1 = 0. This shows

c6 = c7 = c8 = c9 = c10 = c11 = c12 = c13 = c14 = c15 = 0 :

We adopt the notation of Lemma 2.1.15 to determine c5. Let

M := [0; 1]; b 2 C1(M);
A := @x + b; A� := �@x + b;

D1 := A�A; D2 := AA�;
B1� := A�j@M ; B2� := �j@M :

(2.4.d)

One can apply Lemma 2.1.15 and Theorem 2.3.3 to see that

�3(�; �;D1;B1) = 2p
�
c5

Z
@M

hA�;A�idy

© 2004 by CRC Press LLC 



Heat content asymptotics for Robin boundary conditions 133

= � 2
3�1(A�;A�;D2;B2) = 2

3
2p
�

Z
@M

hA�;A�idy :

It now follows that c5 =
2
3 . ut

2.4.4 Proof of Theorem 2.4.1 (5)

To preserve the symmetry of Lemma 2.1.3, we express

�4(�; �;D;B) = 1
2

Z
M

hD�; ~D�i+
Z
@M

�@M4 (�; �;D;B)dy :

We then have �@M4 is symmetric in the roles of � and �. If B� = 0, then
Lemma 2.1.3, Lemma 2.1.4, and Theorem 2.4.1 imply

�4(�; �;D;B) = � 1
2�2(D�; �;D;B) = � 1

2�2(�;D�;
~D; ~B)

= 1
2

Z
@M

h ~D�;D�idx � 1
2

Z
@M

h ~B�;D�idy soZ
@M

�@M4 (�; �;D;B) = � 1
2

Z
@M

hD�; ~B�idy :

As previously, this identity shows that many of the terms which might appear
in �@M4 have coeÆcient 0. We conclude there exist universal constants so that

�4(�; �;D;B) = � 1
2

Z
M

hD�; ~D�idx (2.4.e)

+
R
@M

�
� 1

2 (hB�; ~D�i+ hD�; ~B�i) (2.4.f)

+h(c16S + c17Laa)B�; ~B�i
�
dy :

Lemma 2.4.2

1. c16 =
1
2 .

2. c17 =
1
4 .

Proof: Adopt the notation of Equation (2.4.d) and set n = 4 in Lemma
2.1.15. We suppose � vanishes identically near r = 1 so only the boundary
component r = 0 where @x is the inward unit normal is relevant. We use
Theorem 2.3.3 (3) and integrate by parts to see

�4(�; �;D1;B1) = � 1
2�2(A�;A�;D2;B2)

= 1
2

Z
M

h(AA�)A�;A�idx + 1
2

Z
@M

hA�; (A�);midy

= 1
2

Z
M

�
hD1�; ~D1�ig+ @xhD1�;A�i

�
dx+ 1

2

Z
@M

hA�; @x(A�)idy

= 1
2

Z
M

hD1�; ~D1�idx+
Z
@M

�
� 1

2 hD1�;A�i+ 1
2 hA�; @x(A�)i

�
dy
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= 1
2

Z
M

hD1�; ~D1�idx

+

Z
@M

�
� 1

2 hD1�;A�i � 1
2 hA�; (�@x + b)A�i+ 1

2 hA�; bA�i
�
dy

= 1
2

Z
M

hD1�; ~D1�idx

+

Z
@M

�
� 1

2 hD1�; ~B1�i � 1
2 hB1�; ~D1�i+ 1

2 hSB�; ~B1�i
�
dy :

Comparing this with the expression given in Equation (2.4.e) establishes the
�rst assertion by showing

c16 =
1
2 :

We use Lemma 2.1.9 to complete the proof. We adopt the notation of Equa-
tion (2.3.n) and take a warped product metric

ds2M := dr2 + e2f1(r)d�21 + e2f2(r)d�22

on the cylinder M := S1 � S1 � [0; 1] where, for a = 1; 2, one has

fa(0) = 0; @rfa(0) = "a; @2rfa(0) = %a;

fa(1) = 0; @rfa(1) = �"a; @2rfa(1) = %a :

We set
D1 := �@2r ; B1 := "@r;

D := �@2r � e�2f1@�1 � e�2f2@2�1 ; B := "@r

where "(0) = +1 and "(1) = �1 to ensure that "@r is the inward unit normal.
By Equations (2.3.o) and (2.3.p), we have

Laa = �"1 � "2; !Dr = � 1
2 (@rf1 + @rf2);

S1 = 0; S = 1
2 ("1 + "2) :

We apply Lemma 2.1.9 twice with � = 1 and � = e�f1�f2 to see

�4(�; �;D;B) = (2�)2�4(1; 1;�@2r ;B1) = 0 :

On the other hand, we can use Equation (2.4.e) and the computations per-
formed above to see that

�4(�; �;D;B) =
Z
@M

�
1

2
c16("1 + "2) + c17(�"1 � "2)

�
dy :

Thus 0 = 1
2c16 � c17 so c17 = 1

2c16 = 1
4 . This completes the proof of the

Lemma and thereby also completes the proof of Theorem 2.4.1 (5). ut
The proof of the remaining two assertions of Theorem 2.4.1 is similar and

is omitted in the interest of brevity; we refer to [45, 132] for further details.
Combinatorially speaking, the computation of �n for Neumann boundary con-
ditions entails roughly the same amount of work as the computation of �n�2
for Dirichlet boundary conditions.
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2.5 Heat content asymptotics for mixed boundary conditions

Let D be an operator of Laplace type on a smooth vector bundle V . We adopt
the notation of Section 1.5.3. Let � be an auxiliary endomorphism of V which
is de�ned near @M so that �2 = Id and so that �;m = 0. Let �� := 1

2 (Id ��)
and ~�� := 1

2 (Id � ~�) be the associated projections on the �1 eigenspaces V�
and V �� of � and of ~�, respectively. Let S be an auxiliary endomorphism of V+
which we extend to be zero on V�. The mixed boundary operators are then
de�ned by

B� := �+(�;m + S�)j@M � ���j@M (2.5.a)

~B� := ~�+(�;m + ~S�)j@M � ~���j@M :

Then ~B de�nes the adjoint boundary condition; both (D;B) and ( ~D; ~B) are
admissible. Let

�� := ��� and �� := ��� :

Since �;m = 0,

��;m = ��(�;m) and ��;m = ~��(�;m) :

Since the tangential covariant derivatives of � need not vanish, we do not
necessarily have equality between ��:a and ��(�:a) nor do we necessarily
have equality between ��:a and ~��(�:a).
The following is the main result [132] of this section:

Theorem 2.5.1 Let D be an operator of Laplace type on a compact Rie-
mannian manifold with smooth boundary @M . Let B be the mixed boundary
operator of Equation (2.5.a). Then

1. �0(�; �;D;B) =
R
M h�; �idx.

2. �1(�; �;D;B) = � 2p
�

R
@M h��; ��idy.

3. �2(�; �;D;B) = � R
M
hD�; �idx + R

@M
fh�+;m + S�+; �+i+ h 12Laa��; ��i

�h��; ��;migdy.
4. �3(�; �;D;B) = 2p

�

R
@M

f� 2
3 h��;mm; ��i � 2

3 h��; ��;mmi
+ 2

3Laah��; ��i;m + h(� 1
12LaaLbb +

1
6LabLab +

1
6Ramma)��; ��i

+ 2
3 h�+;m + S�+; �+;m + ~S�+i � hE��; ��i+ h��:a; ��:ai

+ 2
3 h�+:a; ��:ai+ 2

3 h��:a; �+:ai � 2
3 hE��; �+i � 2

3 hE�+; ��igdy.
We shall need the following result in Section 2.11 to compute the heat

content asymptotics of non-minimal operators. Let � = �iei and let � = �iei
be cotangent vector �elds. The normal components are then �m and �m while
the tangential components are �aea and �aea. Let (�; �) denote the natural
extension of the metric to an innerproduct on the exterior algebra �(M).

Theorem 2.5.2 Let �1 := Æd+ dÆ be the Laplacian on C1(�1(M)).
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1. Let B de�ne absolute boundary conditions. Then

(a) �0(�; �;�
1;B) = R

M
(�; �)dx.

(b) �1(�; �;�
1;B) = � 2p

�

R
@M

�m�mdy.

(c) �2(�; �;�
1;B) = � RMf(Æ�; Æ�) + (d�; d�)gdx +

R
@Mf��a:a�m

��m�a:a � �m;m�m � �m�m;m + 3
2Laa�m�mgdy.

2. Let B de�ne relative boundary conditions. Then

(a) �0(�; �;�
1;B) = R

M
(�; �)dx.

(b) �1(�; �;�
1;B) = � 2p

�

R
@M

�a�ady.

(c) �2(�; �;�
1;B) = � RMf(Æ�; Æ�) + (d�; d�)gdx +

R
@Mf��a:a�m

��m�a:a � �a;m�a � �a�a;m + Lab�a�b +
1
2Laa�b�bgdy.

2.5.1 The proof of Theorem 2.5.1 (1-3)

If V = V+�V� and D = D+�D�, then the two boundary conditions do not
interact so Lemma 2.1.7 implies the heat content asymptotics decouple. The
failure of such a splitting to hold true in general is measured by the failure of
� to commute with r and with E. Invariants measuring [E;�] have order at
least 2; invariants measuring [�;r] must have at least one tangential index to
contract. Since all indices are contracted in pairs, such invariants also must
have order at least 2. Thus these invariants do not arise in �0, �1, and �2 so
Assertions (1), (2), and (3) of Theorem 2.5.1 follow by Lemma 2.1.7 from the
corresponding assertions of Theorems 2.3.3 and 2.4.1. ut

2.5.2 The proof of Theorem 2.5.1 (4)

As �2 = Id ,

0 = �:a�+ ��:a and 0 = ��:aa + 2�:a�:a + �:aa� :

Keeping in mind the symmetry property given in Lemma 2.1.3, we see there
are universal constants so

�3(�; �;D;B) = 2p
�

Z
@M

�
� 2

3 h��;mm; ��i � 2
3 h��; ��;mmi

+ 2
3Laah��; ��i;m + h(� 1

12LaaLbb +
1
6LabLab +

1
6Ramma)��; ��i

+ 2
3 h�+;m + S�+; �+;m + ~S�+i � hE��; ��i+ h��:a; ��:ai

+c0(hE�+; ��i+ hE��; �+i) + c1(h�+:a; ��:ai+ h��:a; �+:ai)
+c2h�:aa�; �i+ c3h�:a�:a�; �i+ c4h�:a�:a; �i
+c5h��:aa�; �i+ c6h��:a�:a�; �i+ c7h��:a�:a; �i

�
dy : (2.5.b)

Lemma 2.5.3
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1. c0 = � 2
3 .

2. c1 =
2
3 , and c2 = c3 = c4 = c5 = c6 = c7 = 0.

Proof: Let M = [0; 1] and let V =M � R
2 . Take

E :=

�
0 1
1 0

�
; � :=

�
1 0
0 �1

�
;

� :=

�
1
0

�
; and � :=

�
0
1

�
:

Let D := �@2x �E and let S = 0. By Equation (2.5.b),

�3(�; �;D;B) = 4p
�
c0 : (2.5.c)

We show that B� = 0 by computing

B� = �+�;m ���� =

�
1 0
0 0

��
0
0

�
�
�

0 0
0 1

��
1
0

�
:

Lemma 2.1.4 now implies that

�3(�; �;D;B) = � 2
3�1(D�; �;D;B) (2.5.d)

= 4
3
p
�

R
@M h��D�; �idy = � 8

3
p
�
:

Equations (2.5.c) and (2.5.d) imply c0 = � 2
3 , which proves Assertion (1).

To prove the second assertion, we give an argument similar to that used
in the proof of Lemma 2.3.7. Let M := S1 � [0; 1] be the cylinder and let
V := M � Rk be a trivial vector bundle of rank k. Let " 2 Mn(R) be a
constant matrix. We let

D := �@2r � @2� � 2"@� :

We take � and � to be constant vectors. Set S = 0. Let � 2 Mk(R) be a
constant matrix with �2 = Id . Since

(�@2� � 2"@�)� = 0 ;

Lemma 2.1.9 shows that

�3(�; �;D;B) = 2��3(�; �;�@2r ;B) : (2.5.e)

The relevant structures are given in Equation (2.3.l)

r@r� = 0; r@r� = 0; r@�� = "�; r@�� = �~"�; E = �"2 :
Let fe1 := @�; e2 := @rg be the coordinate frame. Then we have

�:1 = ["; �] and �:11 = ["; ["; �]] :

The right hand side of Equation (2.5.e) is independent of ". Because the
contributions made by the invariants �hE��; ��i and h��:a; ��:ai cancel,

0 =

Z
@M

�
� (c1 + c0)(h"2�+; ��i+ h"2��; �+i)
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+c2h["; ["; �]]�; �i+ c3h["; �]2�; �i+ c4h["; �]"�; �i
+c5h�["; ["; �]]�; �i+ c6h�["; �]2�; �i+ c7h�["; �]"�; �i

�
dy :

This identity for every �; " implies that the relations of Assertion (2) hold.
This completes the proof of the Lemma and thereby the proof of Theorem
2.5.1 as well. ut

2.5.3 The proof of Theorem 2.5.2

Assertions (1a) and (2a) are immediate. By Lemma 1.5.4, one has with abso-
lute boundary conditions Ba that

�+ = �aea; �+ = �aea; �� = �mem; �� = �mem; (2.5.f)

S� = �Lab�beb
while relative boundary conditions Br one has that

�+ = �mem; �+ = �mem; �� = �aea; �� = �aea; (2.5.g)

S� = �Laa�mem :

Assertions (1b) and (2b) now follow from Theorem 2.5.1 (2).
To establish Assertions (1c) and (2c), we must rewrite the interior boundary

integrand. Let i(em) be interior multiplication by em. By Lemma 1.4.16,Z
M

f(d�; �)� (�; Æ�)gdx = �
Z
@M

(�; i(em)�)dy :

Therefore, one has that

�
Z
M

(�1�; �)dx = �
Z
M

f(Æd�; �) + (dÆ�; �)gdx

= �
Z
M

f(d�; d�) + (Æ�; Æ�)gdx

+

Z
@M

f�(i(em)d�; �) + (Æ�; i(em)�)gdy

= �
Z
M

�
(d�; d�) + (Æ�; Æ�)

�
dx

+

Z
@M

�
� �a;m�a + �m;a�a � �i;i�m

�
dy :

We use the relations �b;a = �b:a � Lab�m and �m;a = �m:a + Lab�b and
integrate by parts once again to compute

�
Z
M

(�1�; �)dx (2.5.h)

= �
Z
M

�
(d�; d�) + (Æ�; Æ�)

�
dx+

Z
@M

�
� �a;m�a
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+�m:a�a � �a:a�m � �m;m�m + Laa�m�m + Lab�a�b

�
dy

= �
Z
M

f(d�; d�) + (Æ�; Æ�)

�
dx+

Z
@M

�
� �a;m�a

��m�a:a � �a:a�m � �m;m�m + Laa�m�m + Lab�a�b

�
dy :

Assertion (1c) follows from Theorem 2.5.1 (3) and Equation (2.5.f) as

�2(�; �;�
1;Ba) = �

Z
M

(�1�; �)dx

+

Z
@M

�
(�+;m + S�+; �+) +

1
2Laa(��; ��)� (��; ��;m)

�
dy

= �
Z
M

�
(Æ�; Æ�) + (d�; d�)

�
dx

+

Z
@M

�
� �a;m�a � �m�a:a � �a:a�m � �m;m�m + Laa�m�m

+ Lab�a�b +
1
2Laa(��; ��) + (�+;m + S�+; �+)� (��; ��;m)

�
dy

= �
Z
M

�
(Æ�; Æ�) + (d�; d�)

�
dx

+

Z
@M

�
� �m�a:a � �a:a�m � �m;m�m � �m�m;m + 3

2Laa�m�m

�
dy :

Similarly, we use Equation (2.5.g) to establish Assertion (2c) by checking

�2(�; �;�
1;Br) = �

Z
M

(�1�; �)dx

+

Z
@M

�
(�+;m + S�+; �+) +

1
2Laa(��; ��)� (��; ��;m)

�
dy

= �
Z
M

�
(Æ�; Æ�) + (d�; d�)

�
dx

+

Z
@M

�
� �a;m�a � �m�a:a � �a:a�m � �m;m�m + Laa�m�m

+ Lab�a�b +
1
2Laa(��; ��) + (�+;m + S�+; �+)� (��; ��;m)

�
dy

= �
Z
M

�
(Æ�; Æ�) + (d�; d�)

�
dx

+

Z
@M

�
� �m�a:a � �a:a�m � �a;m�a � �a�a;m + 1

2Laa�b�b

+Lab�a�b

�
dy : ut
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2.6 Transmission boundary conditions

We adopt the notation of Section 1.6.1. Let M = (M+;M�) be a pair of
compact manifolds with common smooth boundary

� = @M+ = @M� :

A structure S over M is a pair S = (S+; S�) where S+ and S� are corre-
sponding structures over M+ and over M�, respectively. Let g = (g+; g�) be
a Riemannian metric on M and let V = (V+; V�) be a smooth vector bundle
over M . Assume the compatibility conditions

g+j� = g�j� and V�j� = V+j� : (2.6.a)

Let D = (D�; D+) be an operator of Laplace type on V . Let r = (r+;r�)
and E = (E+; E�) be the associated connection and endomorphism given by
Lemma 1.2.1. Let �� be the inward unit normals of � � M�; �+ + �� = 0.
Let

!a := r+
a �r�a on V j�;

this chiral tensor changes sign if we interchange the roles of M+ and M�. Let
� := (�+; ��) and � := (�+; ��) be smooth sections to the vector bundles
V and V � over M , respectively. Suppose that there is given an auxiliary
endomorphism U of V� := V�j� serving as an impedance matching term. We
adopt the notation of Equation (1.6.a) and let

BU� := f�+j� � ��j�g � fr��+j� +r���j� � U�+j�g
de�ne transmission boundary conditions; � satis�es these boundary conditions
if and only if � extends continuously across the interface � and if the normal
derivatives match, modulo the impedance matching term U . This boundary
condition arises in the study of heat conduction problems between closely
coupled membranes as was discussed in Section 1.6.4.
The following theorem is due to Gilkey and Kirsten [194].

Theorem 2.6.1 Adopt the notation established above.

1. �0(�; �;D;BU ) =
R
M+

h�+; �+idx+ +
R
M�

h��; ��idx�.

2. �1(�; �;D;BU ) = � 1p
�

R
�
h�+ � ��; �+ � ��idy.

3. �2(�; �;D;BU ) = � R
M+

hD+�+; �+idx+ �
R
M�

hD���; ��idx�
+
R
�

�
1
8 (L

+
aa + L�aa)(h�+; �+i+ h��; ��i)

� 1
8 (L

+
aa + L�aa)(h�+; ��i+ h��; �+i)

+ 1
2 (h�+;� ; �+i+ h��;���i+ h�+;� ; ��i+ h��;� ; �+i)

� 1
2 (h�+; �+;�i+ h��; ��;�i) + 1

2 (h�+; ��;�i+ h��; �+;�i)
� 1

4 (hU�+; �+i+ hU��; ��i+ hU�+; ��i+ hU��; �+i)
	
.
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4. �3(�; �;D;BU )
= 1

6
p
�

R
�
f4(hD+�+; �+i+ h�+; ~D+�+i+ hD���; ��i+ h��; ~D���i)

�4(hD+�+; ��i+ h�+; ~D���i+ hD���; �+i+ h��; ~D+�+i)
�(h!a�+;a; �+i � h!a��;a; ��i � h!a�+; �+;ai+ h!a��; ��;ai)
�(h!a�+;a; ��i � h!a��;a; �+i+ h!a�+; ��;ai � h!a��; �+;ai)
+4(h�+;� ; �+;�i+ h��;� ; ��;�i+ h�+;� ; ��;�i+ h��;� ; �+;�i)
�2(h�+;a; �+;ai+ h��;a; ��;ai) +2(h�+;a; ��;ai+ h��;a; �+;ai)
�2(hU�+;� ; �+i+ hU�+; �+;�i+ hU��;� ; ��i+ hU��; ��;�i)
�2(hU��;� ; �+i+ hU��; �+;�i+ hU�+;� ; ��i+ hU�+; ��;�i)
+(L�aa � L+

aa)(�+h�+; �+i � ��h��; ��i)
+L+

aa(h�+;� ; ��i+ h��; �+;�i) + L�aa(h��;� ; �+i+ h�+; ��;�i)
�(L�aa(h�+;� ; ��i+ h��; �+;�i) + L+

aa(h��;� ; �+i+ h�+; ��;�i))
+h!a!a�+; �+i+ h!a!a��; ��i � 1

2L
+
aaL

�
bb(h�+; �+i+ h��; ��i)

+ 1
2L

+
aaL

�
bb(h�+; ��i+h��; �+i) + 1

2 (L
+
abL

+
abh�+; �+i+L�abL�abh��; ��i)

+ 1
2 (L

�
abL

�
abh�+; �+i+ L+

abL
+
abh��; ��i)

� 1
2 (L

+
abL

+
ab + L�abL

�
ab)(h�+; ��i+ h��; �+i)

+L+
aahU�+; �+i+ L�aahU��; ��i � L�aahU�+; �+i � L+

aahU��; ��i
+hU2�+; �+i+ hU2��; ��i+ hU2�+; ��i+ hU2��; �+i
+hE+�+; �+i+ hE���; ��i+ hE��+; �+i+ hE+��; ��i
�h(E+ + E�)�+; ��i � h(E+ +E�)��; �+i
+ 1

2 (R
+
amma +R�amma)(h�+; �+i+ h��; ��i)

� 1
2 (R

+
amma +R�amma)(h�+; ��i+ h��; �+i)gdy.

Assertion (1) of Theorem 2.6.1 follows from Lemma 2.1.1. We shall follow
the discussion in [194] in proving Assertions (2) and (3) in this book. As the
proof of Assertion (4) is similar, and somewhat lengthy, we shall omit details
and instead refer to [194] for further details.

2.6.1 Proof of Theorem 2.6.1 (2)

The manifolds M+ and M� play symmetric roles; the invariants �n must
therefore re
ect this symmetry. We use Lemma 2.1.1 and Theorem 2.1.12 to
see that there exist universal constants so

�1(�; �;D;BU ) (2.6.b)

=

Z
�

�
c1(h�+; �+i+ h��; ��i) + c2(h�+; ��i+ h��; �+i)

�
dy :

We adopt the notation of Lemma 2.2.1 and set

M+ =M� =M0; D+ = D� = D0; and U = �2S (2.6.c)
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Let BD de�ne Dirichlet boundary conditions and let BR(S) de�ne Robin
boundary conditions. We use Lemma 2.2.1, Theorem 2.3.3, and Theorem 2.4.1
to see that

�1(�; �;D;BU ) = 2�1(�odd ; �odd ; D;BD) + 2�1(�even ; �even ; D;BR(S))
= � 2p

�

Z
�

2h�odd ; �odd idy

= � 1p
�

Z
@M0

h�+ � ��; �+ � ��idy : (2.6.d)

Equations (2.6.b) and (2.6.d) then imply

c1 = � 1p
�

and c2 =
1p
�
:

This establishes Assertion (2) of Theorem 2.6.1. ut

2.6.2 Proof of Theorem 2.6.1 (3)

A similar argument shows there are universal constants so that

�2(�; �;D;BU ) = �
Z
M+

hD+�+; �+idx+ �
Z
M�

hD���; ��idx� (2.6.e)

+

Z
�

�
c3(L

+
aah�+; �+i+ L�aah��; ��i) + c4(L

�
aah�+; �+i+ L+

aah��; ��i)

+c5(L
+
aah�+; ��i+ L�aah��; �+i) + c6(L

�
aah�+; ��i+ L+

aah��; �+i)
+c7(h�+;� ; �+i+ h��;� ; ��i) + c8(h�+;� ; ��i+ h��;� ; �+i)
+c9(h�+; �+;�i+ h��; ��;�i) + c10(h�+; ��;�i+ h��; �+;�i)

+c11(hU�+; �+i+ hU��; ��i) + c12(hU�+; ��i+ h��; �+i)
�
dy :

Assertion (3) of Theorem 2.6.1 will then follow from the following:

Lemma 2.6.2

c3 =
1
8 ; c4 =

1
8 ; c5 = � 1

8 ; c6 = � 1
8 ; c7 =

1
2 ;

c8 =
1
2 ; c9 = � 1

2 ; c10 =
1
2 ; c11 = � 1

4 ; c12 = � 1
4 :

Proof: We use Lemma 2.1.3 to see

0 = �2(�; �;D;BU )� �2(�; �; ~D; fBU ) (2.6.f)

=

Z
M

�
� hD�; �i + h�; ~D�i

�
dx

+

Z
@M

�
(c5 � c6)(L

+
aa � L�aa)(h�+; ��i � h��; �+i)

+ (c7 � c9)(h�+;� ; �+i+ h��;� ; ��i � h�+; �+;�i � h��; ��;�i)

+ (c8 � c10)(h�+;� ; ��i+ h��;� ; �+i � h�+; ��;�i � h��; �+;�i)
�
dy :
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By Theorem 1.4.17,

0 =

Z
M

�
� hD�; �i + h�; ~D�i

�
dx (2.6.g)

�
Z
�

�
h�+; �+;�i+ h��; ��;�i � h�+;� ; �+i � h��;� ; ��i

�
dy :

We use Equations (2.6.f) and Equation (2.6.g) to derive the relations

c5 = c6; c7 � c9 = 1; c8 = c10 : (2.6.h)

Adopt the notation of Equation (2.6.c). By Lemma 2.2.1,

�2(�; �;D;BU ) = 2�2(�odd ; �odd ; D0;BD) + 2�2(�even ; �even ; D0;BR(S)):
Lemma 2.2.1, Theorem 2.3.3, and Theorem 2.4.1 then imply:

�2(�; �;D;BU ) = 2�2(�odd ; �odd ; D0;BD)
+2�2(�even ; �even ; D0;BR(S))

=

Z
M

�
� 2hD�odd ; �odd i � 2hD�even ; �even i

�
dx (2.6.i)

+

Z
�

�
Laah�odd ; �odd i � 2h�odd ; �odd ;�i

+2h�even ;� ; �even i+ h2S�even ; �even i
�
dy :

The interior integrals in Equations (2.6.e) and (2.6.i) agree. Comparing the
boundary integrands yields the relations:

2c3 + 2c4 + 2c5 + 2c6 = 0; 2c7 + 2c8 = 2;

2c9 + 2c10 = 0; �4c11 � 4c12 = 2

2c3 + 2c4 � 2c5 � 2c6 = 1; 2c7 � 2c8 = 0;

2c9 � 2c10 = �2; 2c11 � 2c12 = 0:

(2.6.j)

We return to the general setting. Let (M+;M�) and (g+; g�) be arbitrary
subject to the compatibility condition g+j� = g�j�. Let D� be the scalar
Laplacians on M�, respectively. Take � = 1 and U = 0. By Lemma 2.2.2,

�2(�; �;D;BU ) = 0

in this setting. Take �� = 0. The terms

f�+; �+L+
aa; �+L

�
aa; �+;�g

can then be speci�ed arbitrarily. This yields the relations

c3 + c6 = 0; c4 + c5 = 0; c9 + c10 = 0 : (2.6.k)

Lemma 2.6.2, and consequently Assertion (3) of Theorem 2.6.1, now follows
from the relations in Displays (2.6.h), (2.6.j) and (2.6.k). ut
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2.7 Transfer boundary conditions

As in Section 2.6, let

M = (M+;M�); V = (V+; V�); and D = (D+; D�)

where D� are operators of Laplace type on bundles V� over compact Rie-
mannian manifolds M� with common boundary @M+ = @M� = �. In place
of the compatibility condition given in Equation (2.6.a), we instead assume
only

g+j� = g�j� : (2.7.a)

We emphasize that we do not assume an identi�cation of V+ with V� over
�. In particular, we can consider the case dim(V1) 6= dim(V2). Let �� be the
inward unit normals of � in M�; �+ + �� = 0.
In the previous section, we studied transmission boundary conditions; phys-

ically, as was discussed in Section 1.6.4, this corresponds to having the two
components pressed tightly together. By contrast, in this section, we shall
study heat transfer boundary conditions BS ; this corresponds to a loose cou-
pling between the two components. We adopt the notation of Section 1.6.3
and de�ne:

BS� :=

�� r+
�+ + S++ S+�

S�+ r��� + S��

��
�+
��

�� ����
�

;

B ~S� :=

( 
~r+
�+ + ~S++

~S�+
~S+� ~r��� + ~S��

!�
�+
��

�) ����
�

:

(2.7.b)

where
S++ : V+j� ! V+j�; S+� : V�j� ! V+j�;
S�+ : V+j� ! V�j�; S�� : V�j� ! V�j� :

The following theorem is due to Gilkey and Kirsten [194].

Theorem 2.7.1 Adopt the notation established above.

1. �0(�; �;D;BS) =
R
M+

h�+; �+idx+ +
R
M�

h��; ��idx�.
2. �1(�; �;D;BS) = 0.

3. �2(�; �;D;BS) = � R
M+

hD+�+; �+idx+ �
R
M�

hD���; ��idx�
+
R
�hBS�; �idy.

4. �3(�; �;D;BS) = 4
3
p
�

R
�
hBS�;B ~S�i)dy.

2.7.1 Proof of Theorem 2.7.1 (1-3)

We introduce the associated Robin boundary operators by de�ning

BR(S++) := (r�+ + S++) and BR(S��) := (r�� + S��) :
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By Lemma 2.2.5, if S�+ = S+� = 0, then

�n(�; �;D;B) = �n(�+; �+; D+;BR(S++)) + �n(��; ��; D�;BR(S��)) :
Thus the additional interaction terms must involve either S+� or S�+, or their
tangential covariant derivatives. Since we have not assumed any relationship
between V+j� and V�j�, there can be no interaction between �� and �� which
is not mediated by such a term. Assertions (1) and (2) of Theorem 2.7.1 now
follow from the corresponding assertions of Theorem 2.4.1; such terms can
not appear in the boundary integrals for �0 and �1 by Theorem 2.1.12 since
S has weight 1.
Furthermore, only the interactions hS�+�+; ��i and hS+���; �+i are pos-

sible in the boundary integrand for �2. As the roles of M+ and M� are sym-
metric, we conclude that there is a universal constant c0 so that

�2(�; �;D;BS) = �
Z
M+

hD+�+; �+idx+ �
Z
M�

hD���; ��idx�

+

Z
�

�
hBS�; �i+ c0(hS�+�+; ��i+ hS+���; �+i

�
dy :

Let D� be the scalar Laplacians on the manifolds M�. Let

S++ = S�� = 1; S+� = S�+ = �1; and � = 1 :

Then, by Lemma 2.2.4,
�2(�; �;D;BS) = 0 :

We take �+ = 0 and �� = 1. Since hS�+�+; ��i 6= 0 while hBS�; �i = 0,

c0 = 0 : ut

2.7.2 Proof of Theorem 2.7.1 (4)

A similar argument shows that there are universal constants so

�3(�; �;D;BS) = 4
3
p
�

Z
�

�
hBS�;B ~S�i

+c1(hS+�S�+�+; �+i+ hS�+S+���; ��i)
+c2(hS��S�+�+; ��i+ hS++S+���; �+i)
+c3(hS�+S++�+; ��i+ hS+�S����; �+i)
+c4(hS�+�+;�+ ; ��i+ hS+���;�� ; �+i)
+c5(hS�+�+; ��;��i+ hS+���; �+;�+i)
+c6(L

+
aahS�+�+; ��i+ L�aahS+���; �+i)

+c7(L
�
aahS�+�+; ��i+ L+

aahS+���; �+i)
�
dy :

We complete the proof of Assertion (4) of Theorem 2.7.1 by showing all these
constants vanish; the requisite interactions involving S+� and S�+ having
already encoded into the term hBS�;B ~S�i.
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Let D� be the scalar Laplacians on manifolds M�. Let

� = 1; S++ = �S+� = a; and S�� = �S�+ = b :

Then �3(�; �;D;BS) = 0 by Lemma 2.2.4. We set �� = 0 to see

c1 � c3 = 0 and c2 = c5 = c6 = c7 = 0: (2.7.c)

The symmetry �3(�; �;D;BS) = �3(�; �; ~D;B ~S) of Lemma 2.1.3 yields

c2 = c3 and c4 = c5 : (2.7.d)

We combine Displays (2.7.c) and (2.7.d) to see all the universal coeÆcients
vanish. This completes the proof. ut

2.8 Oblique boundary conditions

Let D be an operator of Laplace type on a bundle V over M . Let BT be
a tangential �rst order partial di�erential operator on V j@M . The associated
oblique boundary conditions for D are de�ned by the operator

B� := (�;m + BT�)j@M :
By Lemma 1.6.8, the dual boundary condition is de�ned by

~B� := (�;m + ~BT �)j@M
where ~BT is the dual tangential boundary operator. By Lemma 1.6.8, (D;B)
is elliptic with respect to a suitable cone CÆ provided that the leading symbol
of BT is small and hence is admissible. Consequently e�tDB and hence the
heat content asymptotics will be well de�ned. Note that we recover Robin
boundary conditions by taking BT to be a 0th order operator.
The following theorem, which generalizes Theorem 2.4.1, is due to Gilkey,

Kirsten, and Park [196]; we shall follow the discussion there for the proof.

Theorem 2.8.1 Let D be an operator of Laplace type on a vector bundle V
de�ned over a compact Riemannian manifold with smooth boundary @M . Let
B de�ne oblique boundary conditions. Assume (D;B) is admissible. Then:

1. �0(�; �;D;B) =
R
M
h�; �idx.

2. �1(�; �;D;B) = 0.

3. �2(�; �;D;B) = � R
M
hD�; �idx + R

@M
hB�; �idy.

4. �3(�; �;D;B) = 4
3
p
�

R
@M hB�; ~B�idy.

5. �4(�; �;D;B) = 1
2

R
M
hD�; ~D�idx+ R

@M
f� 1

2 hB�; ~D�i � 1
2 hD�; ~B�i

+h( 12BT + 1
4Laa)B�; ~B�igdy.
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This Theorem extends Theorem 2.4.1 by replacing the auxiliary term S in
the Robin boundary operator by a more general �rst order tangential partial
di�erential operator BT .
Assertion (1) follows from Lemma 2.1.1. The primary new diÆculty, which

arises in establishing the remaining assertions of the Theorem, is that the lead-
ing symbol of BT has weight 0 and thus the dependence upon these variables in
various coeÆcients is not controlled by Theorem 2.1.12. We use Lemma 2.1.1
to determine the interior integrands; as previously, keeping in mind Lemma
2.1.3, we replace the interior integrand �hD2�; �i of �4 by the more symmet-
ric integrand �hD�; ~D�i. Motivated by the formulae of Theorem 2.4.1, we
express

�0(�; �;D;B) =
Z
@M

h�; �idx;

�1(�; �;D;B) =
Z
@M

E1(�; �;D;B)dy

�2(�; �;D;B) = �
Z
M

hD�; �idx +
Z
@M

�
hB�; �i+ E2(�; �;D;B)

�
dy

�3(�; �;D;B) =
Z
@M

�
4

3
p
�
hB�; ~B�i+ E3(�; �;D;B)

�
dy

�4(�; �;D;B) = 1
2

Z
M

hD�; ~D�idx +
Z
@M

�
� 1

2 hB�; ~D�i � 1
2 hD�; ~B�i

+h( 12BT + 1
4Laa)B�; ~B�i+ E4(�; �;D;B)

�
dy :

By Theorem 2.4.1, Ei(�; �;D;B) = 0 if BT is a 0th order operator. Set En = 0
for n � 0.

Lemma 2.8.2 Adopt the notation established above. Let n � 4. Then:

1.
R
@M En(�; �;D;B)dy =

R
@M En(�; �; ~D; ~B)dy.

2. If B� = 0, then n
2

R
@M

En(�; �;D;B)dy = � R
@M

En�2(D�; �;D;B)dy.
3. If ~B� = 0, then n

2

R
@M

En(�; �;D;B)dy = � R
@M

En�2(�; ~D�;D;B)dy.

Proof: By Lemma 2.1.3, �n(�; �;D;B) = �n(�; �; ~D; ~B). For n 6= 2, the
integrands which do not involve En are symmetric in the roles of V and V �

and thus Assertion (1) holds. If n = 2, the individual integrands no longer
play symmetric roles for V and V �. However, by Equation (1.6.o),

�
Z
M

hD�; �idx +
Z
@M

hB�; �idy = �
Z
M

h�; ~D�idx +
Z
@M

h�; ~B�idy soZ
@M

E2(�; �;D;B)dy =

Z
@M

E2(�; �; ~D; ~B)dy :

This completes the proof of Lemma 2.8.2 (1).
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Suppose that ~B� = 0. By Lemma 2.1.4,

n
2�n(�; �;

~D; ~B) = ��n�2( ~D�; �; ~D; ~B) :
Assertion (3) now follows by inspection. Assertion (2) follows from Assertions
(1) and (3). ut
Suppose either that B� = 0 or that ~B� = 0. Because E�1 = 0 and E0 = 0,

we use Lemma 2.8.2 to seeZ
@M

En(�; �;D;B)dy = 0 for n � 2 if B� = 0 or ~B� = 0 : (2.8.a)

We reparametrize the Cauchy data to use f�j@M ;B�g and f�j@M ; ~B�g as a
basis for expressing the invariants of total weight at most 1 on the boundary.
This leads to expressions of the form

E1(�; �;D;B) = hT 1
00�; �i;

E2(�; �;D;B) = hT 2
00�; �i+ hT 2

10B�; �i+ hT 2
01�;

~B�i
where T juv are suitably chosen tangential operators. Since we can specify �j@M ,
�j@M , B�, and ~B� arbitrarily, Equation (2.8.a) when B� = 0 impliesZ

@M

hT 1
00�; �idy = 0;

Z
@M

hT 2
00�; �idy = 0;

Z
@M

hT 2
01�;

~B�idy = 0 :

Since, subject to the constraint B� = 0, �j@M can be speci�ed arbitrarily,
this vanishing for any (�; �) implies T 1

00 = 0, T 2
00 = 0, and T 2

01 = 0. Similarly
we use Equation (2.8.a) with ~B� = 0 and argue similarly to see T 2

10 = 0.
Assertions (2) and (3) of Theorem 2.8.1 now follow.
Since the integrals of En vanish for n = 1; 2, we now have thatZ
@M

En(�; �;D;B)dy = 0 for n � 4 if B� = 0 or ~B� = 0 : (2.8.b)

A similar reparametrization of the Cauchy data map permits us to express:

E3(�; �;D;B) =

Z
@M

�
hT 3

00�; �i+ hT 3
10B�; �i+ hT 3

20�;mm; �i

+ hT 3
11B�; ~B�i+ hT 3

01�;
~B�i+ hT 3

02�; �;mmi
�
dy :

We use Equation (2.8.b) and argue as above to see there exist tangential
operators T 3

11 and T 4
11 of weights 1 and 2, respectively, so that

E3(�; �;D;B) = hT 3
11B�; ~B�i and E4(�; �;D;B) = hT 4

11B�; ~B�i :
We decompose BT� = �area + S and express

E3(�; �;D;B) =

Z
@M

hc0(�)B�; ~B�idy

E4(�; �;D;B) =

Z
@M

�
h(c1(�; S) + c2(�; L) + c3(�;r�)
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+ ca4(�)rea )B�; ~B�i
�
dy

where c1(�; S), c2(�; L), and c3(�;r�) are linear in S, L, andr�, respectively.
We adopt the notation of Lemma 2.1.11. Let

ds2M := guv(r)d�
u Æ d�v + dr2 on M := T

m�1 � [0; 1] :

Let � be the associated scalar Laplacian. Let V :=M � C ` . Let

D := �
 Id �Aa(�; r)@�a and B := @r 
 Id +Ba(�; r)@�a + S

where S 2M`(C ) is constant and where Aa;�a 2 C1(End (V )) are arbitrary.
Assume (D;B) is admissible. Let � = �(r) and � = �(�; r). By Lemma 2.1.11,
�n(�; �;D;B) is independent of fAa;�ag.
Let B0 be de�ned by setting � = 0. We can integrate by parts to seeZ

@M

hB�; ~B�idy =
Z
@M

hB0�; ~B0�idy; andZ
@M

�
� 1

2 hB�; ~D�i � 1
2 hD�; ~B�i+ h( 12BT + 1

2Laa)B�; ~B�i
�
dy

=

Z
@M

�
� 1

2 hB0�; ~D�i � 1
2 hD�; ~B0�i+ h( 12S + 1

2Laa)B0�; ~B0�i
�
dy :

Consequently, we concludeZ
@M

hT 3
11B�; ~B�idy =

Z
@M

hT 4
11B�; ~B�idy = 0 :

Since ~B� can be chosen arbitrarily, we have T 3
11B� = 0 and T 4

11B� = 0 point-
wise. This establishes the desired vanishing T 3

11 = 0 and T 4
11 = 0; we choose the

auxiliary terms A� appropriately to ensure rea� can be speci�ed arbitrarily.
This also completes the proof of Theorem 2.8.1. ut
Remark 2.8.3 For the heat trace asymptotics, the breakdown of the classic
Lopatinskij condition of ellipticity for large values of � is clearly re
ected in
the heat kernel coeÆcients; they become singular at these values [25, 146]. It
is therefore somewhat curious that this breakdown is not re
ected in the heat
content asymptotics; the formulae of Theorem 2.8.1 are well de�ned for any
�rst order tangential operator BT .

2.9 Variable geometries

We adopt the notation of Section 1.6.9. Let g := fgtg be a smooth 1 param-
eter family of Riemannian metrics on M , and let D := fDtg be a smooth 1
parameter family operators of Laplace type on a bundle V overM with either
Dirichlet or Robin boundary conditions.
Let dx and dy be the measures de�ned by the initial metric g0. Let r be the
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connection on V de�ned by the initial operator D0 using Lemma 1.2.1. Let
fe1; :::; emg be a local frame �eld for TM which is orthonormal with respect
to the initial metric g0. We may then de�ne tensors Gr;ij , Fr;i and Er by
expanding Dt in a Taylor series

Dt� = D0�+

1X
r=1

�
Gr;ij�;ij +Fr;i�;i + Er�

�
tr : (2.9.a)

This setting appears most naturally when de�ning an adiabatic vacuum in
quantum �eld theory in curved spacetime [62]. If the spacetime is slowly vary-
ing, then the time-dependent metric describing the cosmological evolution can
be expanded in a Taylor series with respect to t. The index r in this situation
is then related to the adiabatic order. The following result corrects a minor
mistake, noted by Park [299], in the computations of [190] where the coef-
�cients of LabhG1;ab�; �i, LaahG1;mm�; �i, and hG1;am�:a; �i in the boundary
integral for �4 were given incorrectly.

Theorem 2.9.1 Adopt the notation established above. Let D = fDtg be a
smooth 1 parameter family of operators of Laplace type with respect to a smooth
1 parameter family of metrics gt. Let B de�ne Dirichlet boundary conditions.

1. �n(�; �;D;B) = �n(�; �;D0;B) for n = 0; 1; 2.

2. �3(�; �;D;B) = �3(�; �;D0;B) + 1
2
p
�

R
@M hG1;mm�; �idy.

3. �4(�; �;D;B) = �4(�; �;D0;B)� 1
2

R
M
hG1;ij�;ij +F1;i�;i + E1�; �idx

+
R
@Mf 7

16 hG1;mm;m�; �i � 9
16LaahG1;mm�; �i � 5

16 hF1;m�; �i
+ 5

16LabhG1;ab�; �i � 5
8 hG1;am�:a; �i+ 1

2 hG1;mm�; �;migdy.
Let �t = �i(t)ei be the inward unit vector �eld de�ned by the metrics gt

where �m(0) = 1 and �a(0) = 0. We can replace the time-dependent Robin
boundary operators

Bt� = fr�t + S(t)g�j@M
by an equivalent family of boundary operators

�Bt� = f�;m + ��1m �a�;a + ��1m S(t)�gj@M :

This motivates the study of boundary conditions B = fBtg where

Bt� =

(
�;m + S�+

1X
r=1

tr(�a;rrea + Sr)�

)����
@M

: (2.9.b)

Such boundary conditions are elliptic with respect to a suitable cone CÆ for
small t by Lemma 1.6.8. The reason for including a dependence on time in the
boundary condition comes, for example, by considering the dynamical Casimir
e�ect. Slowly moving boundaries give rise to such boundary conditions. The
following result extends previous work in [190].
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Theorem 2.9.2 Let D be a smooth 1 parameter family of operators of Laplace
type. LetB be boundary conditions of the form given in Equation (2.9.b). Then

1. �n(�; �;D;B) = �n(�; �;D0;B0) for n � 3.

2. �4(�; �;D;B) = �4(�; �;D0;B0)� 1
2

R
M hG1;ij�;ij +F1;i�;i + E1�; �idx

+
R
@Mf� 1

2 hG1;mmB0�; �i+ 1
2 h(S1 + �area )�; �igdy.

We shall follow the discussion in [190]. We assign weight 2r to Gr, weight
2r + 1 to Fr, weight 2r +2 to Er, weight 2r to �a;r, and weight 2r +1 to Sr.
By Remark 2.1.14, the interior invariants �Mn are homogeneous of weight n
while the boundary invariants �@Mn are homogeneous of weight n � 1. Thus,
in particular, these additional tensors, and their covariant derivatives, do not
enter into the formulae for �0 or �1. Express the remaining invariants relative
to a Weyl basis. Lemma 2.1.7 and Lemma 2.1.8 then show the constants
relative to a Weyl basis are universal and depend neither on the rank of the
vector bundle nor on the dimension of the underlying manifold.

2.9.1 The proof of Theorem 2.9.1

Impose Dirichlet boundary conditions. We begin by noting that:

Lemma 2.9.3 There exist universal constants so that

1. �2(�; �;D;B) = �2(�; �;D0;B) +
R
M
ha1G1;ii�; �idx.

2. �3(�; �;D;B) = �3(�; �;D0;B) +
R
@M

fa2hG1;aa�; �i+ b1hG1;mm�; �igdy.
3. �4(�; �;D;B) = �4(�; �;D0;B) +

R
M
fa3hG1;ii;jj�; �i+ a4hG1;ij;ij�; �i

+a5hG1;iiG1;jj�; �i+ a6hG1;ijG1;ij�; �i+ a7hG2;ii�; �i+ a8hG1;ii�;jj ; �i
+a9hF1;i;i�; �i+ a10hG1;iiE�; �i+ a11hG1;jj;i�;i; �i+ a12hG1;ij;j�;i; �i
+a18h�G1;ii�; �i+ a19�ijhG1;ij�; �i+ b2hG1;ij�;ij ; �i+ b3hE1�; �i
+b7hF1;i�;i; �igdx
+
R
@M

fa13hG1;aa�;m; �i+ a14hG1;aa�; �;mi+ a15LbbhG1;aa�; �i
+a16hG1;aa;m�; �i+ a17hG1;am;a�; �i+ b4hG1;mm�;m; �i
+b5hG1;mm�; �;mi+ b6hG1;mmLaa�; �i+ b8hF1;m�; �i
+b9hG1;am�:a; �i+ b10hG1;mm;m�; �i+ b11LabhG1;ab�; �igdy.

As the lack of commutativity in the vector valued case plays no role, we
restrict henceforth therefore to the scalar setting. We begin with:

Lemma 2.9.4 All the constants ai of Lemma 2.9.3 vanish. We have that
b8 + b11 = 0 and b2 + b7 = 0.

Proof: We adopt the notation of Lemma 2.1.10. Let (�1; :::; �m�1) be the
usual periodic parameters on the torus Tm�1. Give M := Tm�1 � [0; 1] an
initial Riemannian metric of the form

ds2M = gab(�; r)d�
a Æ d�b + dr Æ dr :
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Let � be the scalar Laplacian for this metric. Let

D = �+
1X
r=1

(Gabr @
�
a@

�
b + F ar @

�
a)t

r :

Since @x�@
x
�u = u;�� + ���

�u;�, when we express D in the form given in
Equation (2.9.a), we have:

Gabr = Gabr ; Far = F ar + �bc
aGbcr ; and Fmr = �ab

mGabr :

Let � = �(r). By Lemma 2.1.10, �n(�; �;D;B) = �n(�; �;�;B) is independent
of the structures Gabr and F ar . This implies the vanishing of all the ai except
fa10; a12g. It also implies b8 + b11 = 0 and b2 + b7 = 0; the presence of the
term Fmr was missed in [190] and noted subsequently by Park [299].
We show a12 = 0 by applying the same argument to M := S1 � [0; 1]

where Dt = �@2r �@2� + tG1;12(r; �)@r@�. Finally, we apply Lemma 2.1.2 to see
a10 = a1 = 0. ut
As a1 = 0, �2(�; �;D;B) = �2(�; �;D0;B). This proves Theorem 2.9.1 (1).
We complete the proof of Theorem 2.9.1 by establishing:

Lemma 2.9.5

1. b1 =
1

2
p
�
, b2 = � 1

2 , b3 = � 1
2 , b4 = 0, b5 =

1
2 , b6 + b11 = � 1

4 .

2. b7 = � 1
2 , b8 = � 5

16 , b6 = � 9
16 , b11 =

5
16 .

3. b9 = � 5
8 .

4. b10 =
7
16 .

Proof: Let Dt = etD0. Then by Lemma 2.2.6 and Theorem 2.3.3,

�3(�; �;D;B) = �3(�; �;D0;B) + 1
4�1(�; �;D0;B) (2.9.c)

= �3(�; �;D0;B)� 1
2
p
�

Z
@M

h�; �idy;

�4(�; �;D;B) = �4(�; �;D0;B) + 1
2�2(�; �;D0;B)

= �4(�; �;D0;B) +
Z
M

�
1
2 h�;ii; �i+ 1

2 hE�; �i
�
dx

+

Z
@M

�
1
4 hLaa; �i � 1

2 h�; �;mi
�
dy :

On the other hand, since G1 = �g0, F1;i = 0, and E1 = �E,

�3(�; �;D;B) = �3(�; �;D0;B)� b1

Z
@M

h�; �idy; (2.9.d)

�4(�; �;D;B) = �4(�; �;D0;B) +
Z
M

�
� b2h�;ii; �i � b3hE�; �i

�
dx

+

Z
@M

�
� b4h�;m; �i � b5h�; �;mi � (b6 + b11)Laah�; �i

�
dy :

The relations of Assertion (1) follow from Displays (2.9.c) and (2.9.d).
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To establish Assertion (2) of the Lemma, we apply Lemma 2.2.7 where
M = [0; 1]� S1, f 2 C1(M), � = �@2r � @2� , Dt = �+ f , and

�Dt := etf (@t +�+ f)e�tf � @t = �+ 2tf;i@i + tf;ii � t2f2;i :

We use Lemma 1.2.1 to see that the endomorphism de�ned by the operator
� + f is, with our sign convention, given by �f . Since Dirichlet boundary
conditions are unchanged, we may use Lemma 2.2.7 and Theorem 2.3.3 to
compute, after integrating by parts, that

�4(�; �; �D;B) = �4(�; �;�+ f;B) + �2(�; f�;�+ f;B) (2.9.e)

+ 1
2�0(�; f

2�;�+ f;B)

= �4(�; �;�;B) +
Z
M

�
1
2 hf�;��i+ 1

2 h��; f�i+ 1
2 hf�; f�i

�h��; f�i � hf�; f�i+ 1
2 h�; f2�i

�
dx+

Z
@M

�
1
2 h(f�);m; �i

+ 1
2 h�; (f�);mi � 1

8f;mh�; �i � h�; (f�);mi
�
dy

= �4(�; �;�;B) +
Z
M

�
h�f;i�;i; �i � 1

2 hf;ii�; �i
�
dx

� 5
8

Z
@M

hf;m�; �idy :

On the other hand, we have G1;ij = 0, F1;i = 2f;i and E1 = f;ii. Thus

�4(�; �; �D;B) = �4(�; �;�;B) +
Z
M

fb3hf;ii�; �i

+ b7h2f;i�;i; �igdx+
Z
@M

2b8hf;m�; �idy : (2.9.f)

Assertion (2) follows from Equations (2.9.e) and (2.9.f), and from the relations
b6 + b11 = � 1

4 and b8 + b11 = 0 derived earlier.
We use Lemma 2.2.8 to establish Assertion (3). Let M := S1 � [0; 1]. Let

Dt := �@2r � @2� � 1 + "t@r(@� �
p�1Id );

G1;12 = G1;21 = 1
2" and F1;2 = �p�1" :

Let �(r; �) := e
p�1��0 and let � = e�

p�1��0. Then by Lemma 2.2.8, the
invariant �4(�; �;D;B) is independent of the parameter ". This implies that

0 =

Z
M

"
p�1(b2 � b7)h@r�; �idx+

Z
@M

( 12b9 � b8)
p�1"h�; �idy :

Thus b9 = 2b8 and Assertion (3) follows from Assertion (2).
We complete the proof of Theorem 2.9.1 by establishing Assertion (4) of

Lemma 2.9.5. We apply Lemma 2.2.9. LetM = [0; 1]. Let F be a non-negative
smooth function onM with F (0) = 0 and F vanishing identically near x = 1.
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Let � = �@2x. Set
Dt := �f(1 + tFx)

�1@xg2 � F (1 + tFx)
�1@x :

By Theorem 2.3.3 and Lemma 2.2.9, we have

0 = �4(1; 1;�;B) = �4(1; 1;D;B) + �2(1; Fx;D;B) :
We compute that

Dt = �@2x � F@x + 2tFx@
2
x + tFxx@x +O(F 2) +O(t2);

~D0 = �@2x + F@x + Fx; ! = 1
2F;

~! = � 1
2F; E = � 1

2Fx +O(F 2);

G1;mm = 2Fx +O(F 2); F1;m = Fxx +O(F 2) :

Consequently,

�4(1; 1;D;B) =

Z
@M

�
1
2 h1; ( ~D01);mi+ 1

8 hE;m1; 1i+ b8hF1;m1; 1i

+b10hG1;mm;m1; 1i
�
dy +O(F 2)

�2(1; Fx;D;B) = �
Z
@M

h1; Fxxidy +O(F 2) :

This yields the relations

0 = ( 12 � 1
16 + b8 + 2b10 � 1)Fxx;

the �nal assertion follows from this identity and from Assertion (3). ut

2.9.2 Proof of Theorem 2.9.2

The interior integrals agree with those computed in Theorem 2.9.1. Thus,

�n(�; �;D;B) = �n(�; �;D;B) for n = 0; 1; 2

as there are no new boundary integrals. The vanishing arguments used to
establish Lemma 2.9.4 can be used to eliminate many terms and to show
there exist universal constants so that

�3(�; �;D;B) = �3(�; �;D0;B) +
Z
@M

�
c1hG1;mm�; �i

�
dy; (2.9.g)

�4(�; �;D;B) = �4(�; �;D0;B)
+

Z
M

�
� 1

2 hG1;ij�;ij ; �i � 1
2 hE1�; �i � 1

2 hF1;i�;i; �i
�
dx

+

Z
@M

�
c2hG1;mm�;m; �i+ c3hG1;mm�; �;mi+ c4hG1;mmLaa�; �i

+c5hG1;mmS�; �i+ c6hG1;mm;m�; �i+ c7hG1;am�:a; �i
+c8(hF1;m�; �i � LabhG1;ab�; �i) + c9hS1�; �i + c10h�a:a�; �i
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+hc11�a�:a; �i
�
dy :

We complete the proof of Theorem 2.9.2 by evaluating the universal con-
stants of Equation (2.9.g).

Lemma 2.9.6 We have

1. c1 = 0, c3 = 0, c4 = 0, c6 = 0, c8 = 0, c10 = 0.

2. c2 = � 1
2 , c5 = � 1

2 .

3. c9 =
1
2 .

4. c11 =
1
2 .

Proof: We assume D0 = � and Er = 0 for r > 0. Let � = 1. We may
then apply Lemma 2.2.11 to see �n is independent of the structures fG;F ;�g.
Since � is arbitrary, Assertion (1) follows.
Let Dt = etD0 and let Bt = B0 be a static family. Then Lemma 2.2.6 and

Theorem 2.4.1 imply that

�4(�; �;D;B0) = �4(�; �;D0;B0) + 1
2�2(�; �;D0;B0)

= �4(�; �;D0;B0) +
Z
M

�
1
2 h�;ii; �i+ 1

2 hE�; �i
�
dx (2.9.h)

+

Z
@M

1
2 hB0�; �idy :

We have G1 = �g0, F1;i = 0, and E1 = �E. Thus by Equation (2.9.g)

�4(�; �;D;B0) = �4(�; �;D0;B0) +
Z
M

�
1
2 h�;ii; �i+ 1

2 hE�; �i
�
dx

+

Z
@M

�
� c2h�;m; �i � c5hS�; �i

�
dy : (2.9.i)

Assertion (2) now follows from Equations (2.9.h) and (2.9.i).
We modify slightly the argument given to prove Lemma 2.2.7 to establish

Assertion (3). Let M = [0; 1], let D0 = �@2r , and let B0 = @r. De�ne

Dt := �@2r � F + tFrr + t2F 2
r ;

Bt := @r � tFr :

Let u(x; t) := etF . We check u = e�tDB1 by computing:

(@t +Dt)u = (F � tFrr � t2F 2
r � F + tFrr + t2F 2

r )e
tF = 0;

Btu = (tFr � tFr)e
tF = 0;

ujt=0 = 1 :

It now follows that

�(1; 1;D;B) =

Z
M

etF dx so �4(1; 1;D;B) =
1
2

Z
M

F 2(x)dx : (2.9.j)
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Assume � vanishes near r = 1 so only the component r = 0 where @r is the
inward unit normal is relevant. We have

E = F; G1;11 = 0; F1;1 = 0;

E1 = Frr; S1 = �Fr :
Equation (2.9.g) shows

�4(1; 1;D;B) =

Z
M

�
1
2F

2 � 1
2Frr

�
dx+

Z
@M

(�c9)Frdy : (2.9.k)

We use Equation (2.9.j) and Equation (2.9.k) and integrate by parts to see

c9 =
1
2 :

We complete the proof by determining c11. Let M := S1 � [0; 1]. Let

Dt := �@2r � @2� � 2"@� and Bt := �@r + Æt(r@� � "Id ) :

We take � = 1. We have !� = " so r@� = @� + " and hence Bt� = 0. Thus
e�tDB� = 1 so �4(1; 1;D;B) = 0. We have � = Æ and S1 = �"Æ. Hence

0 =

Z
@M

Æ"(c11 � c9)h1; �idy :

It now follows that c11 = c9. ut

2.10 Inhomogeneous boundary conditions

We follow the discussion in [49, 51, 50] throughout this section. Let D be an
operator of Laplace type. Let B de�ne a boundary condition. We say that
(D;B) is admissible if there exists Æ with 0 < Æ < �

2 so that (D;B) is elliptic
with respect to the cone CÆ . Let � be the initial temperature distribution of
the manifold. Let p = p(x; t) be an auxiliary smooth internal heat source and
let  =  (y; t) be the temperature of the boundary. We assume, for the sake
of simplicity, that the underlying geometry is �xed. Let u(x; t) = u�;p; (x; t)
be the subsequent temperature distribution which is de�ned by the relations

(@t +D)u(x; t) = p(x; t) t > 0;

Bu(y; t) =  (y; t) t > 0; y 2 @M; (2.10.a)

ujt=0 = � :

If � = �(x; t) is the speci�c heat of the manifold, then the associated heat
content function is given by

�(�; �;D;B; p;  )(t) :=
Z
M

hu�;p; (x; t); �(x; t)idx :
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As t # 0, there is a complete asymptotic series

�(�; �;D;B; p;  )(t) �
1X
n=0

�n(�; �;D;B; p;  )tn=2 :

We set p = 0 and  = 0 to recover the invariants discussed previously

�n(�; �;D;B) = �n(�; �;D;B; 0; 0) :
The following Theorem permits us to consider the case in which � is static.

Theorem 2.10.1 Let D be an operator of Laplace type. Let B de�ne a bound-
ary condition so that (D;B) is admissible. Let � = �(x) be the initial tem-
perature distribution of the manifold. Let p = p(x; t) be an auxiliary smooth
internal heat source and let  =  (y; t) control the temperature of the bound-
ary. Expand the speci�c heat �(x; t) �Pk�0 t

k�k(x) in a Taylor series. Then

�n(�; �;D;B; p;  ) =
X
2k�n

�n�2k(�; �k; D;B; p;  ) :

Proof: Expand

�(�; �;D;B; p;  )(t) =
Z
M

hu(x; t); �(x; t)idx

�
1X
k=0

tk
Z
M

hu(x; t); �k(x)idx

�
1X
k=0

tk�(�; �k ; D;B; p;  )(t) :

The desired conclusion now follows by comparing coeÆcients of the parameter
t in the relevant asymptotic expansions. ut
We suppose � = �(x) is static henceforth. We can use the following Lemma

to decouple the invariants:

Lemma 2.10.2 Let D be an operator of Laplace type. Let B de�ne a bound-
ary condition so that (D;B) is admissible. Let � be the initial temperature
distribution of the manifold. Let p = p(x; t) be an auxiliary smooth internal
heat source and let  =  (y; t) control the temperature of the boundary. Let �
be the speci�c heat. Then:

1. �(�; �;D;B; p;  )(t) = �(�; �;D;B; 0; 0)(t) + �(0; �;D;B; p; 0)(t)
+�(0; �;D;B; 0;  )(t).

2. �n(�; �;D;B; p;  ) = �n(�; �;D;B; 0; 0) + �n(0; �;D;B; p; 0)
+�n(0; �;D;B; 0;  ).

Proof: Since the problem decouples, we have u�;p; = u�;0;0+u0;p;0+u0;0; .
The �rst assertion now follows; the second follows from the �rst. ut
The invariants �n(�; �;D;B; 0; 0) = �n(�; �;D;B) have been studied pre-

viously. We therefore focus our attention on expressing the new invariants
�n(0; �;D;B; p; 0) and �n(0; �;D;B; 0;  ) in terms of �n(�; �;D;B).
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2.10.1 Heat content asymptotics with interior source p

For i; j � 0, we de�ne universal constants by setting

cij :=

Z 1

0

(1� s)isj=2ds :

Theorem 2.10.3 Let D be an operator of Laplace type. Let B de�ne a bound-
ary condition so that (D;B) is admissible. Let p = p(x; t) be an auxiliary
smooth internal heat source. Expand p(x; t) � P1

k=0 t
kpk(x) in a Taylor se-

ries. Then:

1. �0(0; �;D;B; p; 0) = 0.

2. If n > 0, then �n(0; �;D;B; p; 0) =
P

2i+j+2=n cij�j(pi; �;D;B).
Proof: As the initial temperature � = 0, we have u(0; t) = 0; the �rst
assertion now follows.
To prove the second assertion, let Ui := e�tDBpi. De�ne

ui :=

Z t

0

(t� s)iUi(x; s)ds:

It is then immediate that

ui(x; 0) = 0 and Bui(y; t) =
Z t

0

(t� s)iBUi(y; s)ds = 0 :

We now study the corresponding evolution equation:

@tui = f(t� s)iUi(x; s)gjs=t +
Z t

0

@tf(t� s)igUi(x; s)ds

= f(t� s)iUi(x; s)gjs=t �
Z t

0

@sf(t� s)igUi(x; s)ds

= f(t� s)iUi(x; s)gjs=0 +

Z t

0

(t� s)i@sfUi(x; s)gds

= tiUi(x; 0)�
Z t

0

(t� s)iDUi(x; s)ds

= tipi(x)�Dui(x; t)

which shows that (@t +D)Ui = tipi. It now follows that

�(0; �;D;B; p; 0)(t)

�
1X
i=0

�(0; �;D;B; tipi; 0)(t) �
1X
i=0

Z
M

hui(x; t); �idx

�
1X
i=0

Z
M

Z t

0

(t� s)ihUi(x; s); �idsdx

�
1X
i=0

Z t

0

(t� s)i�(pi; �;D;B)(s)ds
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�
1X
i=0

1X
k=0

Z t

0

(t� s)isk=2ds � �k(pi; �;D;B)

�
1X
i=0

1X
k=0

ti+
1
2
k+1cik�k(pi; �;D;B) :

The second assertion now follows by equating coeÆcients of t in the asymptotic
expansions. ut
We apply Theorem 2.10.3 to see

�0(0; �;D;B; p; 0) = 0;

�1(0; �;D;B; p; 0) = 0;

�2(0; �;D;B; p; 0) = c00�0(p0; �;D;B);
�3(0; �;D;B; p; 0) = c01�1(p0; �;D;B);
�4(0; �;D;B; p; 0) = c02�2(p0; �;D;B) + c10�0(p1; �;D;B) :

We compute directly that

c00 = 1; c01 =
2
3 ; c02 =

1
2 ; and c10 =

1
2 :

The following result now follows from Theorems 2.3.3 and 2.4.1:

Theorem 2.10.4 Let D be an operator of Laplace type. Let @M = CD [CN
decompose as a disjoint union of two closed subsets; we permit either CD or
CN to be empty. Let B de�ne Dirichlet boundary conditions on CD and Robin
boundary conditions on CN . Let p = p(x; t) be an auxiliary smooth internal
heat source. Expand p(x; t) �P1

k=0 t
kpk(x) in a Taylor series. Then:

1. �0(0; �;D;B; p; 0) = 0.

2. �1(0; �;D;B; p; 0) = 0.

3. �2(0; �;D;B; p; 0) =
R
M
hp0; �idx.

4. �3(0; �;D;B; p; 0) = � 4
3
p
�

R
CD
hp0; �idy.

5. �4(0; �;D;B; p; 0) = 1
2

R
Mfhp1; �i � hD0p0; �igdx

+ 1
2

R
CD
fh 12Laap0; �i � hp0; �;migdy + 1

2

R
CN
hBp0; �idy.

2.10.2 The heat content asymptotics with a boundary heat pump

We begin our study of the invariants �n(0; �;D;B; 0;  ) with two technical
results.

Lemma 2.10.5 Let D be an operator of Laplace type. Let (D;B) be admis-
sible. Assume that B de�nes Dirichlet boundary conditions on at least one
non-empty component of the boundary. Then given any  2 C1(V j@M ), there
exists h 2 C1(V ) so that Dh = 0 and so that Bh =  .
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Proof: Let u(x; t) = u0;0; (x; t). One can then take

h(x) := lim
t!1

u0;0; (x; t);

the presence of at least one Dirichlet component eliminates in�nite heat
buildup and ensures the existence of a harmonic equilibrium solution with
the desired boundary values. We also refer to [51] for a probabilistic proof of
this assertion. ut
The constants cij :=

R 1
0
(1� s)isj=2ds enter once again.

Theorem 2.10.6 Let D be an operator of Laplace type. Let (D;B) be ad-
missible. Assume that B de�nes Dirichlet boundary conditions on at least one
non-empty component of the boundary. Expand  (y; t) � P1

k=0 t
k k(y) in a

Taylor series. Choose hi harmonic so Bhi =  i. Then:

1. �0(0; �;D;B; 0;  ) = 0.

2. If n � 1, then �n(0; �;D;B; 0;  ) = ��n(h0; �;D;B)
�P2i+j=n;j>0;i>0 ici�1;j�j(hi; �;D;B).

Proof: The �rst assertion is immediate since u0;0; (x; 0) = 0. We may assume
without loss of generality that  = ti i in the proof of the second assertion
of the Lemma because

�(0; �;D;B; 0;  ) �
1X
i=0

�(0; �;D;B; 0; ti i)(t) :

Suppose �rst that i = 0. Let

v0 := e�tDBh0 and u0(x; t) = h0(x)� v0(x; t) :

We show u0 = u0;0; 0 by checking the de�ning relations are satis�ed

(@t +D)u0 = Dh0 � (@t +D)v0 = 0;

Bu0 = Bh0 �Bv0 =  0;

u0(x; 0) = h0(x)� v0(x; 0) = 0 :

We then have

�(0; �;D;B; 0;  ) =
Z
@M

hh0(x); �(x)idx �
Z
@M

hv0(x; t); �(x)idx

=

Z
@M

hh0(x); �(x)idx � �(h0; �;D;B)(t) :

This implies the desired identity

�n(0; �;D;B; 0;  ) =
�

0 if n = 0;
��n(h0; �;D;B) if n > 0 :

Next we suppose i > 0. Let vi := u0;iti�1hi;0 and let ui := tihi � vi. We
show that ui = u0;0;ti by checking the de�ning relations:

(@t +D)ui = iti�1hi � (@t +D)vi = iti�1hi � iti�1hi = 0;
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Bui = tiBhi �Bvi = ti i;

ui(x; 0) = �vi(x; 0) = 0 :

Therefore

�(0; �;D;B; 0; ti i)(t) =
Z
M

�
tihhi(x); �(x)i � hvi(x; t); �i

�
dx

= ti
Z
M

hhi(x); �(x)idx � �(0; �;D;B; iti�1hi; 0)(t) : (2.10.b)

We use Theorem 2.10.3 to see

�n(0; �;D;B; iti�1hi; 0) = ici�1;n�2i�n�2i(hi; �;D;B) : (2.10.c)

Let Hi :=
R
M
hhi; �idx. We use Equations (2.10.b) and (2.10.c) to see

�n(0; �;D;B; 0; ti i) =
8<
:

0 if n < 2i
�ici�1;0�0(hi; �;D;B) +Hi if n = 2i;
�ici�1;n�2i�n�2i(hi; �;D;B) if n > 2i:

Since ici�1;0 = 1,

�2i(0; �;D;B; 0; ti i) = Hi �
Z
M

hhi(x); �(x)idx = 0 :

This completes the proof of the Theorem. ut
Theorem 2.10.6 appears to involve global information since one must �rst

choose h so that Bh =  . This is, however, not the case. Using the relation

0 = Dh = �h;mm � h:aa + Laah;m;

Theorem 2.3.3 shows that:

Theorem 2.10.7 Let D be an operator of Laplace type on a compact Rie-
mannian manifold with smooth boundary @M . Let B de�ne Dirichlet boundary
conditions. Let h be harmonic and let Bh =  . Then

1. �1(h; �;D;B) = � 2p
�

R
@M

h ; �idy.
2. �2(h; �;D;B) =

R
@M

fh 12Laa ; �i � h ; �;migdy.
3. �3(h; �;D;B) = � 2p

�

R
@M

f 23 h ; �;mmi+ 1
3 h ; �:aai

+ 1
3 hE ; �i� 2

3Laah ; �;mi+h( 1
12LaaLbb� 1

6LabLab� 1
6Ramma) ; �igdy.

4. �4( ; �;D;B) =
R
@M

f 12 h ; ( ~D�);mi � 1
4 hLaa ; ~D�i+ h( 18E;m

� 1
16LabLabLcc +

1
8LabLacLbc � 1

16RambmLab +
1
16RabcbLac +

1
32 �;m

+ 1
16Lab:ab) ; �i � 1

4Labh :a; �:bi � 1
8 h
am :a; �i+ 1

8 h
am ; �:aigdy.
Theorem 2.4.1 yields a similar result for Robin boundary conditions:

Theorem 2.10.8 Let D be an operator of Laplace type on a compact Rieman-
nian manifold with smooth boundary. Let B de�ne Robin boundary conditions.
Let h be harmonic and let Bh =  .
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1. �1(h; �;D;B) = 0.

2. �2(h; �;D;B) =
R
@M h ; �idy.

3. �3(h; �;D;B) = 4
3
p
�

R
@M

h ; ~B�idy.

4. �4(h; �;D;B) =
R
@M

f� 1
2 h ; ~D�i+ h( 12S + 1

4Laa) ;
~B�igdy.

We use Theorem 2.10.6 to see

�1(0; �;D;B;  ; 0) = ��1(h0; �;D;B);
�2(0; �;D;B;  ; 0) = ��2(h0; �;D;B);
�3(0; �;D;B;  ; 0) = ��3(h0; �;D;B)� c01�1(h1; �;D;B);
�4(0; �;D;B;  ; 0) = ��4(h0; �;D;B)� c02�2(h1; �;D;B) :

Since c01 =
2
3 and c02 =

1
2 , the results cited above lead to the following result:

Theorem 2.10.9 Let D be an operator of Laplace type. Let @M = CD [CN
decompose as a disjoint union of two closed subsets; we permit either CD or
CN to be empty. Let B de�ne Dirichlet boundary conditions on CD and Robin
boundary conditions on CN . Let  =  (x; t) control the heat 
ow over the
boundary. Expand  (y; t) �P1

n=0 t
k k(y) in a Taylor series. Then:

1. �0(0; �;D;B; 0;  ) = 0.

2. �1(0; �;D;B; 0;  ) = 2p
�

R
CD
h 0; �idy.

3. �2(0; �;D;B; 0;  ) = �R
CD
fh 12Laa 0; �i � h 0; �;migdy �

R
CN
h 0; �idy.

4. �3(0; �;D;B; 0;  ) = 2p
�

R
CD
f 23 h 0; �;mmi+ 1

3 h 0; �:aai
+h 13E ; �i� 2

3Laah 0; �;mi+ h( 1
12LaaLbb� 1

6LabLab� 1
6Ramma) 0; �igdy

� 4
3
p
�

R
CN
h 0; ~B�idy + 4

3
p
�

R
CD
h 1; �idy.

5. �4(0; �;D;B; 0;  ) = �R CDf 12 h 0; ( ~D�);mi � 1
4 hLaa 0; ~D�i

+h( 18E;m � 1
16LabLabLcc +

1
8LabLacLbc � 1

16RambmLab +
1
16RabcbLac

+ 1
32�;m + 1

16Lab:ab) 0; �i � 1
4Labh 0:a; �:bi � 1

8 h
am 0:a; �i
+ 1

8 h
am 0; �:ai+ 1
4Laah 1; �i � 1

2 h 1; �;migdy
�R CNf� 1

2 h 0; ~D�i+ h( 12S + 1
4Laa) 0;

~B�i+ 1
2 h 1; �igdy.

Proof: If CD is non-empty, this follows from Theorems 2.10.6, 2.10.7, and
2.10.8. Since we are taking zero initial condition, the heat 
ows into or out
of the manifold across the boundary. Thus, modulo an exponentially small
error as t # 0, we may assume that � is supported near the boundary. We cut
out a small hole in the interior of the manifold to create a new \phantom"
Dirichlet component C0; this again creates an exponentially small error as
t # 0 and does not change the heat content asymptotics. Theorem 2.10.6 is
now applicable and the desired result follows. ut
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The discussion above used the fact that �n(h; �;D;B) depends only on Bh
if h is harmonic. This is a quite general fact.

Theorem 2.10.10 Let D be an operator of Laplace type on a bundle V and
let B de�ne boundary conditions so that (D;B) is admissible. Let h 2 C1(V )
be harmonic and let  = Bh 2 C1(V j@M ). Then there exists a natural partial
di�erential operator Tn so

�n(h; �;D;B) =
R
@M h ; Tn(�;D;B)idy for n > 0 :

Proof: We follow the discussion in [49]. We apply Lemma 2.1.5. Normalize
the interior integrand by setting

�Mn (�; �;D) :=

�
(�1)k 1

k!

R
M
hDk�; �idx if n = 2k;

0 if n = 2k + 1 :

We then have

�@Mn (�; �;D;B) =
Z
@M

X
p

hBDp�; Tp;n�idy

for suitably chosen natural partial di�erential operators Tp;n. Since h is har-
monic, Dp� = 0 for p > 0. Since n > 0 the interior integrand vanishes; the
boundary integrand vanishes if p > 0. Consequently

�n(h; �;D;B) =
Z
@M

hBh; T0;n�idy :

Setting  := Bh and Tn(�;D;B) := T0;n� establishes the desired result. ut

2.11 Non-minimal operators

We shall follow the discussion in [188]. Let A and B be positive constants and
let E be an endomorphism of the cotangent bundle T �M . We de�ne

D := AdÆ +BÆd�E on C1(�1(M)) :

This operator is not of Laplace type for A 6= B. It is, however, elliptic as was
shown in Section 1.6.7. Furthermore, if B de�nes absolute or relative boundary
conditions, then (D;B) is elliptic with respect to the cone C. Let � and � be
smooth 1 forms; expand � = �iei and � = �iei.

Theorem 2.11.1 Let M be a compact Riemannian manifold with smooth
boundary @M . Let D = AdÆ +BÆd�E on C1(�1(M)). Then:

1. Let B de�ne absolute boundary conditions. Then:

(a) �0(�; �;D;B) =
R
M
(�; �)dx.

(b) �1(�; �;D;B) = � 2p
�

p
A
R
@M �m�mdy.

(c) �2(�; �;D;B) = � R
M
fA(Æ�; Æ�) +B(d�; d�)�E(�; �)gdx

+
R
@M

Af��m�a:a��a:a�m��m;m�m��m�m;m+ 3
2Laa�m�mgdy.
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2. Let B de�ne relative boundary conditions. Then

(a) �0(�; �;D;B) =
R
M (�; �)dx.

(b) �1(�; �;D;B) = � 2p
�

p
B
R
@M �a�ady.

(c) �2(�; �;D;B) = � R
M
fA(Æ�; Æ�) +B(d�; d�)�E(�; �)gdx

+
R
@M Bf��a:a�m � �m�a:a � �a;m�a � �a�a;m

+Lab�b�a +
1
2Laa�b�bgdy.

Assertions (1a) and (1b) follow from Lemma 2.1.1. We integrate by parts
to replace the interior integrand �(D�1; �1) by the more symmetric integrand

�A(d�1; d�1)�B(Æ�1; Æ�0)� (E�1; �1) :

It then follows there are universal constants ci = ci(A;B) so that

�1(�; �;D;B) =
Z
@M

�
c1�a�a + c2�m�m

�
dy; (2.11.a)

�2(�; �;D;B) = �
Z
M

�
A(Æ�; Æ�) +B(d�; d�) + (E�; �)

�
dx

+

Z
@M

�
c3(�a;m�a + �a�a;m) + c4(�a:a�m + �m�a:a

+c5(�m;m�m + �m�m;m) + c6Lab�a�b + c7Laa�b�b + c8Laa�m�m

�
dy :

As the constants do not involve E, we set E = 0 henceforth.

2.11.1 Absolute boundary conditions

Let B de�ne absolute boundary conditions. By Lemma 2.1.16,

�1(df; �;D;B) =
p
A�1(df; �;�;B); and

�2(df; �;D;B) = A�2(df; �;�;B) :
The interior integral in Equation (2.11.a) equals the interior integral in the
formula of Theorem 2.5.2 for A�2(df; �;D;B). Consequently the boundary
integrals also agree so, setting �m = f;m and �a = f:a = f;a, we haveZ

@M

(c1f;a�a + c2f;m�m)dy = � 2p
�

p
A

Z
@M

f;m�mdy; andZ
@M

�
c3(f;am�a + f;a�a;m) + c4(f:aa�m + f;m�a:a)

+c5(f;mm�m + f;m�m;m) + c6Labf;a�b

+c7Laaf;b�b + c8Laaf;m�m

�
dy

= A

Z
@M

�
� f:aa�m � f;m�a:a � f;mm�m � f;m�m;m + 3

2Laaf;m�m

�
dy :
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We use this identity to determine the constants ci. Assertion (1) of Theorem
2.11.1 now follows. ut

2.11.2 Relative boundary conditions

Let B de�ne relative boundary conditions. Let � := �Æ where  ij = � ji is
an anti-symmetric 2 tensor. By Lemma 2.1.16,

�1(Æ ; �;D;B) =
p
B�1(Æ ; �;�;B); and

�2(Æ ; �;D;B) = B�2(Æ ; �;�;B) :
Since �Æ i =  ij;j , one hasZ

@M

(c1 aj;j�a + c2 mj;j�m)dy = � 2p
�

p
B

Z
@M

 aj;j�ady; andZ
@M

�
c3( aj;jm�a +  aj;j�a;m) + c4( aj;j:a�m +  mj;j�a:a)

+c5( mj;jm�m +  mj;j�m;m) + c6Lab aj;j�b

+c7Laa bj;j�b + c8Laa mj;j�m

�
dy

= B

Z
@M

�
�  aj;j:a�m �  mj;j�a:a �  aj;jm�a �  aj;j�a;m

+Lab aj;j�b +
1
2Laa bj;j�b

�
dy :

Again, the coeÆcients ci are determined and Theorem 2.11.1 (2c) follows. ut

2.12 Spectral boundary conditions

We follow the discussion in [197, 198] for the material of this section. Let
M be a compact Riemannian manifold with smooth boundary. Let 
 give a
vector bundle V over M a Cli�ord module structure and let r be a compat-
ible connection on V . The dual connection ~r on the dual bundle V � is then
compatible with respect to the dual Cli�ord module structure ~
. Let

P := 
irei +  P

be an operator of Dirac type on V and let D := P 2 be the associated operator
of Laplace type. Note that the connection de�ned by D will not in general be
compatible with the Cli�ord module structure. Let

A := �
m
area +  A

be an auxiliary tangential operator of Dirac type on V j@M . As in Section 1.6.6,
we suppose that ker(A) = f0g and that A is self-adjoint with respect to some
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�ber metric on V j@M . We let �+
A be spectral projection on the span of the

positive eigenspaces of A and let

BA := �+
A ��+

AP

be the associated boundary operator forD. By Lemma 1.6.7, (P;�+
A) is elliptic

with respect to the cone K and thus (D;BA) is elliptic with respect to the
cone C.
Let ~P be the dual operator of Laplace type on V �; by Lemma 1.6.7,

~P = �~
irei +
~ P

and the dual boundary condition is �A# where

A# = ~
m ~A~
m = �~
m~
a ~rea +  A# and (2.12.a)

 A# = ~
m ~ A~
m + LaaId :

Set

�(�; �;D;BA)(t) :=
Z
M

he�tDBA�(x; t); �(x)idx :
We shall assume the existence of an appropriate asymptotic series as t # 0

�(�; �;D;BA)(t) �
1X
n=0

�n(�; �;D;BA)tn=2 : (2.12.b)

Theorem 2.12.1 Let P be an operator of Dirac type on a compact Rieman-
nian manifold. Let A be admissible with respect to P .

1. �0(�; �;D;BA) =
R
M h�; �idx.

2. �1(�; �;D;BA) = � 2p
�

R
@M

h�+
A�;�

+
A#
�idy.

3. �2(�; �;D;BA) = � R
M
hD�; �idx + R

@M
f�h
m�+

AP�; �i � h
m�+
A�;

~P�i
+ 1

2 h(Laa +A+ ~A# � 
m P +  P 
m �  A � ~ #
A )�

+
A�;�

+
A#
�igdy.

The �rst assertion is immediate; the remainder of this section is devoted to
the proof of the second and third assertions.

2.12.1 The proof of Theorem 2.12.1 (2)

By Lemma 2.1.1, there is no interior integrand in �1. If BA� = 0, then
�1(�; �;D;BA) = 0 by Lemma 2.1.4. Dually by Lemma 2.1.3,

�1(�; �;D;BA) = �1(�; �; ~D;BA#) = 0 if BA#� = 0 :

Since the boundary integrand must be homogeneous of weight 0, only the
pseudo-di�erential projections �+

A and �+
A#

can appear in the formula for �1.
As a result, there exist universal constants so

�1(�; �;D;BA) (2.12.c)

=

Z
@M

�
c0(m)h�+

A�;�
+
A#
�i+ c1(m)h
m�+

A�;�
+
A#
�i
�
dy :
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By Lemma 2.2.15, �1(�; �; P
2;BA) = �1(�; �; (�P )2;BA). Replacing P by �P

replaces 
m by �
m. Thus the universal constant c1(m) vanishes. We can also
deduce directly that this invariant is not present using Equation (2.12.f) given
below.
We apply Lemma 2.2.16 to the following example to evaluate the constant

c0(m); as we shall use this example subsequently in our study of �2, we present
the notation in a consistent framework.

Example 2.12.2 Let f
1; :::; 
mg be skew-adjoint ` � ` matrices satisfying
the Cli�ord commutation relations


i
j + 
j
i = �2ÆijId
for 1 � i; j � m. Let M := Tm�1 � [0; 1] be given the 
at product metric.
Let " > 0 and Æ > 0 be real parameters. Let 
0 be a self-adjoint idempotent
` � ` matrix which anti-commutes with 
m. Let V := M � C ` and let P be
the operator of Dirac type on V given by

P := 
m@r +

m�1X
a=1


a@
�
a + "
m
0 :

We take into account the fact that @r is the inward unit normal when r = 0
and the outward unit normal when r = 1 to de�ne an operator of Dirac type
on V j@M which anti-commutes with 
m by setting

A :=

(
�
m
a@�a + Æ
0 if r = 0:


m
a@
�
a + Æ
0 if r = 1 :

We have D = (�M + "2) 
 Id and A = (�Tm�1 + Æ20) 
 Id . Consequently
ker(A) = f0g so A is admissible with respect to P . Let BA be the associated
boundary condition. Let M0 := [0; 1] and let V0 := [0; 1]� C ` . Let

P0 := 
m@r + "
m
0 on V0;

D0 = (
m@r + "
m
0)
2 = (�@2r + "2)
 Id on V0 :

Let �0 and �1 be orthogonal projection on the +1 and �1 eigenspace of 
0,
respectively. As 
0 anti-commutes with 
m,


m�0 = �1
m and 
m�1 = �0
m :

Let B0 de�ne mixed boundary conditions for D0 where

B0� := �0�j@M � �1(@r + "
0)�j@M : (2.12.d)

Let � = �(r) and � = �(r). We suppose � vanishes identically near r = 1
so only the component of @M , where r = 0 and where @r is the inward unit
normal, is relevant. By Lemma 2.2.16

�n(�; �;D;BA) = (2�)m�1�n(�; �;D0;B0) :
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By Theorem 2.5.1,

(2�)m�1�1(�; �;D0;B0) = � 2p
�

Z
@M

h�0�; ~�0�idy :

Since �+
A� = �0� and �+

A#
� = ~�0�, Equation (2.12.c) implies

�1(�; �;D;B) = c0(m)

Z
@M

h�0�; ~�0�idy :

Equating �1(�; �;D0;B0) and �1(�; �;D;B) then establishes the second asser-
tion of Theorem 2.12.1 by showing

c0(m) = � 2p
�
:

Remark: The constant c0(m) was determined in [197] using a special case
computation and the present calculation should be regarded as providing a
useful compatibility check on that calculation.

2.12.2 The proof of Theorem 2.12.1 (3)

We begin by expressing �2 in terms of invariants with undetermined universal
coeÆcients. The following Ansatz is far from rigorous but represents a rea-
sonable formulation of what we believe the analysis will show the invariants
to be.

Ansatz 2.12.3 There exist universal constants ci so that

�2(�; �;D;BA) = �
Z
M

hD�; �idx +
Z
@M

�
� h
m�+

AP�; �i

�h
m�+
A�;

~P�i+ h(c2(A+ ~A#) + c3Laa + c4(
m P �  P 
m)

+c5( A + ~ #
A ))�

+
A�;�A#�i

�
dy :

Justi�cation: We use Lemma 2.1.1 to see that the interior integral for �2 is
given by �hD�; �i. We de�ne the normalized invariant C, which is given by a
suitable boundary integral, by the identity

�2(�; �;D;BA) = C(�; �;D;BA)�
Z
M

hD�; �idx

+

Z
@M

�
� h
m�+

AP�; �i � h
m�+
A�;

~P�i
�
dy :

As we must replace 
m by �~
m in passing to the dual structures, we have

0 = �2(�; �;D;BA)� �2(�; �; ~D;BA#)
= C(�; �;D;BA)� C(�; �; ~D;BA#)�

Z
M

�
hD�; �i � h�; ~D�i

�
dx

+

Z
@M

�
� h
m�+

AP�; �i � h
m�+
A�;

~P�i � h�; ~
m�+
A#

~P�i
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�hP�; ~
m�+
A#
�i
�
dy :

We now use the Green's formula given in Lemma 1.6.7 to see that

C(�; �;D;BA) = C(�; �; ~D;BA#) : (2.12.e)

Thus, if need be, after averaging over the Z2 symmetry, which interchanges
the roles of � and of �, we can assume that the integral expressions for C are
symmetric in the roles of � and �. This symmetry, of course, motivated the
normalizations in the de�nition of C given above.
If BA� = 0, then C(�; �;D;BA) = 0 by Lemma 2.1.4. Therefore by Equa-

tion (2.12.e) we also have C(�; �;D;BA) = 0 if BA#� = 0. We now argue as
when discussing oblique boundary conditions in Section 2.8, after eliminating
divergence terms, that the integral formula for C is divisible by expressions
which are bilinear in multiples and tangential covariant derivatives of

f�+
A�;�

+
AP�g and f�+

A#
�;�+

A#
~P�g ;

see the discussion in Lemma 2.1.5 concerning this point.
Since the boundary integrals de�ning C have total weight 1, terms which

are bilinear in �+
AP� and �+

A#
~P� do not appear. By Equation (1.6.k),


m�
+
A = (Id � ~�+

A#
)
m so

Z
@M

h
m�+
A�;�

+
A#
�idy = 0 : (2.12.f)

We use Equation (2.12.f) to see that terms which are bilinear in �+
AP� and

�+
A#
� or in �+

A� and �+
A#
P� do not involve 
m. Taking into account the

symmetry of Equation (2.12.e), we see that these terms would have the formZ
@M

b0(h�+
AP�;�

+
A#
�i+ h�+

A�;�
+
A#

~P�i)dy :

We use the invariance of �2 under the Z2 symmetry which replaces P by �P
discussed in Lemma 2.2.15 to see b0 = 0.
Consequently there exists a natural �rst order tangential di�erential oper-

ator C1 and a natural endomorphism C2 so that

C(�; �;D;BA) =
Z
@M

h(C1 + C2)�+
A�;�

+
A#
�idy :

The natural �rst order tangential di�erential operators of total weight 1
which seem to enter in this setting are the four operators

fA; 
mA;A
m; 
mA
mg :
Thus we can express

C1(�; �;D;BA)
=

Z
@M

h(b1A+ b2
mA+ b3A
m + b4
mA
m)�
+
A�;�

+
A#
�idy :

Implicit in this ansatz is the remark that invariants 
a P 
a, 
a A
a, and so
forth do not appear at this level. Such invariants would violate Lemma 2.2.17.
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Since ~
m ~A~
m = A#, Equation (2.12.e) implies b1 = b4. Furthermore, we
replace P by �P to replace 
m by �
m and use Lemma 2.2.15 to see that we
have b2 = b3 = 0. Set b1 = b4 = c2. This leads to the invariant

c2

Z
@M

h(A+ ~A#)�+
A�;�

+
A#
�idy :

The only metric term of total weight 1 is Laa; we denote the coeÆcient of
this term by c3; by Lemma 2.2.15, 
mLaa does not enter. This leads to

c3

Z
@M

Laah�+
A�;�

+
A#
�idy :

The remaining terms exist in 
at space. Terms which are linear in  P are

P(D;A) := b5 P + b6
m P + b7 P 
m + b8
m P 
m :

Interchanging the roles of V and V � replaces  P by ~ P and 
m by �~
m. Thus
P( ~D;A#) = b5 ~ P � b6~
m ~ P � b7 ~ P ~
m + b8~
m ~ P ~
m :

Setting ~P( ~D;A#) = P (D;A) then yields the relations b6 + b7 = 0. We use
Lemma 2.2.15 to see b5 = b8 = 0. Setting b6 = �b7 = c4 gives rise to

c4

Z
@M

h(
m P �  P 
m)�
+
A�;�

+
A#
�idy :

Terms which are linear in  A have the form

Q(D;A) := b9 A + b10
m A + b11 A
m + b12
m A
m :

Again, in 
at space, interchanging A and A# replaces  A by ~
m ~ A~
m. This
yields the relations b9 = b12; we use Lemma 2.2.15 to see b10 = b11 = 0.
Setting c5 = b9 = b12 gives rise to the invariant

c5

Z
@M

h( A + ~ #
A )�

+
A�;�

+
A#
�idy :

We complete the proof by using Lemma 2.2.17 to see the coeÆcients ci are
independent both of the dimension of the underlying manifold and also of the
rank of the bundle in question. ut
We evaluate the constants of Ansatz 2.12.3 to establish Theorem 2.12.1 (3).

Lemma 2.12.4

1. c2 =
1
2 , c4 = � 1

2 , c5 = � 1
2 .

2. c3 =
1
2 .

Proof: We adopt the notation discussed in Example 2.12.2. The 
at connec-
tion is compatible with the Cli�ord module structure. It is not, however, the
only possible compatible connection. Let %a be auxiliary real constants. We
de�ne a compatible connection by setting !a := %aId . We shall take � = �(r)
and � = �(r). We suppose � vanishes identically near r = 1 so only the
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boundary component r = 0 is relevant. Let

P : = 
m@r + 
a@
�
a + "
m
0 = 
mr@r + 
ar@�a

+ "
m
0 � %a
a;

A : = �
m
a@�a + Æ
0 = �
m
ar@�a
+ Æ
0 + 
m
a%a :

Since 
a and 
0 anti-commute with 
m,

 P = "
m
0 � %a
a so 
m P �  P 
m = �2"
0 � 2
m
a%a;

 A = Æ
0 + 
m
a%a so  A + 
m A
m = 2Æ
0 + 2
m
a%a :

We compute:

�2(�; �;D;B) = �
Z
M

hD�; �idx +
Z
@M

�
� h
m�0
m(@r + "
0)�; �i

+h
m�0�; ~
m(@r + "~
0)�i+ h(2c2 + 2c5)Æ
0

+(2c5 � 2c4)
m
a%a � 2c4"
0)�0�; ~�0�i
�
dy

= �
Z
M

hD�; �idx +
Z
@M

�
h�1(@r + "
0)�; �i � h�0�; @r�i

+h[(�1� 2c4)"
0 + (2c2 + 2c5)Æ
0

+(2c5 � 2c4)
m
a%a]�0�; �i
�
dy :

On the other hand, since P 2
0 = �(@2r � "2)Id , the connection de�ned by D0

is the trivial connection. Thus by Theorem 2.5.1,

(2�)m�1�2(�; �;D0;B0) = �(2�)m�1
Z
M0

hD0�; �idr

+ (2�)m�1
Z
@M0

�
h�+;m + S�+; �+i � h��; ��;mi

�
dy0

= �
Z
M

hD�; �idx +
Z
@M

�
h�1(@r + "
0)�; �i � h�0�; @r�i

�
dy :

We have 
0�0 = �0. Set %1 = 1, %a = 0 for a > 0, and 
0 =
p�1
m
1. We

may then equate �2(�; �;D;B) with (2�)m�1�2(�; �;D0;B0) to complete the
proof of Assertion (1) by deriving the relations

2c2 + 2c5 = 0; 2c5 � 2c4 = 0; and 2c4 = �1 :
To study the coeÆcient of Laa we consider a variant of Example 2.12.2. Let

f = f(r) be a smooth function with f(0) = 0 and f(1) = 0. Instead of taking
a 
at metric on M := Tm�1 � [0; 1], we take the warped product metric

ds2M = dr2 + e2f (d�21 + :::+ d�2m�1) :

The volume element is then given by dx = gdrd�1:::d�m�1 where g := e(m�1)f .
Let f�1; :::; :�mg be skew-adjoint matrices satisfying the Cli�ord commuta-
tion relations

�i�j +�j�i = �2Æij for 0 � i; j � m:
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We set 
m := �m, 
a := ef�a, and 
a := e�f�a. This de�nes a Cli�ord
module structure on M � C ` . Let 
0 be an auxiliary idempotent self-adjoint
matrix which anti-commutes with 
m. We de�ne

P := 
m@r + 
a@�a and A := �
m
a@�a + Æ
0 :

Let � = �(r) and � = �(r). We suppose � vanishes identically near r = 1. We
may then apply Lemma 2.2.16 and Theorem 2.5.1 to compute:

�2(�; g
�1�;D;BA) = (2�)m�1�2(�; �;D0;B0)

=

Z
M

�hD0�; �idx+
Z
@M

�
h@r�+; �+i � h��; @r��i

�
dy :

Since ~Pg�1� = �g�1~
m@r�, we may conclude

0 =

Z
@M

h(c2(A+A#) + c3Laa + c4(
m P �  P 
m) (2.12.g)

+c5( A + ~ #
A ))�0�;�0�idy :

Motivated by Lemma 1.1.7, we de�ne !m = 0 and !a =
1
2@rf � 
m
a. Then

�mab = �amb = ��abm = @rf � e2fÆab;
�ma

b = �am
b = @rfÆab;

�ab
m = �@rf � e2fÆab; so


m;m = 0;


a;m = @rf � 
a � �ma
b
b = 0;


m;a = ��amb
b + [!a; 
m] = �@rf � 
a + 1
2@rf [
m
a; 
m]

= �@r � 
a + @rf � 
a = 0;


a;b = ��bam
m + [!b; 
a]

= @rf � e2f
mÆab + 1
2@rf [
m
b; 
a]

= @rf � e2f
mÆab � @rf � e2f
mÆab = 0 :

Consequently  P = �
a!a = � 1
2@rf


a
m
a = � 1
2 (m � 1)@rf
m and thus


m P �  P 
m = 0. Similarly

 A = 
m

a!a + Æ
0 = � 1

2 (m� 1)@rf + Æ
0; so

 A + ~ A# = LaaId + 2Æ
0 :

Thus Equation (2.12.g) implies 0 =
R
@M

(c3 + c5)Laah�0�;�0�idy and thus

c3 + c5 = 0. Consequently c3 = �c5 = 1
2 . This completes the proof of Lemma

2.12.4 and thereby the proof of Theorem 2.12.1. ut
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Chapter 3

Heat Trace Asymptotics

3.0 Introduction

In Chapter 3, we discuss the heat trace asymptotics. As in Chapter 2, letM be
a compact Riemannian manifold of dimension m with smooth boundary @M
and let V be a smooth vector bundle over M . We shall introduce a number
of di�erent constants ci; we clear the notation at the beginning of each new
section. Thus, for example, the constants of Section 3.3 have no relation to
the constants of Section 3.4.
We say that (D;B) is admissible on V over M if B de�nes boundary con-

ditions for an operator D of Laplace type on C1(V ) and if (D;B) is elliptic
with respect to the cone CÆ for some 0 � Æ < �

2 . Note that in contrast Chapter
2, we do not impose an ellipticity condition for the dual structures on V �. If
it is not necessary to specify the manifold and vector bundle in question, we
shall simply say (D;B) is admissible. If the boundary ofM is empty, then the
boundary condition is irrelevant and we shall say that D is admissible.
Let DB be the associated realization where (D;B) is admissible. We ap-

ply Theorem 1.4.5. The fundamental solution of the heat equation, e�tDB , is
characterized by Display (1.4.d). This operator is of trace class and can be
represented by a smooth kernel function K(t; x; x1; D;B) : Vx1 ! Vx so that

e�tDB�(x; t) =
Z
M

K(t; x; x1; D;B)�(x1)dx1 :

Let F 2 C1(End (V )) be an auxiliary smooth endomorphism of V , which
is used for localization. There is a complete asymptotic expansion as t # 0

TrL2fFe�tDBg �
1X
n=0

an(F;D;B)t(n�m)=2

where the heat trace coeÆcients an are locally computable. If B de�nes spectral
boundary conditions, an expansion of this form exists only for 0 � n � m�1.

173
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If f is a scalar function, then we shall set

an(f;D;B) := an(f � Id ; D;B) :
Let r be the natural connection de�ned by D; we refer to Lemma 1.2.1 for

details. rem denote covariant di�erentiation with respect to the inward unit
normal vector �eld. There are local endomorphism valued invariants en(x;D)
and en;k(y;D;B) which are de�ned on M and on @M , respectively, so that

an(F;D;B) =

Z
M

Tr Vx

�
F (x)en(x;D)

�
dx (3.0.a)

+
n�1X
k=0

Z
@M

Tr Vy

�
rk
emF (y) � en;k(y;D;B)

�
dy :

The interior invariants en vanish for n odd; the boundary invariants are gener-
ically non-zero for n � 1.

The study of the asymptotic coeÆcients an will comprise the focus of Chap-
ter 3. In Sections 3.1 and 3.2, we will discuss the functorial properties of these
invariants. Some of these properties are analogous to properties discussed pre-
viously for the heat content asymptotics while some of the properties are new.
In Section 3.3, we discuss these invariants for closed manifolds; this is a

non-trivial computation as there is no analogue of Assertions (2) and (3) of
Theorem 1.3.12 giving a general formula for the interior invariants.
In Sections 3.4 and 3.5, we study the boundary integrals for Dirichlet and

Robin boundary conditions, respectively. The invariants an for n � 3 where D
is the scalar Laplacian were originally determined by Kennedy, Critchley, and
Dowker [256]. We shall follow the functorial method outlined in [84] to study
these invariants. We also refer to [270, 285, 287, 344, 345] for related work. In
Section 3.6, we extend these results to study mixed boundary conditions.
In Section 3.7, we present a few geometrical applications of these formulae

to relate the spectrum of the Laplacian to the geometry of the underlying
manifold. We begin by presenting the Berger-Tanno result [58, 347] that stan-
dard spheres in dimension at most 6 are characterized by the spectrum of
the scalar Laplacian. If instead of considering just the scalar Laplacian, one
considers the p form valued Laplacian, then more information is available.
We present results of Patodi [301] for closed manifolds and of Park [297, 298]
for manifolds with boundary showing that certain geometric properties are
determined by the spectrum of the p form valued Laplacians for p = 0; 1; 2.
We refer to [35] for a more complete bibliography of some papers in the �eld
of spectral geometry.
Section 3.8 deals with the supertrace asymptotics for the Witten Laplacian.

In Section 3.9, we study the large and small energy limits of the heat trace
asymptotics.
In Section 3.10, we study the heat trace asymptotics for transmission bound-

ary conditions and in Section 3.11, we study the heat trace asymptotics for
transfer boundary conditions. In Section 3.12, we discuss time-dependent phe-
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nomena. As was the case with the heat content asymptotics, a bit of care must
be taken in de�ning the relevant kernel functions.
In Section 3.13 we study heat trace asymptotics which are related to the

eta function and use these results to study spectral boundary conditions in
Section 3.14.
We conclude in Sections 3.15, 3.16, and 3.17 by studying the heat trace

asymptotics de�ned by operators that are not of Laplace type. Section 3.15
deals with second order non-minimal operators, i.e. with operators which have
non-scalar leading symbol. In Section 3.16 we study fourth order operators,
and in Section 3.17 we study pseudo-di�erential operators.
There is a lengthy history involved in the study of such asymptotic expan-

sions. Weyl [360] began the study in 1915 by determining the a0 term which
lead to the asymptotic formula

�n � n2=m

for the Laplacian on a compact manifold. Minakshisundaram and Pleijel [281,
282, 283, 310, 312] then pioneered the study of other terms in the asymptotic
expansion. Work of Kac [250], McKean and Singer [278], and Patodi [301, 302]
was extremely in
uential.
We refer to the Bibliography for a small selection of additional references on

the subject. Additional references may be found, among other locations, in P.
B�erard and M. Berger [35] and in the Bibliography by H. Schroeder contained
in [189].

3.1 Functorial properties I

The heat trace asymptotics, like the heat content asymptotics, have a number
of functorial properties. Some of these properties are similar to properties of
the heat content asymptotics. For example, Lemma 2.1.2 for the heat content
asymptotics and Lemma 3.1.1 for the heat trace asymptotics relate to shifting
the spectrum by adding a scalar multiple of the identity. Similarly, Lemma
2.1.6 for the heat content asymptotics and Lemma 3.1.2 for the heat trace
asymptotics involve Fourier expansions when DB is self-adjoint.
There are properties of the heat content asymptotics that have no corre-

sponding analogues for the heat trace asymptotics. Lemma 2.1.1 which gives
the interior terms for the heat content asymptotics and Lemma 2.1.3 which
gives a duality relationship are such properties.
On the other hand, there are properties of the heat trace asymptotics not

mirrored by the heat content asymptotics. For example, the variational for-
mulae of Section 3.1.10 have no analogue for the heat content asymptotics.
Thus, although there are some formal similarities between the heat content
asymptotics and the heat trace asymptotics, each setting has to be treated
di�erently.
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In this section, we discuss properties which are common to many boundary
conditions. We postpone until the next section a discussion of transmission,
transfer, and spectral boundary conditions. We also postpone a discussion of
time-dependent phenomena until that time.

3.1.1 Shifting the spectrum

The following property of the heat trace asymptotics is a direct generalization
of the corresponding property given in Lemma 2.1.2 for the heat content
asymptotics.

Lemma 3.1.1 Let (D;B) be admissible, let F be a smooth endomorphism of
V , and let " be an auxiliary real parameter. Then

an(F;D � "Id ;B) =P
2k�n

"k

k! an�2k(F;D;B) :
Proof: Let u := e�tDB�, let D" := D � "Id , and let u" = et"u. In the proof
of Lemma 2.1.2, we showed that u" = e�tD";B�. This implies

K(t; x; x1; D";B) = et"K(t; x; x1; D;B) :
Consequently

TrL2

�
Fe�tD";B

�

=

Z
M

Tr Vx

�
F (x)K(t; x; x;D";B)

�
dx

= et"
Z
M

Tr Vx

�
F (x)K(t; x; x;D;B)

�
dx

= et"Tr L2

�
Fe�tDB

�
:

We may now establish the Lemma by equating powers of t in the asymptotic
expansions. ut

3.1.2 Heat trace asymptotics for self-adjoint operators

Let V be equipped with a positive de�nite Hermitian inner product. Assume
that (D;B) is admissible and that DB is self-adjoint. Let f�i; �ig be the dis-
crete spectral resolution of DB, which was discussed previously in Theorem
1.4.18. If �i 2 C1(V ), de�ne �1(x)
 ��2(x1) 2 Hom (Vx1 ; Vx) by setting

f�1(x) 
 ��2(x1)g(�) = (�; �2(x1))�1(x) :
The following result generalizes Lemma 2.1.6 to the current setting.

Lemma 3.1.2 Let (D;B) be admissible and self-adjoint. Let f�i; �ig be the
associated discrete spectral resolution. Then:

1. K(t; x; x1; D;B) =
P

i e
�t�i�i(x)
 ��i (x1).
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2. TrL2fFe�tDBg =P
i e
�t�i R

M
Tr VxfF (x)(�i(x)
 ��i (x))gdx.

3. Let f 2 C1(M). Then Tr L2ffe�tDBg =Pi e
�t�i R

M
f(x)j�i(x)j2dx.

4. TrL2fe�tDBg =Pi e
�t�i .

Proof: If � 2 C1(V ), then the associated Fourier coeÆcients are given by

�i(�) :=

Z
M

(�; �i)(x)dx :

We showed in the proof of Lemma 2.1.6 that

e�tDB� =
X
i

e�t�i�i(�)�i =
X
i

e�t�i
�Z

M

(�; �i)(x1)dx1

�
�i(x)

=

Z
M

(X
i

e�t�i�i(x) 
 ��i (x1)

)
�(x1)dx1 :

The �rst assertion of the Lemma now follows as a kernel function in this form
is unique. The second assertion of the Lemma is an immediate consequence
of the �rst. The third assertion follows from the second assertion since

Tr Vxff(�i(x)
 ��i (x))g = f(x)j�i(x)j2 :
The �nal assertion follows by setting f = 1 since

R
M
j�ij2dx = 1. ut

3.1.3 Heat trace asymptotics in the 1 dimensional setting

The following result gives the heat trace asymptotics for the Laplacian on the
circle S1 and the interval [0; �]; it will play an important role in the subsequent
determination of certain normalizing constants.

Lemma 3.1.3

1. Let �S1 := �@2� on S1. Then:

(a) a0(1;�S1) =
p
�.

(b) an(1;�S1) = 0 for n > 0.

2. Let �[0;�] = �@2x on [0; �], let BD de�ne Dirichlet boundary conditions,
and let BN de�ne pure Neumann boundary conditions. Then:

(a) a0(1;�[0;�];BD) = 1
2

p
� and a0(1;�[0;�];BN ) = 1

2

p
�.

(b) a1(1;�[0;�];BD) = � 1
2 and a1(1;�[0;�];BN) = + 1

2 .

(c) an(1;�[0;�];BD) = 0 and an(1;�[0;�];BN ) = 0 for n � 2.

Proof: We use Example 1.5.12, Example 1.5.14, and Lemma 3.1.2 (4) to see

Specf�S1g =
�
n2
�1
n=�1

so TrL2

�
e�t�S1

�
=

1X
n=�1

e�tn
2

;

Specf�[0;�];BDg =
�
n2
�1
n=1

so TrL2

�
e�t�[0;�];BD

�
=

1X
n=1

e�tn
2

;
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Specf�[0;�];BNg =
�
n2
�1
n=0

so TrL2

�
e�t�[0;�];BN

�
=

1X
n=0

e�tn
2

:

We apply the analysis used to prove Lemma 2.3.5 to establish Assertion
(1a) by computing

a0(1;�S1) = lim
t#0

�p
t � TrL2e�t�[0;�]

�
= lim

t#0

�p
t �

1X
n=�1

e�tn
2

�

=

Z 1

�1
e�x

2

dx =
p
� :

The structures on S1 are 
at and hence all the derivatives of the symbol
of � vanish. Assertion (1b) now follows since the local formulae for an are
homogeneous of weight n in the derivatives of the structures de�ning �, as we
shall see presently in Section 3.1.8; this also follows from standard arguments
using Gaussian sums as

lim
t#0

np
t � TrL2e�t�

o
=
p
� +O(tk) for any k 2 N :

We use the computations performed above to see that

TrL2fe�t�[0;�];BD g = 1
2TrL2fe�t�S1g � 1

2 ;

TrL2fe�t�[0;�];BN g = 1
2TrL2fe�t�S1g+ 1

2 :

Consequently,

an(1;�;BD) =
(

1
2an(1;�S1) if n 6= 1;
1
2a1(1;�S1)� 1

2 if n = 1;

an(1;�;BN) =
(

1
2an(1;�S1) if n 6= 1;
1
2a1(1;�S1) + 1

2 if n = 1 :

Assertion (2) now follows from Assertion (1). ut

3.1.4 Conditions that imply the heat trace coeÆcients are real

The following observation of Branson and Gilkey [84] will be useful in elimi-
nating certain invariants from consideration.

Lemma 3.1.4 Let (D;B) be admissible.

1. If V; D; B, and F are real, then an(F;D;B) is real.
2. If DB and F are self-adjoint, then an(F;D;B) is real.
Proof: Let V; D; B, and � be real. Let u := e�tDB�. Then �u also satis�es
the de�ning relations of Display (1.4.d) so u = �u and u is real. It now follows
that �K = K and hence K is real. Assertion (1) now follows.
IfDB is self-adjoint, then the eigenvalues �i are real. Let �i be the associated

eigensections. We then have that

((�i 
 ��i )v1; v2) = (�i; v2)(v1; �i) :
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Modulo taking the complex conjugate, this is symmetric in the roles of v1 and
v2. This shows that �i 
 ��i is self-adjoint. Thus

Tr VxfF (x)(�i(x)
 ��i (x))g = Tr Vxf(�i(x) 
 ��i (x))
�F �(x)g

= Tr Vxf(�i(x)
 ��i (x))F (x)g = Tr VxfF (x)�i(x)
 ��i (x)g :
This shows that the �ber trace is real. Assertion (2) now follows from Lemma
3.1.2. ut

3.1.5 Direct sums

As was the case for the heat content asymptotics, the heat trace asymptotics
are additive with respect to direct sums.

Lemma 3.1.5 Let (D1;B1) be admissible on V1 over M and let (D2;B2) be
admissible on V2 over M . Let

D := D1 �D2 and B := B1 �B2 :
Then (D;B) is admissible. Let Fi 2 End (Vi) and let F := F1 � F2. Then

1. K(t; x; x1; D;B) = K(t; x; x1; D1;B1)�K(t; x; x1; D2;B2).
2. an(F;D;B) = an(F1; D1;B1) + an(F2; D2;B2).
Proof: Let ui := e�tDi;Bi�i and let u := e�tDB�. We showed in the proof
of Lemma 2.1.7 that we may express u = u1 � u2. The �rst assertion now
follows; the second follows from the �rst by equating terms in the associated
asymptotic expansions. ut

3.1.6 Product Formulas

The following Lemma generalizes Lemma 2.1.8.

Lemma 3.1.6 For i = 1; 2, let (Di;Bi) be admissible on vector bundles Vi
over compact Riemannian manifolds (Mi; gi). LetM1 be closed so no boundary
condition is needed for D1. Let (M; g) := (M1; g1) � (M2; g2) be the product
Riemannian manifold and let V := ��1V1 
 ��2V2 be the tensor product bundle
over M . Let F := F1 
 F2 for Fi 2 End (Vi). De�ne D and B by setting

D := D1 
 Id 2 + Id 1 
D2 and B := Id 1 
B2 on C1(V ) :

We have that (D;B) is admissible and:

1. K(t; (x1; x2); (�x1; �x2); D;B) = K(t; x1; �x1; D1)
K(t; x2; �x2; D2;B2).
2. an(F;D;B) =

P
n1+n2=n

an1(F1; D1)an2(F2; D2;B2).
Proof: Let �i 2 C1(Vi) over Mi, let � := �1 
 �2 2 C1(V ) over M . Let
u := e�tDB�, u1 := e�tD1;B1�1, and u2 := e�tD2�2. We showed in the proof
of Lemma 2.1.8 that u = u1 
 u2. Assertion (1) now follows. Assertion (2)
follows from Assertion (1). ut
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We can use Lemma 3.1.6 to extend Lemma 3.1.3 to the higher dimensional
setting. The following result is now immediate:

Lemma 3.1.7 Give Tm := S1 � :::� S1 the 
at product metric. Then

a0(1;�Tm) = �m=2 and an(1;�Tm) = 0 for n > 0 :

Remark 3.1.8 We require that B1 is a partial di�erential operator to en-
sure that B1 
 Id is again an operator within the context with which we
are working; if B1 de�ned spectral boundary conditions, then B1 would be
a pseudo-di�erential operator over M1. However, B1 
 Id would not be a
pseudo-di�erential operator over M and hence would not de�ne admissible
boundary conditions. As we shall see presently, Lemma 3.1.6 implies that,
with the exception of spectral boundary conditions, if we express the local
integrands for the heat trace asymptotics in terms of a Weyl basis, then the
coeÆcients are, up to a multiplicative normalizing constant, universal. This
normalizing constant will then be determined using Lemma 3.1.7. This is not,
however, the case for spectral boundary conditions as we shall see in Section
3.14; the coeÆcients there exhibit highly non-trivial dependence on m.

3.1.7 Dimensional analysis

Theorem 2.1.12 extends to this context.

Theorem 3.1.9 Let (D;B) be admissible and let c > 0. Then:

1. K(t; x; x1; c
2D;B) = cmK(c2t; x; x1; D;B).

2. an(F; c
2D;B) = cn�man(F;D;B).

3. en(x; c
2D) = cnen(x;D).

4. en;k(y; c
2D;B) = cn�1�ken;k(y;D;B).

Proof: Let u(x; t) := e�tDB�, let uc(x; t) := u(x; c2t), and let Dc := c2D.
The argument used to prove Lemma 2.1.13 then shows

uc = e�tDc;B� :

Consequently after taking into account the fact that dxc = c�mdx, we see

uc(x; t) =

Z
M

K(t; x; x1; c
2D;B)�(x1)dcx1

= c�m
Z
M

K(t; x; x1; c
2D;B)�(x1)dx1

= u(x; c2t) =

Z
M

K(c2t; x; x1; D;B)�(x1)dx1 :

Assertion (1) now follows. We use Assertion (1) to see

Tr L2(Fe�tDc;B) =

Z
M

Tr Vx

�
F (x)K(t; x; x;Dc;B)

�
dcx

=

Z
M

Tr Vx

�
F (x)K(c2t; x; x;D;B)

�
dx = Tr L2(Fe�(c

2t)DB) :
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Equating terms in the asymptotic expansions proves Assertion (2).
The third and fourth assertions follow from the second after taking into

account change in the volume form and the normal vector �eld. Alternatively,
one can also appeal directly to the Seeley-Greiner calculus [224, 341]. ut

3.1.8 Expressing the invariants en and en;k relative to a Weyl basis

We now give a second proof of Lemma 1.7.7 which is not based on a detailed
analysis of the Seeley calculus and which uses only the fact that the invariants
en and en;k are locally computable.
As in Section 2.2.4, we let indices i, j, k, l range from 1 through m and

index a local orthonormal frame fe1; :::; emg for TM . Let r be the connection
determined by an operator D of Laplace type on V . We let \;" denote the
components of multiple covariant di�erentiation of tensors of all types with
respect to the connection r and the Levi-Civita connection ofM . Let Rijkl be
the components of the curvature tensor of the Levi-Civita connection of M ,
let 
ij be the components of the curvature tensor of the connection de�ned
by D, and let E be the endomorphism de�ned by D. We de�ned previously
in Section 1.7.3

weight (Rijkl) = 2; weight (
ij) = 2; and weight (E) = 2 :

We increase the weight by 1 for every additional explicit covariant derivative
which appears. Applying Theorem 3.1.9 and the rescaling arguments discussed
in Section 2.2.4 then shows that en(x;D) is homogeneous of total weight n in
the variables

fRijkl;:::; E;:::; 
ij;:::g :
Let � be the scalar curvature and let � be the Ricci curvature,

� := Rijji and �ij := Rikkj :

The norms of these tensors are given by

j�j2 = �ij�ij = RikkjRillj and jRj2 = RijklRijkl :

After taking into account the additional invariants which can be constructed
from E and from 
, we obtain the following generalization of Lemma 1.7.5.

Lemma 3.1.10 Let En;m be the space of endomorphism valued invariants of
weight n in the derivatives of the symbol of an operator of Laplace type which
are de�ned on the interior of M .

1. E0;m = Span fId g.
2. E2;m = Span f�Id ; Eg.
3. E4;m = Span f�;kkId ; �2Id ; j�j2Id ; jRj2Id ; �E; E2; E;kk; 
ij
ijg.
Near the boundary, we assume the frame is chosen so em is the inward unit

geodesic normal vector �eld. We let indices a, b, c range from 1 through m�1
and index the induced orthonormal frame fe1; :::; em�1g for T (@M). Let Lab
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be the second fundamental form. A similar analysis establishes the following
generalization of Lemma 1.7.6:

Lemma 3.1.11 Let Ebdn;m be the space of endomorphism valued invariants of
weight n in the derivatives of the symbol of an operator of Laplace type which
are de�ned on the boundary of M .

1. Ebd0;m = Span fId g.
2. Ebd1;m = Span fLaaId g.
3. Ebd2;m = Span fLaaLbbId ; LabLabId ; RabbaId ; RammaId ; Eg.
Lemma 3.1.11 suÆces to describe the boundary integrands in the invariants

a1, a2, and a3 for Dirichlet boundary conditions. Additional structures appear
for the other boundary conditions, but the analysis is similar.

3.1.9 Dimension Shifting

As with the heat content asymptotics, when the heat trace asymptotics are
expressed relative to a Weyl basis, the coeÆcients are universal, apart from a
multiplicative normalizing constant. We illustrate this principle for the interior
invariants.

Lemma 3.1.12 There exist universal constants ci which are independent of
the dimension of the underlying manifold and of the rank of the vector bundle
in question so that if D is admissible on a closed Riemannian manifold M ,
then

1. a0(F;D) = (4�)�m=2
R
M Tr (F )dx.

2. a2(F;D) = (4�)�m=2 1
6

R
M
Tr fF (c1E + c2�Id )gdx.

3. a4(F;D) = (4�)�m=2 1
360

R
M
Tr fF (c3E;kk + c4�E + c5E

2 + c6�;kkId

+c7�
2Id + c8j�j2Id + c9jRj2Id + c10
ij
ij)gdx.

Remark 3.1.13 The presence of the normalizing constants of 1
6 and

1
360 is to

simplify subsequent computations and is, of course, inessential. The presence
of the localizing endomorphism F enables us to recover the divergence terms
E;kk and �;kk which otherwise would be lost.

Proof: Let r := Rank (V ) and m := dim(M). By Lemma 3.1.10 (1), there
exists a universal constant c0;m;r so that

a0(F;D) = (4�)�m=2c0;m;r

Z
M

Tr fFgdx : (3.1.a)

By Lemma 3.1.5, the universal constant does not depend on r so c0;m;r = c0;m.
We may therefore take

�m := �(@2�1 + :::@2�m)

on the trivial line bundle over the torus Tm in order to determine c0;m. We
take F = Id ; as r = 1, Tr (F ) = 1. We use Lemma 3.1.3 and Equation (3.1.a)
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to compute

a0(1;�@2�) =
p
� = (4�)�1=2c0;1vol (S1) =

p
�c0;1 :

This implies that c0;1 = 1. More generally, we use Lemma 3.1.6 to see

a0(1;�m) = a0(1;�1)
m

and consequently c0;m = 1 for all m by Lemma 3.1.7. This establishes Asser-
tion (1).
We use Lemma 3.1.10 to establish the existence of formulae of the type given

in Assertions (2) and (3). The universal constants ci are then independent of
the rank of the bundle by Lemma 3.1.5 so only the dependence upon the
dimension m of the underlying manifold is in question. Again, we apply the
method of universal examples. Let M1 be a closed Riemannian manifold of
dimension m� 1 and let D1 be an operator of Laplace type on M1. Let

M :=M1 � S1 and D := D1 � @2� :

Let F = F (x1). As structures are 
at in the S1 direction, E = ED = ED1

and

RM
ijkl =

�
RM1

ijkl if i; j; k; l � m� 1;

0 if any index is m:

The crucial point is that invariants formed by contractions of indices are
restricted from M1 � S1 to M1 by restricting the range of summation but
have the same appearance. We refer to the discussion in Section 1.7.4 for
further details concerning this point. Thus, for example,

�M =

mX
i;j=1

RM
ijji =

m�1X
i;j=1

RM1

ijji = �M1 :

Since (4�)�1=2vol =
p
�, we have

a2(F;D) (3.1.b)

= (4�)�m=2 1
6

Z
M1�S1

Tr

�
c1;mFE + c2;mF�

M

�
dx1d�

=
p
�(4�)�(m�1)=2 16

Z
M1

Tr

�
c1;mFE + c2;mF�

M1

�
dx1 :

We showed ap(1; D2) = 0 for p > 0. Thus by Lemma 3.1.3 and Lemma 3.1.6,

a2(F;D) = a2(F;D1)a0(1; D2) = a2(F;D1) �
p
� (3.1.c)

=
p
�(4�)�(m�1)=2 16

Z
M1

Tr

�
c1;m�1FE + c2;m�1F�M1

�
dx1 :

We use Equations (3.1.b) and (3.1.c) to prove Assertion (2) by showing

c1;m = c1;m�1 and c2;m = c2;m�1 :

The proof of Assertion (3) is similar and is therefore omitted. ut
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We remark that if m = 1, then � = 0 and thus c2;1 is not uniquely speci�ed.
We therefore set c2;1 := c2;m for any m � 2. A similar remark holds for the
other constants; they are only uniquely speci�ed for large values of m; there
are relations given by Theorem 1.7.4 for small values of m.

3.1.10 Variational formulae

The Lemmas in this section do not have analogues for the heat content asymp-
totics. We follow the discussion in [84] and proceed formally; the necessary
analytic steps can be justi�ed using the techniques of Gilkey-Smith [208]. The
boundary condition is always to be held �xed.
We begin by studying conformal variations of the operator. The following

property was �rst observed by Branson and �rsted [95, 96] and permits one
to recover the divergence terms.

Lemma 3.1.14 Let (D;B) be admissible. Let D" := e�2"fD for f 2 C1(M).
Then @"an(1; D";B) = (m� n)an(f;D";B).
Proof: We compute that

1X
n=0

@"an(1; D";B)t(n�m)=2 � @"TrL2

�
e�tD";B

�

= �tTrL2

�
(@"D")e

�tD";B

�
= 2tTrL2

�
fD"e

�tD";B

�

= �2t@tTr L2

�
fe�tD";B

�
� �2t@t

1X
n=0

an(f;D";B)t(n�m)=2

�
1X
n=0

(m� n)an(f;D";B)t(n�m)=2 :

The Lemma follows by equating powers of t. ut
We vary the 0th order term to generalize Lemma 3.1.1:

Lemma 3.1.15 Let F 2 C1(End (V )) and let (D;B) be admissible on V .

1. Let D" := D � "F . Then @"an(1; D";B) = an�2(F;D";B).
2. Let DÆ := D � ÆId . Then @Æan(F;DÆ ;B) = an�2(F;DÆ ;B).
Proof: We apply a similar argument to that used in the proof of Lemma
3.1.14. We compute that

1X
n=0

@"an(1; D";B)t(n�m)=2 � @"Tr L2

�
e�tD";B

�

= �tTrL2

�
(@"D")e

�tD";B

�
= tTrL2

�
Fe�tD";B

�

� t

1X
n=0

an(F;D";B)t(n�m)=2 :
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As above, we equate powers of t to complete the proof of the �rst assertion;
the second is an immediate consequence of the �rst. ut
The �nal variational result combines the previous two Lemmas and was

�rst observed in [84].

Lemma 3.1.16 Let (D;B) be admissible on V over M , let f 2 C1(M), and
let F 2 C1(End (V )). Then @"am�2(e�2"fF; e�2"fD;B) = 0.

Proof: By Lemma 3.1.14 and Lemma 3.1.15,

@"am(1; e
�2"f (D � ÆF );B) = 0; and

@Æam(1; e
�2"f (D � ÆF );B) = am�2(e�2"fF; e�2"f (D � ÆF );B) :

Consequently

0 = @Æ@"am(1; e
�2"f (D � ÆF );B)

= @"@Æam(1; e
�2"f (D � ÆF );B)

= @"am�2(e�2"fF; e�2"f (D � ÆF );B) :
We evaluate at Æ = 0 to complete the proof. ut

3.1.11 Recursion relations

We study the twisted Dirac operator in the 1 dimensional setting. We �rst
study the situation on the circle. The following result is a special case of a
more general relationship [179]; it plays a central role in the analysis of the
leading terms in the heat asymptotics as we shall see presently.

Lemma 3.1.17 Let b 2 C1(S1) be real. De�ne operators on C1(S1) by

A := @� � b; A� := �@� � b

D1 := A�A; D2 := AA� :

Let f 2 C1(S1). Then

1. 2@tfK(t; �; �;D1)�K(t; �; �;D2)g = @�(@� � 2b)K(t; �; �;D1).

2. (n� 1)fan(f;D1)� an(f;D2)g = an�2(@2�f + 2b@�f;D1).

Proof: Let f�i; �ig be a discrete spectral resolution for D1. Then the corre-
sponding spectral resolution of D2 on ker(D2)

? is given byn
A�ip
�i
; �i

o
�i 6=0

:

After di�erentiating with respect to t, the zero spectrum plays no role. Thus
we may apply Lemma 3.1.2 to see that

@tK(t; �; �;D1) = �
X
i

�ie
�t�i�i(�)2 = �

X
i

e�t�iD1�i(�) � �i(�);

@tK(t; �; �;D2) = �
X
i

e�t�iA�i(�) �A�i(�) :
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Since D1 = �@2� + @�b+ b2, we prove the �rst assertion by computing

2@tfK(t; �; �;D1)�K(t; �; �;D2)g
= 2

X
i

e�t�i
�
�D1�i � �i +A�i � A�i

�
(�)

= 2
X
i

e�t�i
�
�i@

2
��i � (@�b)�

2
i � b2�2i + (@��i)

2 � 2b�i@��i + b2�2i

�
(�)

= @�(@� � 2b)
X
i

e�t�i�2i = @�(@� � 2b)K(t; �; �;D1):

We integrate by parts to see that
1X
n=0

(n� 1)

�
an(f;D1)� an(f;D2)

�
t(n�3)=2

� 2@t

�
TrL2ffe�tD1g �TrL2ffe�tD2g

�

=

Z
M

�
f@�(@� � 2b)K(t; �; �;D1)

�
d�

=

Z
M

�
(@� + 2b)@�f

�
K(t; �; �;D1)d�

= TrL2

�
((@� + 2b)@�f)e

�tD1

�

�
X
k

ak((@
2
� + 2b@�)f;D1)t

(k�1)=2 :

We now equate powers of t in the two asymptotic expansions. ut
We generalize Lemma 3.1.17 to the interval by imposing suitable boundary

conditions. It is closely related to Lemma 2.1.15, modulo a slight change in
notation.

Lemma 3.1.18 Let b 2 C1([0; �]) be real. De�ne operators on C1([0; �]) by

A := @x � b; A� := �@x � b

D1 := A�A; D2 := AA� :

Let f 2 C1([0; �]). Let B1� := �j@M and B2� := A��j@M de�ne Dirichlet
and Robin boundary conditions for D1 and D2, respectively. Then:

1. 2@tfK(t; x; x;D1;B1)�K(t; x; x;D2;B2)g = @x(@x � 2b)K(t; x; x;D1;B1).
2. (n� 1)fan(f;D1;B1)� an(f;D2;B2)g = an�2(@2xf + 2b@xf;D1;B1).
Proof: The argument to prove Lemma 3.1.18 is essentially the same as that
used to prove Lemma 3.1.17 once the boundary conditions are taken into
consideration. Let f�i; �ig be a discrete spectral resolution for D1;B1 . Since
the eigenfunction �i satis�es Dirichlet boundary conditions

A�(A�i)j@M = �i�ij@M = 0 :
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This shows that B2A�i = 0 so �
A�ip
�i
; �i

�
�i 6=0

is a spectral resolution ofD2;B2 on ker(D2;B2)
?. The proof of Assertion (1) now

follows. To prove Assertion (2), we had to integrate by parts. Since �ij@M = 0,
�2i vanishes to second order on @M . Thus we can safely integrate by parts
without introducing additional boundary contributions and the remainder of
the argument is similar. ut
Let �p be the p form valued Laplacian discussed in Section 1.2.4. The

following recursion relation is due to McKean and Singer [278].

Lemma 3.1.19 Let M be a compact orientable 2 dimensional Riemannian
manifold without boundary. Let f 2 C1(M). Then:

1. @tfK(t; x; x;�0) +K(t; x; x;�2)�K(t; x; x;�1)g = ��0K(t; x; x;�0).

2. 2nf2an+2(f;�0)� an+2(f;�
1)g = an(f;kk;�

0).

Proof: Take a discrete spectral resolution for �0 of the form�
�i; �i

�1
i=0

where 0 = �0 < �1 � �2::::

Let ? be the Hodge operator discussed in Section 1.5.6. Then a discrete spec-
tral resolution of �2 is given by�

? �i; �i

�1
i=0

:

Since d+ Æ intertwines �0 +�2 and �1,�
d�ip
�i
; �i

�1
i=1

[
�
Æ?�ip
�i
; �i

�1
i=1

is a discrete spectral resolution for �1 on ker(�1)? for i > 0. Since the Hodge
operator ? is a bundle isometry and Æ = � ? d?, we argue as above to see

@t

�
K(t; x; x;�0) +K(t; x; x;�2)�K(t; x; x;�1)

�

=

1X
i=1

e�t�i
�
� �i(�

2
i + ��i � ��i) + d�i � d�i + Æ � �i � Æ � �i

�

=
1X
i=0

e�t�i
�
� 2�0�i � �i + 2d�i � d�i

�
= ��0K(t; x; x;�0) :

The �rst assertion of the Lemma now follows. We integrate by parts and
compare powers of t in the resulting asymptotic series to establish the second
assertion of the Lemma. ut
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3.2 Functorial properties II

In this section, we discuss functorial properties of the heat trace asymptotics
which primarily apply to transfer boundary conditions, to transmission bound-
ary conditions, to spectral boundary conditions, and to time-dependent pro-
cesses.

3.2.1 Transmission boundary conditions

As discussed in Section 1.6.1, we consider pairs of structures

M := (M+;M�); g := (g+; g�); f := (f+; f�);

V := (V+; V�); � := (�+; ��); D := (D+; D�) :
(3.2.a)

Here g� are Riemannian metrics on compact manifolds M�, f� are smooth
functions over M�, �� are smooth sections to vector bundles V� over M�,
and D� are operators of Laplace type on V�. We assume as compatibility
conditions that

@M+ = @M� = �; g+j� = g�j�; (3.2.b)

V+j� = V�j�; f+j� = f�j� : (3.2.c)

Let �� be the inward unit normals of � in M�; �+ + �� = 0. If U is an
impedance matching endomorphism which is de�ned on �, then the trans-
mission boundary operator BU is de�ned for � = (�+; ��) by setting

BU� := f�+j� � ��j�g � fr�+�+j� +r����j� � U�+j�g :
We may decompose the heat trace asymptotics in the form

an(f;D;BU ) = aMn (f;D) + a�n (f;D;BU )
where the interior integrand de�nes aMn and there is an additional boundary
integrand de�ning a�n .
Lemma 2.2.3 dealt with the heat content asymptotics if we introduced an

auxiliary \arti�cial" singularity. There is an analogous result for the heat trace
asymptotics; we omit the proof in the interest of brevity.

Lemma 3.2.1 Let D0 be an operator of Laplace type on a closed Riemannian
manifold M0. Let � be a submanifold of M0 which separates M0 into two
components M+ and M�. Let D� := D0jM�

and let U = 0. Let f 2 C1(M0).
Then a�n (f;D;BU ) = 0.

Lemma 2.2.1 also extends to this setting.

Lemma 3.2.2 Let D0 be an operator of Laplace type on a compact Rieman-
nian manifold M0 with boundary �. Let BD be the Dirichlet boundary operator
and let BR(S) be the Robin boundary operator de�ned by S. Let M� := M0,
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D� := D0, and U = �2S. Let feven be the even extension of f0 2 C1(M0)
to M . Then

a�n (feven ; D;BU ) = a�n (f0; D0;BD) + a�n (f0; D0;BR(S)) :
Proof: Let u := e�tDBU �. As in the proof of Lemma 2.2.1, we decompose
� = �even + �odd and u = ueven + uodd into even and odd functions of x.
Then by Equation (2.2.b),

u(x+; t) =

�
e
�tD0;BR(S)�even

�
(x; t) +

�
e�tD0;BD �odd

�
(x; t);

u(x�; t) =

�
e
�tD0;BR(S)�even

�
(x; t)�

�
e�tD0;BD �odd

�
(x; t) :

Let K(t; x; ~x;D0;BR(S)) and K(t; x; ~x;D0;BD) be the associated kernels on
M0. Then

u(x+; t) =

Z
M0

1
2

�
(�(~x+) + �(~x�))K(t;x; ~x;D;BR(S))

+(�(~x+)� �(~x�))K(t; x; ~x;D;BD)
�
dx

u(x�; t) =

Z
M0

1
2

�
(�(~x+) + �(~x�))K(t;x; ~x;D;BR(S))

+(�(~x�)� �(~x+))K(t; x; ~x;D;BD)
�
dx :

Consequently the kernel function is given by

K(t; x+; ~x+; D;BU ) = 1
2K(t; x; ~x;D;BR(S)) + 1

2K(t; x; ~x;D;BD);
K(t; x+; ~x�; D;BU ) = 1

2K(t; x; ~x;D;BR(S))� 1
2K(t; x; ~x;D;BD);

K(t; x�; ~x+; D;BU ) = 1
2K(t; x; ~x;D;BR(S))� 1

2K(t; x; ~x;D;BD);
K(t; x�; ~x�; D;BU ) = 1

2K(t; x; ~x;D;BR(S)) + 1
2K(t; x; ~x;D;BD) :

Consequently, since feven (x+) = feven (x�) is an even function, one hasZ
M+

feven (x+)Tr Vx+K(t; x+; x+; D;BU )dx+

+

Z
M�

feven (x�)Tr Vx�K(t; x�; x�; D;BU )dx�

=

Z
M0

fo(x)Tr VxfK(t; x; x;D;BR(S)) +K(t; x; x;D;BD)gdx :

The desired result now follows by equating coeÆcients of t in the resulting
asymptotic expansions. ut
We can discuss the de Rham complex on a singular manifold using trans-

mission boundary conditions. We adopt the notation of Lemma 1.6.3. Let
M = M+ [� M�. Let em be the inward unit normal of � � M+ and the
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outward unit normal of � � M�. If feig is a local orthonormal frame for
TM j�, let

ej := e(ej); ij := i(ej); and 
j := ej � ij

be de�ned by left exterior multiplication, left interior multiplication, and left
Cli�ord multiplication. Let

U = (L+
ab + L�ab)(emimiaeb + imemeaib) :

Since U preserves the grading �(M) = �p�
p(M), it induces transmission

boundary conditions for �p = (�p
+;�

p
�) on C

1(�p(M)).

Lemma 3.2.3 Adopt the notation established above. We haveX
p

(�1)pan(1;�p;BU ) =
�

0 if n 6= m;

�(M) if n = m:

Proof: By Lemma 1.6.1, (�p;BU ) is elliptic with respect to the cone C.
Since U is self-adjoint, the adjoint boundary condition is again BU . Let B0 be
the boundary operator of Equation (1.6.c). By Lemma 1.6.3, the boundary
condition BU� = 0 is equivalent to the pair of boundary conditions B0� = 0
and B0(d+ Æ)� = 0. Thus BU� = 0 implies BU (d+ Æ)� = 0. Let

Eeven (�) := �k ker(�
2k
BU � �Id ); and

Eodd (�) := �k ker(�
2k+1
BU � �Id )

be the associated eigenspaces of the Laplacian on the forms of even and odd
degrees. We then have d + Æ : Eeven (�) ! Eodd (�) is an isomorphism for
� 6= 0. Theorem 1.3.9 now extends to this setting to show the supertrace
vanishes if n 6= m and that the supertrace is an integer if n = m. Since the
index is given by a local formula, it is constant under deformations. Thus
we can deform the metric to a metric which is smooth on M and so that �
is totally geodesic. The endomorphism U vanishes for such a metric. Thus
singularity � plays no role and can be removed by Lemma 3.2.1. The desired
conclusion for n = m now follows from Lemma 1.3.10. ut

3.2.2 Transfer boundary conditions

As with transmission boundary conditions, there is a useful relationship be-
tween transfer boundary conditions and Robin boundary conditions on the
doubled manifold that we may describe as follows. We adopt the notation of
Section 1.6.3. We shall work in the scalar setting for the sake of simplicity;
more general functorial properties for a wider class of operators could easily
be established but are not necessary for the subsequent discussion.
Let M0 be a compact Riemannian manifold with smooth boundary �. Let

�0 be the scalar Laplacian on C1(M0). Set M� := M0 and let � be the
associated Laplacian on M . Let f� be smooth functions on M0 with no com-
patibility condition imposed on �. Fix 0 < � < �

2 . Let S++ and S+� be
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smooth real valued functions on �. Let

S�+ := S+�;

S�� := S++ + (tan � � cot �) S+�;

S� := S++ + tan � S+� = S�� + cot � S�+;

S� := S++ � cot �S+� = S�� � tan � S�+ :

De�ne transfer boundary conditions BS onM and Robin boundary conditions
B� and B� on M0 by setting

BS� :=
�� r�+ + S++ S+�

S�+ r�� + S��

��
�+
��

�� ����
�

;

B� :=

�
r�0 + S�

�
�0

����
�

; and B� :=

�
r�0 + S�

�
�0

����
�

:

Lemma 3.2.4 Let 0 < � < �
2 . Adopt the notation given above. Then

an(f;�;BS) = an(cos
2 � f+ + sin2 � f�;�0;B�)

+ an(sin
2 � f+ + cos2 � f�;�0;B�) :

Proof: Let u 2 C1(M0). There are two di�erent extensions of u to M we
will need. First, de�ne

�(u)(x+) := cos � u(x) and �(u)(x�) := sin � u(x) :

The condition BS�(u) = 0 can be reinterpreted in terms of u as meaning

(r�0 + S++ + tan � S+�)uj� = 0 and

(r�0 + S�� + cot � S�+)uj� = 0; i.e.

(r�0 + S�)uj� = 0 or equivalently B�u = 0 :

We also de�ne

�(u)(x+) := � sin � u(x) and �(u)(x�) := cos � u(x) :

Analogously, BS�(u) = 0 means

(r�0 + S++ � cot � S+�)uj� = 0 and

(r�0 + S�� � tan � S�+)uj� = 0; i.e.

(r�0 + S�)uj� = 0 or equivalently B�u = 0 :

It is immediate from the de�nition that if u; v 2 C1(M0), then

(�(u); �(v))L2(M) = 0;

(�(u); �(v))L2(M) = (u; v)L2(M0); (3.2.d)

(�(u); �(v))L2(M) = (u; v)L2(M0) :

Let f�i; uig1i=1 and f�j ; vjg1j=1 be discrete spectral resolutions of (�0;B�)
and (�0;B�), respectively. As � is �xed,

��(ui) = �i�(ui) and ��(vj) = �j�(vj) :
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The discussion above shows that

BS�(ui) = 0 and BS�(vj) = 0 :

As fuig1i=1 and fvjg1j=1 are complete orthonormal bases for L2(M0),�
�(ui)

�1
i=1

[
�
�(vj)

�1
j=1

is a complete orthonormal basis for L2(M) by Display (3.2.d). Consequently�
�i; �(ui)

�1
i=1

[
�
�j ; �(vj)

�1
j=1

is a discrete spectral resolution of � with transfer boundary conditions BS .
Thus we may complete the proof by computing:

TrL2(fe�t�BS ) =
Z
M

�X
i

fe�t�i j�(ui)j2 +
X
j

fe�t�j j�(vj)j2
�

=

Z
M0

X
i

(cos2 � f+ + sin2 � f�)e�t�i juij2

+

Z
M0

X
j

(sin2 � f+ + cos2 � f�)e�t�j jvj j2

= TrL2

�
(cos2 � f+ + sin2 � f�)e�t�0;B�

�

+ TrL2

�
(sin2 � f+ + cos2 � f�)e

�t�0;B�

�
: ut

3.2.3 Time dependent processes

Let D = fDtgt�0 be a time-dependent family of operators of Laplace type as
discussed previously in Section 2.9. We assume given a decomposition of the
boundary @M = CN

:t CD as the disjoint union of closed sets; we permit CN
or CD to be empty. Let B = fBtgt�0 be a time-dependent family of boundary
operators that de�ne Dirichlet boundary conditions on CD and, pursuant to
Equation (2.9.b), a time-dependent family of Robin boundary conditions on
CN by setting

Bt� := �

����
CD

�
�
�;m + Su+

1X
r=1

tr(�a;ru;a + Sru)

�����
CN

:

We let u be the solution of the time-dependent heat equation

(@t +Dt)u = 0;

Btu = 0; (3.2.e)

ujt=0 = � :
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There is a smooth kernel function K = K(t; x; �x;D;B) so that

u(x; t) =

Z
M

K(t; x; �x;D;B)�(�x)d�x :

The analogue of the heat trace function becomes in this setting

a(f;D;B)(t) :=

Z
M

f(x)Tr Vx

�
K(t; x; x;D;B)

�
dx :

Exactly as in the static setting, there is a complete asymptotic expansion as
t # 0 with locally computable coeÆcients an of the form

a(f;D;B)(t) �
1X
n=0

an(f;D;B)t(n�m)=2 : (3.2.f)

The following Lemma generalizes Lemma 3.1.6; we omit details in the in-
terest of brevity.

Lemma 3.2.5 For i = 1; 2, let (Di;Bi) be admissible on vector bundles Vi
over compact Riemannian manifolds (Mi; gi). LetM1 be closed so no boundary
condition is needed for D1. Let (M; g) := (M1; g1) � (M2; g2) be the product
Riemannian manifold and let V := ��1V1 
 ��2V2 be the tensor product bundle
over M . De�ne D and B by setting

D := D1 
 Id 2 + Id 1 
D2 and B := Id 1 
B2 on C1(V ) :

Let f = f1 
 f2. Then

an(F;D;B) =
P

n1+n2=n
an1(f1;D1)an2(f2;D2;B2) :

We generalize the perturbation considered in Lemma 2.2.6:

Lemma 3.2.6 Let D be an operator of Laplace type on M . Let � and � be
real parameters. Let Dt := (1 + 2�t+ 3�t2)D and let B be static. Then:

1. a2(f;D;B) = a2(f;D;B)� m
2 �a0(f;D;B).

2. a3(f;D;B) = a3(f;D;B)� m�1
2 �a1(f;D;B).

3. a4(f;D;B) = a4(f;D;B)�m�2
2 �a2(f;D;B)+(m(m+2)

8 �2�m
2 �)a0(f;D;B).

Proof: Let u0 = e�tDB� and let u(x; t) := u0(x; t+ �t2 + �t3). Then:

Dtu(x; t) = (1 + 2�t+ 3�t2)(Du0)(x; t+ �t2 + �t3)

@tu(x; t) = (1 + 2�t+ 3�t2)(@tu0)(x; t+ �t2 + �t3):

This shows that (@t + Dt)u = 0. Since ujt=0 = u0jt=0 = � and Bu = 0, u
satis�es the time-dependent heat equation. Consequently we may conclude

K(t; x; �x;D;B) = K(t+ �t2 + �t3; x; �x;D;B) :
The Lemma will then follow from the expansions

a(f;D;B)(t) �
1X
n=0

t(n�m)=2(1 + �t+ �t2)(n�m)=2an(f;D;B);
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(1 + �t+ �t2)j � 1 + �jt+ ( j(j�1)2 �2 + j�)t2 +O(t3) : ut
Next we generalize Lemma 2.2.7 by making a time-dependent gauge trans-

formation. Let D be a scalar operator of Laplace type and let 	 2 C1(M).
De�ne D% and B% by setting

Dt;% := e�t%	Det%	 + %	;

Bt;%� := �jCD � f�;m + S�+ t%	;m�gjCN :
Lemma 3.2.7 Adopt the notation established above. Then

@%an(f;D%;B%)j%=0 = �an�2(f	; D;B0) :
Proof: Let u0 := e�tDB� and let u% := e�t%	u0. We wish to show that
u% solves the time-dependent heat equation. We verify that the evolution
equation is satis�ed by checking

(@t +Dt;%)u% = e�t�	(@t � %	)u0 + e�t%	(D + %	)u0

= e�t%	(@t +D)u0 = 0 :

Since u%jt=0 = u0jt=0 = �(x), the initial condition is satis�ed. Clearly u%
satis�es Dirichlet boundary conditions on CD. On CN , we have that

fu%;m + Su% + t%	;mu%gjCN
= fe�t%	(u0;m � t%	;mu0 + Su0 + t%	;mu0)gjCN = 0 :

Consequently, we have that

K(t; x; ~x;D%;B%) = e�t%	K(t; x; ~x;D;B0);
a(f;D%;B%)(t) = a(e�t%	f;D;B0)(t)

= a(f;D;B0)(t)� t%a(f	; D;B0)(t) +O(%2);

@%a(f;D%;B%(t))j%=0 = �ta(f	; D;B0)(t) :
We equate powers of t in the asymptotic expansions to complete the proof of
the Lemma. ut
As in Lemma 2.2.9, we can make a coordinate transformation that mixes up

the spatial and the temporal coordinates. GiveM := S1� [0; 1] a Riemannian
metric ds2M and let dx = gdx1dx2 be the Riemannian element of volume.
Let � 2 C1(M) have compact support near some point P 2 M . De�ne a
di�eomorphism of a neighborhood of M � f0g in M � [0;1) by setting

�%(x1; x2; t) := (x1 + t%�; x2; t) :

Let � be the scalar Laplacian. Let D% and B% be de�ned by pulling back the
parabolic operator @t+�with boundary condition B using the di�eomorphism
�%, i.e.

Dt;% := ��%(@t +�)� @t and Bt;% := ��%(B) :
Lemma 3.2.8 Let � be the scalar Laplacian on M := S1� [0; 1]. Let B be a
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boundary condition so that �B is self-adjoint. Adopt the notation established
above. Then

@%an(f;D%;B)j%=0 = � 1
2an�2(g

�1@1(gf�);�;B) :
Proof: Let u0 := e�t�B� and let u := ��%u0. By naturality, u solves the heat
equation. As the operator determined by D% at t = 0 is �+ lower order terms,
the volume element is independent of the parameter %. Thus

K(t; x1; x2; �x1; �x2;D%;B%) = K(t; x1 + %t�(x1; x2); x2; �x1; �x2;�;B) :
We set x1 = �x1 and x2 = �x2 to evaluate on the diagonal and expand in a
Taylor series

a(f;D%;B%)(t)
=

Z
M

f(x1; x2)K(t; x1 + %t�; x2; x1; x2;�;B)gdx1dx2

=

Z
M

f(x1; x2)K(t; x1; x2; x1; x2;�;B)gdx1dx2

+t%

Z
M

f�@x1K(t; x1; x2; y1; x2;�;B)jx1=y1gdx1dx2 +O(%2) :

As �B is self-adjoint and real, we may apply Lemma 3.1.2 to see that the heat
kernel is symmetric, i.e.

K(t; x1; x2; �x1; �x2;�;B) = K(t; �x1; �x2; x1; x2;�;B) :
Consequently, the linear term in the Taylor series expansion in % is given by

1
2 t%

Z
M

f�@1(K(t; x1; x2; x1; x2;�;B))gdx1dx2 :

We integrate by parts to express this in the form

� 1
2 t%

Z
M

g�1@1(gf�)K(t; x1; x2; x1; x2;�;B)gdx1dx2
= � 1

2 t%a(g
�1@1(gf�);�;B)(t) :

We equate terms in the asymptotic expansion in t. ut
We conclude our study of the functorial properties of time-dependent prob-

lems by deriving a property that involves commuting operators. For simplicity,
we suppose @M empty; if @M is non-empty, it is necessary to assume Q pre-
serves the eigenspaces of DB.

Lemma 3.2.9 Let D be a self-adjoint static operator of Laplace type on a
closed manifold M . Let Q be an auxiliary self-adjoint static partial di�erential
operator of order at most 2 which commutes with D. Let Dt;% := D + 2t%Q.
Assume D% is of Laplace type for all %. Then

@%an(f;D%)j%=0 = @%an�2(f;D + %Q)j%=0 :
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Remark 3.2.10 If we take Q = D, then D(%) = (1 + 2t%)D. The same
argument used to prove Lemma 3.2.6 shows that

@%an(f; (1 + 2t%)D)j%=0 = n�m�2
2 an�2(f;D) :

On the other hand, rescaling shows that

an�2(f; (1 + %)D) = (1 + %)(n�m�2)=2an�2(f;D) :

Thus we may establish Lemma 3.2.9 in this special case by computing:

@%an�2(f; (1 + %)D)j%=0 = n�m�2
2 an�2(f;D) :

Proof: Let K1(t) := (1� t2%Q)e�tD; K1(0) is the identity operator and

(@t +D + 2t%Q)(1� t2%Q)e�tD

= f�2t%Q� (1� t2%Q)D +D(1� t2%Q) + 2t%Q(1� t2%Q)ge�tD
= �2t3%2Q2e�tD :

Because we are interested in the linear terms in %, we may replace the funda-
mental solution of the heat equation for D + 2t%Q by the approximation

(1� %t2Q)e�tD :

A suitable generalization of Theorem 1.4.6 shows that there is an asymptotic
expansion

TrL2(fQe�tD) �
1X
n=0

t(n�m�2)=2an(f;Q;D) as t # 0 :

Consequently

a(f;D�)(t) = Tr L2ff(1� t2�Q)e�tDg+O(�2)

= a(f;D)(t)� t2�TrL2ffQe�tDg+O(�2) :

We equate coeÆcients of t(n�m)=2 in the asymptotic expansions to see

@%an(f;D%)j%=0 = �an�2(f;Q;D) : (3.2.g)

Since Q and D commute,

1X
n=0

@%an(f;D + %Q)j%=0t(n�m)=2 � @%TrL2

�
fe�t(D+%Q)

�����
%=0

= Tr L2

�
� tfQe�tD

�
� �

1X
n=0

an(f;Q;D)t
(n�m)=2 :

Consequently

@%an(f;D + %Q)j%=0 = �an(f;Q;D) : (3.2.h)

The Lemma now follows from Equations (3.2.g) and (3.2.h). ut
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3.2.4 The invariants a�n

Let P be an operator of Dirac type onM ; if the boundary ofM is non-empty,
we impose suitable boundary conditions for P and the associated boundary
conditions for D = P 2. We expand:

Tr L2

�
FPe�tP

2
B

�
�

1X
n=0

a�n(F; P;B)t(n�m�1)=2;

Tr L2

�
Fe�tP

2
B

�
�

1X
n=0

an(F; P
2;B)t(n�m)=2 :

These invariants are closely related.

Lemma 3.2.11 Let P (") := P � "fId be a smooth 1 parameter family of
operators of Dirac type on a Riemannian manifold of dimension m. If the
boundary of M is non-empty, impose suitable boundary conditions. Then

@"a
�
n(1; P";B))j"=0 = (m� n)an�1(f; P 2;B);

@"an(1; P
2
" ;B)j"=0 = 2a�n�1(f; P;B) :

Proof: We computeX
n

t(n�m�1)=2@"a�n(1; P";B)j"=0 � @"TrL2

�
P"e

�tP 2
";B

�����
"=0

= TrL2

�
f(�1 + 2tP 2)e�tP

2
B

�
= (�1� 2t@t)Tr

�
fe�tP

2
B

�

�
X
k

(m� k � 1)t(k�m)=2ak(f; P
2;B) :

We set k = n�1 to equate coeÆcients in the asymptotic expansions; Assertion
(1) now follows. To prove the second assertion, we compute similarlyX

n

t(n�m)=2@"an(1; P
2
" ;B)j"=0 = @"Tr

�
e�tP

2
";B

�����
"=0

= Tr

�
2tfPe�tP

2
B

�
�
X
k

t(k�m+1)=22a�k(f; P;B) :

We set k = n� 1 and equate powers of t to establish Assertion (2). ut

3.2.5 Spectral boundary conditions

Let 
 give a vector bundle V overM a Cli�ord module structure. Let r be a
compatible connection on V . Let

P := 
irei +  P and A := �
m
area +  A (3.2.i)

be operators of Dirac type on V and on V j@M , respectively. Let D := P 2 and
let A de�ne spectral boundary conditions Bs for D; we shall present a slightly
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more general setting in Section 3.14, but postpone the discussion until that
time to avoid unduly complicating the present discussion.

Lemma 3.2.12

1. Let A(") := A + "Id de�ne Bs("). Then an(F;D;Bs(")) is independent of
the parameter ".

2. The invariant an(F;D;Bs) is independent of the compatible connection cho-
sen.

Proof: For generic values of the parameter ", the kernel of A(") is trivial.
For such a value, the boundary condition determined by the Bs(") is locally
constant and thus independent of ". Consequently an(") is locally constant
generically. Since an is given by a local formula, it is a smooth function of
" and hence independent of ". This proves the �rst assertion; the second is
immediate. ut
Grubb and Seeley [235] gave a complete description of pole structure for

the zeta function trace in the cylindrical setting which leads to formulae for
the heat trace invariants in terms of data on the double and on the boundary.
Identify a neighborhood of @M inM with the collar C = @M�[0; �). Assume

the metric is product on the collar so

ds2 = g��(y)dy
� Æ dy� + dxm Æ dxm :

Let V have a Hermitian inner product so that 
 is skew-symmetric and so that
the compatible connection r on V is Hermitian. Assume that rem P = 0
and that  P anti-commutes with 
m. Set

P := 
irei +  P and A := �
m(
area +  P ) :

We may then apply Lemma 1.6.7 to see A is self-adjoint on L2(V j@M ). We
assume ker(A) = f0g. We then have PB is self-adjoint on L2(V ).
We double the manifold M along the boundary @M to de�ne a closed

manifold N ; since the metric is product on @M , the Riemannian metric ex-
tends smoothly to N . We double P 2 to de�ne an operator DN of Laplace
type on N ; since the coeÆcients of A are independent of the normal variable,
DN = �@2m+A2 on C and hence DN is smooth on the double. We ignore the
e�ect of the 0 spectrum which adds a bit of additional technical fuss. De�ne:

�(s; A) := TrL2(@M)(A(A
2)�

s+1
2 ); �(s; A2) := TrL2(@M)((A

2)�s)

�(s;DN ) := Tr L2(N)(D
�s
N ); �(s;DM ;B) := Tr L2(D�sM;B):

Theorem 3.2.13 (Grubb & Seeley) Adopt the notation established above.

�(s;DM;B) =
R(s)

�(s)

+

�
1

2
�(s;DN ) +

1

4

�
�(s+ 1

2 )

�( 12 )�(s+ 1)
� 1

�
�(s; A2)� 1

4

�(s+ 1
2 )�(2s; A)

�( 12 )�(s+ 1)

�

where the remainder R is regular away from s = 0.
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We may then combine Lemmas 1.3.7 and 1.3.8 with Theorem 3.2.13 to
establish the following result:

Theorem 3.2.14 (Grubb & Seeley) Let P be an operator of Dirac type
on a compact Riemannian manifold. Assume the structures are product near
the boundary and express P = 
m(@m +A) near the boundary. Then:

1. If n is even, then an(1; DM ;B) = 1
2an(1; DN)� 1

2(m�n)�( 12 )
a
�
n�1(1; A).

2. If n is odd, then an(1; DM ) = 1
4

�
�(m�n+1

2 )

�( 12 )�(
m�n+2

2 )
� 1

�
an�1(1; A2).

Spectral boundary conditions are motivated by index theory. If

P : C1(V1)! C1(V2)

is an elliptic complex of Dirac type, then one can impose spectral bound-
ary conditions. We postpone the precise de�nitions until Section 3.14 in the
interest of brevity. One then has the following result:

Lemma 3.2.15 Adopt the notation established above. If n < m, then

an(1; P
�P;Bs)� an(1; PP

�;Bs) = 0 :

3.2.6 Higher order operators

Let P be elliptic with respect to the cone C. Then P k is elliptic with respect
to the cone C as well. We shall assume for the sake of simplicity that M is
closed; there are similar results for manifolds with boundary if we impose the
associated boundary condition for P k.
The following Lemma is an immediate generalization of Lemma 3.1.1 to

this setting; we omit the proof in the interest of brevity.

Lemma 3.2.16 Let P be a dth order partial di�erential operator on C1(V )
over a closed Riemannian manifold M of dimension m. Assume that P is
elliptic with respect to the cone C. Let F be an endomorphism of V . Then

an(F; P � "Id ) =
P

dk�n
"k

k! an�dk(F; P ) :

By an abuse of notation, we set

�(m�nd )�1�(m�nkd ) := lim
s!n

f�(m�sd )�1�(m�skd )g :

We can relate the heat trace asymptotics of P k to the corresponding heat
trace asymptotics of P .

Lemma 3.2.17 Let P be a dth order self-adjoint partial di�erential operator
on C1(V ) over a closed Riemannian manifold M of dimension m. Assume
that P is elliptic with respect to the cone C. Let F be an endomorphism of V .
Then

an(F; P
k) = 1

k�(
m�n
d )�1�(m�ndk )an(F; P ) :
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Proof: Suppose �rst that P > 0. Since �(s; F; P k) = �(ks; F; P ), setting
t = ks, we may apply Lemma 1.3.7 to see that

an(F; P
k) = res s=m�n

dk
f�(s)�(s; F; P k)g

= res s=m�n
dk
f�(s)�(ks; F; P )g

= 1
k res t=m�n

d
f�( tk )�(t; F; P )g

= 1
k lim
t!m�n

d

f�( tk )�(t)�1gres t=m�n
d
f�(t)�(t; F; P )g

= 1
k�(

m�n
d )�1�(m�ndk )an(F; P ) :

The desired result now follows in the special case that P > 0.
More generally, let P" := P+"Id . By Theorem 1.3.4, P" > 0 for large values

of the parameter ". Thus

an(F; P
k
" ) =

1
k�(

m�n
d )�1�(m�ndk )an(F; P") (3.2.j)

for " >> 0. On the other hand, an(F; P
k
" ) and an(F; P") are polynomial

functions of the parameter ". Thus Equation (3.2.j) holds for all ". ut
The following variational principle will be useful in Section 3.16 in comput-

ing the heat trace asymptotics of fourth order operators.

Lemma 3.2.18 Let Q be an operator of order d
2 which is elliptic with respect

to the cone K on a closed Riemannian manifold M of dimension m. Let

Q" := Q+ "Id . Then @2

@"2 fan(F;Q2
")gj"=0 = f2 + 4m�nd gan�d(F;Q2).

Proof: We compute

1X
n=0

t(n�m)=d @2

@"2

�
an(F;Q

2
")

�����
"=0

� @2

@"2TrL2

�
Fe�tQ

2
"

�����
"=0

= TrL2

�
F (�2t+ 4t2Q2)e�tQ

2

�

= (�2t� 4t2@t)TrL2

�
Fe�tQ

2

�

�
1X
j=0

t(j�m+d)=d

�
� 2 + 4m�jd

�
aj(F;Q) :

We set j + d = n and equate powers of t to complete the proof. ut

3.3 Heat trace asymptotics for closed manifolds

In this section, we determine the interior heat trace invariants. This result
will be fundamental to our investigations in subsequent sections.
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Theorem 3.3.1 Let D be an operator of Laplace type on V over M where
M is a closed Riemannian manifold. Let F 2 C1(End (V )). Then:

1. a0(F;D) = (4�)�m=2
R
M Tr fFgdx.

2. a2(F;D) = (4�)�m=2 1
6

R
M Tr fF (6E + �Id )gdx.

3. a4(F;D) = (4�)�m=2 1
360

R
M Tr fF (60E;kk + 60�E + 180E2 + 12�;kkId

+5�2Id � 2j�j2Id + 2jRj2Id + 30
ij
ij)gdx.
4. a6(F;D) =

R
M Tr fF (( 187! �;iijj + 17

7! �;k�;k � 2
7!�ij;k�ij;k � 4

7!�jk;n�jn;k

+ 9
7!Rijkl;nRijkl;n +

28
7! ��;nn � 8

7!�jk�jk;nn +
24
7! �jk�jn;kn

+ 12
7!RijklRijkl;nn +

35
9�7!�

3 � 14
3�7!� j�j2 + 14

3�7!� jRj2 � 208
9�7!�jk�jn�kn

� 64
3�7!�ij�klRikjl � 16

3�7!�jkRjnliRknli � 44
9�7!RijknRijlpRknlp

� 80
9�7!RijknRilkpRjlnp)Id + 1

45
ij;k
ij;k +
1
180
ij;j
ik;k +

1
60
ij;kk
ij

+ 1
60
ij
ij;kk � 1

30
ij
jk
ki � 1
60Rijkn
ij
kn � 1

90�jk
jn
kn

+ 1
72�
kn
kn +

1
60E;iijj +

1
12EE;ii +

1
12E;iiE + 1

12E;iE;i +
1
6E

3

+ 1
30E
ij
ij +

1
60
ijE
j +

1
30
ij
ijE + 1

36�E;kk +
1
90�jkE;jk

+ 1
30�;kE;k � 1

60E;j
ij;i +
1
60
ij;iE;j +

1
12EE� +

1
30E�;kk +

1
72E�

2

� 1
180Ej�j2 + 1

180EjRj2)gdx.
The remainder of this section is devoted to the proof of this result. We

shall establish the formulae for a0, a2, and a4 and refer to [176, 347] for a
discussion of a6. We note that formulae for a8 and a10 are available in this
setting [5, 12, 354].
Lemmas 3.1.14 and 3.1.16 involve conformal deformations. As these prop-

erties play a central role in our investigation, we begin with the following vari-
ational formulae which follow from Equation (1.1.a), from Equation (1.1.b),
and from Lemma 1.2.1. As the proof is straightforward, we omit details in the
interest of brevity and refer to [84] for details.

Lemma 3.3.2 Let M be an m dimensional Riemannian manifold.

1. Let g" := e2f"g0 be a smooth 1 parameter conformal family of metrics.

(a) @"j"=0dx" = mfdx.

(b) @"j"=0�" = �2f� � 2(m� 1)f;ii.

(c) @"j"=0�";kk = �4f�;kk � 2f;kk� � 2(m� 1)f;iijj + (m� 6)f;i�;i.

(d) @"j"=0�2" = �4f�2 � 4(m� 1)f;ii� .

(e) @"j"=0j�"j2 = �4�2 � 2f;ii� � 2(m� 2)f;ij�ij .

(f) @"j"=0jR"j2 = �4R2 � 8f;ij�ij .

2. Let D" := e�2f"D0 be a smooth 1 parameter family of conformally equiva-
lent operators of Laplace type on M . Then
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(a) @"j"=0E" = �2fE + 1
2 (m� 2)f;ii.

(b) @"j"=0�"E" = �4f�E + 1
2 (m� 2)f;ii� � 2(m� 1)f;iiE.

(c) @"j"=0E2
" = �4fE2 + (m� 2)f;iiE.

(d) @"j"=0
2
" = �4f
2.

(e) @"j"=0E";kk = �4fE;kk � 2f;kkE + 1
2 (m� 2)f;iijj + (m� 6)f;kE;k.

By Lemma 3.1.12, there exist universal constants so that

a0(F;D) = (4�)�m=2

Z
M

Tr

�
F

�
dx;

a2(F;D) = (4�)�m=2 1
6

Z
M

Tr

�
F (c1E + c2�Id )

�
dx; (3.3.a)

a4(F;D) = (4�)�m=2 1
360

Z
M

Tr

�
F (c3E;kk + c4�E + c5E

2

+c6�;kkId + c7�
2Id + c8j�j2Id + c9jRj2Id + c10
ij
ij)

�
dx :

We prove Theorem 3.3.1 by evaluating the universal constants given above:

Lemma 3.3.3

1. c1 = 6 and c5 = 180.

2. c2 = 1 and c4 = 60.

3. c7 = 5.

4. c3 = 60, c6 = 12, c8 = �2, and c9 = 2.

5. c10 = 30.

Proof: Let D" := D � "F ; E" = "F . Lemma 3.1.15 and Equation (3.3.a)
show

@"j"=0a2(1; D � "F ) = 1
6 (4�)

�m=2

Z
M

Tr

�
c1F

�
dx

= a0(F;D) = (4�)�m=2

Z
M

Tr

�
F

�
dx;

@"j"=0a4(1; D � "F ) = 1
360 (4�)

�m=2

Z
M

Tr

�
c4F� + 2c5FE

�
dx

= a2(F;D) =
1
6 (4�)

�m=2

Z
M

Tr

�
c1FE + c2F�

�
dx :

These relations imply Assertion (1) as one has

c1 = 6; c5 = 180; and c4 = 60c2 : (3.3.b)

We apply Lemma 3.1.16 with m = 4 and n = 2. We use Lemma 3.3.2 to
evaluate the relevant variational formulae. This leads to the identity

0 = @"j"=0a2(e�2"fF; e�2"fD) = 1
6 (4�)

�2
Z

M

Tr

�
F (c1 � 6c2)f;ii

�
dx :
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This shows c1 = 6c2. Combining this identity with Equation (3.3.b) establishes
Assertion (2) by showing that

c2 = 1 and c4 = 60 :

Let M1 and M2 be closed Riemannian manifolds. Let M :=M1 �M2. Let
�M , �M1 , and �M2 be the associated scalar Laplacians. By Lemma 1.2.6,
E = 
 = 0 for the scalar Laplacian. We have

�M = �M1 + �M2 ; �M ;kk = �M1;kk + �M2;kk;

j�M j2 = j�M1 j2 + j�M2 j2; jRM j2 = jRM1 j2 + jRM2 j2;
�2M = �2M1

+ �2M2
+ 2�M1�M2 :

We focus on the cross term
R
M1

�M1dx1 �
R
M2

�M2dx2 to express

a4(1;�M ) = 2c7
1
360 (4�)

�m
Z
M1

�M1dx1 �
Z
M2

�M2dx2 + : : : :

Since �M = �M1 
 Id + Id 
�M2 , by Lemma 3.1.6

a4(1;�M ) = a2(1;�M1)a2(1;�M2) + : : :

= c22
1
36 (4�)

�m=2

Z
M1

�M1dx1 �
Z
M2

�M2dx2 + : : : :

Equate the two expressions for a4(1;�) to establish Assertion (3) by showing

c7 = 5c22 = 5 :

By Lemma 3.1.16 with m = 6 and n = 4 and by Lemma 3.3.2,

0 = @"j"=0a4(e�2"fF; e�2"fD)
= 1

360 (4�)
�3
Z

M

F � Tr
�
(�2c3 � 10c4 + 4c5)f;kkE

+(2c3 � 10c6)f;iijj + (�8c8 � 8c9)f;ij�ij

+(2c4 � 2c6 � 20c7 � 2c8)f;ii�

�
dx :

Since the smearing functions F and f are arbitrary, this yields the relations

0 = �2c3 � 10c4 + 4c5; 0 = 2c3 � 10c6;

0 = 2c4 � 2c6 � 20c7 � 2c8; 0 = �8c8 � 8c9 :

Since c4 = 60, c5 = 180, and c7 = 5, we solve these equations to establish
Assertion (4) by checking that

c3 = 60; c6 = 12; c8 = �2; and c9 = 2 :

Only the universal constant c10 remains to be determined. We take m = 2.
For p = 0; 1; 2, let Ep and 
p be determined by the Laplacian �p on p forms.
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By Lemma 1.2.6 and by Poincar�e duality

E1ei = ��ijej ; 
1;ijek = Rijklel;

E2 = E0 = 0; 
2;ij = 
0;ij = 0 :

Consequently

Tr fE1;kkg = ��;kk;
Tr fE1�g = ��2;
Tr fE2

1g = �ij�ij =
1
2�

2;

Tr f
1;ij
1;ijg = RijklRijlk = ��2 :
Let Id p be the identity on �

p. As
P

p(�1)pTr (Id p) = 0, Lemma 1.3.10 shows

0 = a4(1;�
0)� a4(1;�

1) + a4(1;�
2)

= (4�)�1 16

Z
M

Tr

�
c4�E1 + c5E

2
1 + c10
1;ij
1;ij � c3�;kk

�
dx

= (4�)�1 16 (�c4 + 1
2c5 � c10)

R
M �2dx

Thus �c4 + 1
2c5 � c10 = 0 so c10 = 30. ut

3.4 Heat trace asymptotics for Dirichlet boundary conditions

In this section, we shall begin our study of the heat trace asymptotics for
manifolds with boundary by imposing Dirichlet boundary conditions; these
boundary conditions are particularly simple as there are no additional struc-
tures which are involved.

Theorem 3.4.1 Let D be an operator of Laplace type on V over M where
M is a compact Riemannian manifold with smooth boundary. Let B de�ne
Dirichlet boundary conditions and let F 2 C1(End (V )). Then:
1. a0(F;D;B) = (4�)�m=2

R
M Tr fFgdx.

2. a1(F;D;B) = �(4�)�(m�1)=2 14
R
@M

Tr fFgdy.
3. a2(F;D;B) = (4�)�m=2 1

6

R
M
Tr fF (6E + �)gdx

+(4�)�m=2 1
6

R
@M Tr f2FLaa � 3F;mgdy.

4. a3(F;D;B) = � 1
384 (4�)

�(m�1)=2 R
@M Tr f96FE + F (16� + 8Ramam

+7LaaLbb � 10LabLab)� 30F;mLaa + 24F;mmgdy.
5. a4(F;D;B) = (4�)�m=2 1

360

R
M Tr fF (60E;kk + 60�E + 180E2 + 30
2

+12�;kk + 5�2 � 2j�2j+ 2jR2j)gdx
+(4�)�m=2 1

360

R
@M

Tr fF (�120E;m + 120ELaa � 18�;m + 20�Laa
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+4RamamLbb � 12RambmLab + 4RabcbLac + 24Laa:bb +
40
21LaaLbbLcc

� 88
7 LabLabLcc +

320
21 LabLbcLac) + F;m(�180E � 30� � 180

7 LaaLbb

+ 60
7 LabLab) + 24F;mmLaa � 30F;iimgdy.

Formulas for a5 are available and will be discussed subsequently in Section
3.6. The interior integrands are given in Theorem 3.3.1 so we shall focus
on the boundary integrands; for dimensional reasons, there are no boundary
integrands in a0 so Assertion (1) follows. In this Section, we will establish
Assertions (2)-(4). The proof of Assertion (5) is similar for the most part so
we refer to [84] for details.
By Lemma 3.1.11, there exist constants so

a1(F;D;B) = � 1
4c0(4�)

�(m�1)=2
Z
@M

Tr

�
F

�
dy; (3.4.a)

a2(F;D;B) = (4�)�m=2 1
6

Z
M

Tr

�
F (6E + �)

�
dx

+ (4�)�m=2 1
6

Z
@M

Tr

�
c1FLaa + c2F;m

�
dy; and

a3(F;D;B) = � 1
384 (4�)

�(m�1)=2
Z
@M

Tr

�
F (c4E + c5� + c6Ramam

+ c7LaaLbb + c8LabLab) + c9F;mLaa + c10F;mm

�
dy :

The same argument as that used to establish Lemma 3.1.12 shows, owing to
the inclusion of suitable multiplicative normalizing factors involving powers
of (4�), that these constants are independent of the rank of the vector bundle
V and of the dimension of the underlying manifoldM . We complete the proof
of Theorem 3.4.1 by evaluating these universal constants. We begin with:

Lemma 3.4.2

1. c0 = 1.

2. c4 = 96 and c5 = 16.

Proof: We use Lemma 3.1.3 to see that a1(1;�@2x;B) = � 1
2 for M := [0; �].

Since @M consists of 2 points, the volume of @M is 2. Since we have included
a normalizing constant of � 1

4 , the �rst assertion follows.
We use the product formulae of Lemma 3.1.6 to establish the second asser-

tion. Let M1 be a closed Riemannian manifold and let M2 = [0; 1]. Let D1 be
an operator of Laplace type on M1 and let D2 := �@2x on M2. We set

D := D1 
 Id + Id 
D2 on M :=M1 �M2 :

Let F = F (x2). Since an(1; D1;B) = 0 for n � 2 and since an(F;D2) = 0 for
n odd, we use Lemma 3.1.6 to see

a3(F;D;B) = a2(F;D1)a1(1; D2;B) :
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The invariants fRamam; LaaLbb; LabLab; F;mLaa; F;mmg vanish for this ex-
ample. Consequently, we may equate

� 1
384 (4�)

�(m�1)=22
Z
M1

Tr

�
F (c4E + c5�)

�
dx1

= � 1
4 � 16 (4�)�(m�1)=22

Z
M1

Tr

�
F (6E + �)

�
dx1 :

This establishes the second assertion by showing that

c4 =
6�384
24 = 96 and c5 =

384
24 = 16 : ut

To determine the remaining constants, we use the variational results of
Section 3.1.10. We �rst extend Lemma 3.3.2 to this setting; again, we omit
the proof in the interest of brevity.

Lemma 3.4.3 Let M be a Riemannian manifold with smooth boundary of
dimension m. Let g" := e2"fg0 and F" := e�2"fF . Assume that f j@M = 0 and
that F j@M = 0. Then on the boundary we have:

1. @�j�=0Laa = �(m� 1)f;m.

2. @�j�=0Ramam = �Laaf;m + (m� 1)f;mm.

3. @�j�=0LaaLbb = �2(m� 1)f;mLaa.

4. @�j�=0LabLab = �2f;mLaa.
5. @�j�=0F;m = 0.

6. @�j�=0F;mLaa = �(m� 1)f;mF;m.

7. @�j�=0F;mm = �5f;mF;m.

We can now complete the proof of Theorem 3.4.1 by showing

Lemma 3.4.4

1. c1 = 2, c2 = �3, c6 = 8 and c10 = 24.

2. c7 = 7, c8 = �10 and c9 = �30.
Proof: Lemma 3.1.14 implies that

@"j"=0an(1; e
�2"fD;B) + (n�m)an(f;D;B) = 0 : (3.4.b)

Set n = 2 in Equation (3.4.b) and use the formula given in Display (3.4.a)
and the variational formulae of Lemmas 3.3.2 and 3.4.3 to see

0 = 1
6 (4�)

�m=2

Z
M

�
3(m� 2)� 2(m� 1)

�
f;iidx

+ 1
6 (4�)

�m=2

Z
@M

�
� (m� 1)c1 + (2�m)c2

�
f;mdy;

the undi�erentiated terms in f cancel out and the term (2 �m)c2f;m is the
only boundary term introduced by (2 � m)a2(f;D;B). After integrating by
parts, this leads to the relation

0 = �(m� 1)c1 + (2�m)c2 � (m� 4) :
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We set m = 1 and m = 2 to determine c1 and c2.
Let f j@M = 0. By use Lemma 1.1.4,

f;iij@M = (f;mm + f:aa � f;mLaa)j@M (3.4.c)

= (f;mm � f;mLaa)j@M :

We use this identity and Lemma 3.3.2 to see

@"j"=0E = m�2
2 f;mm � m�2

2 f;mLaa on @M;

@"j"=0� = �2(m� 1)f;mm + 2(m� 1)f;mLaa on @M :

Set n = 3 in Equation (3.4.b) to see

0 = � 1
384 (4�)

�(m�1)=2
Z
@M

Tr

�
(3.4.d)

fm�22 c4 � 2(m� 1)c5 + (m� 1)c6 � c10(m� 3)gf;mm

+(�m�2
2 c4 + 2(m� 1)c5 � c6 � 2(m� 1)c7 � 2c8

�(m� 3)c9gf;mLaa
�
dy :

Since c4 = 96 and c5 = 16, setting the coeÆcient of f;mm to zero shows

0 = 48(m� 2)� 32(m� 1) + c6(m� 1)� c10(m� 3) so

c6 = 8 and c10 = 24 :

Furthermore, setting the coeÆcient of f;mLaa to zero in Equation (3.4.d) and
using the values of c4, c5, c6, and c10 previously obtained shows

0 = �48(m� 2) + 32(m� 1)� 8� 2c7(m� 1)� 2c8 � c9(m� 3) : (3.4.e)

We complete the proof of Lemma 3.4.4 and thereby of Theorem 3.4.1 as
well by establishing the �nal assertion. We suppose that both F and f vanish
on @M . We apply Lemma 3.1.16 with m = 5 and n = 3 to compute

0 = @"a3(e
�2"fF; e�2"fD;B)

= �(4�)�2 1
384

Z
@M

(�4c9 � 5c10)F;mf;mdy :

This leads to the relation �4c9 � 5c10 = 0 so

c9 = � 5
4 � 24 = �30 :

We then use the two relations of Equation (3.4.e) to determine c7 and c8. ut

3.5 Heat trace asymptotics for Robin boundary conditions

In this section, we continue our study of the heat trace asymptotics by impos-
ing Robin boundary conditions which are de�ned by the corresponding Robin
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boundary operator

B� := (�;m + S�)j@M :

Here �;m denotes the covariant derivative of � with respect to the inward unit
normal vector �eld using the connection de�ned by an operator D of Laplace
type; S is an auxiliary endomorphism of V j@M .

Theorem 3.5.1 Let D be an operator of Laplace type on V over M where M
is a compact Riemannian manifold with smooth boundary. Let B de�ne Robin
boundary conditions and let F 2 C1(End (V )). Then:

1. a0(F;D;B) = (4�)�m=2
R
M Tr fFgdx.

2. a1(F;D;B) = (4�)(1�m)=2 1
4

R
@M

Tr fFgdy.
3. a2(F;D;B) = (4�)�m=2 1

6

R
M
Tr fF (6E + �)gdx

+(4�)�m=2 1
6

R
@M Tr fF (2Laa + 12S) + 3F;mgdy.

4. a3(F;D;B) = (4�)(1�m)=2 1
384

R
@M

Tr fF (96E + 16� + 8Ramam

+13LaaLbb + 2LabLab + 96SLaa + 192S2 +F;m(6Laa + 96S)

+24F;mmgdy.
5. a4(F;D;B) = (4�)�m=2 1

360

R
M
Tr fF (60E;kk + 60�E + 180E2

+30
2 + 12�;kk + 5�2 � 2j�j2 + 2jRj2)gdx
+(4�)�m=2 1

360

R
@M Tr fF (240E;m + 42�;m + 24Laa:bb + 120ELaa

+20�Laa + 4RamamLbb � 12RambmLab + 4RabcbLac

+ 40
3 LaaLbbLcc + 8LabLabLcc +

32
3 LabLbcLac + 360(SE +ES)

+120S� + 144SLaaLbb + 48SLabLab + 480S2Laa + 480S3

+120S:aa) + F;m(180E + 30� + 12LaaLbb + 12LabLab

+72SLaa + 240S2) + F;mm(24Laa + 120S) + 30F;iimgdy.
The remainder of this section is devoted to the proof of Assertions (1)-

(4). We refer to [84] for the computation of a4 as the computation of that
term is quite similar. As with the Dirichlet operator, there is no boundary
contribution to a0 so Assertion (1) follows from Theorem 3.3.1.
The main new feature in the proof of Assertions (2-4) is the presence of

structure de�ned by the auxiliary endomorphism S. This variable has weight
1. The arguments of Lemma 3.1.11 extend to this setting to show that there
exist universal constants so that

a1(F;D;B) = c0(4�)
�(m�1)=2 1

4

Z
@M

Tr

�
F

�
dy; (3.5.a)

a2(F;D;B) = (4�)�m=2 1
6

Z
M

Tr

�
F (6E + �)

�
dx
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+ (4�)�m=2 1
6

Z
@M

Tr

�
c1FLaa + c2F;m + c3FS

�
dy;

a3(F;D;B) = (4�)�(m�1)=2 1
384

Z
@M

Tr

�
F (c4E + c5� + c6Ramam

+ c7LaaLbb + c8LabLab + c11SLaa + c12S
2)

+ F;m(c9Laa + c13S) + c10F;mm

�
dy :

Although we have adopted a notational convention which parallels that of
Display (3.4.a), we emphasize that the universal constants are di�erent for
Robin as opposed to Dirichlet boundary conditions.
The universal constants are dimension free. We generalize Lemma 3.4.2 to

this setting:

Lemma 3.5.2 Adopt the notation of Display (3.5.a).

1. c0 = 1.

2. c4 = 96 and c5 = 16.

Proof: LetM := [0; �] be the interval. By Lemma 3.1.3, a1(1;�@2x;B) = + 1
2 .

Since we have included a normalizing constant of + 1
4 (instead of � 1

4 as was
done for Dirichlet boundary conditions), c0 = 1.
Let M1 be a closed Riemannian manifold and let M2 := [0; �]. Let M be

the Riemannian product of M1 with M2. Let

D = D1 
 Id + Id 
D2 :

The product formulae of Lemma 3.1.6 show

a3(F;D;B) = a2(F;D1)a1(1; D2;B)
Assertion (2) follows from Assertion (1) and from Theorem 3.3.1 using the
same argument as that used to establish Assertion (2) of Lemma 3.4.2. ut
We relate Dirichlet and Neumann boundary conditions to prove:

Lemma 3.5.3 Adopt the notation of Display (3.5.a).

1. c2 = 3 and c3 = 12.

2. c10 = 24, c12 = 192, and c13 = 96.

Proof: Let M := [0; �]. Let b be a smooth real valued function on M . Let
bx := @xb, bxx := @2xb, and so forth. De�ne

A := @x � b; A� := �@x � b

D1 := A�A = �@2x + bx + b2; D2 := AA� = �@2x � bx + b2;

B1� := �j@M ; B2� := A��j@M :

We assume f vanishes identically near x = � so only the component x = 0
where @x is the inward normal is relevant. We have

E1 = �bx � b2; E2 = bx � b2; and S = b :
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We apply Lemma 3.1.18 to see

0 = (n� 1)fan(f;D1;B1)� an(f;D2;B2)g (3.5.b)

� an�2(fxx + 2bfx; D1;B1) :
We use Theorem 3.3.1 and Theorem 3.4.1. We set n = 2 in Equation (3.5.b)
to see

0 = (4�)�1=2 16

Z
M

6f

�
E1 �E2

�
dx

+ (4�)�1=2 16

Z
@M

�
� c3fS + (�3� c2)f;m

�
dy

� (4�)�1=2
Z
M

�
fxx + 2bfx

�
dx

= (4�)�1=2 16

Z
M

�
� 12fbx � 6fxx � 12bfx

�
dx

+ (4�)�1=2 16

Z
@M

�
� c3fb+ (�3� c2)f;m

�
dy

= (4�)�1=2 16

Z
@M

�
(12� c3)fb+ (3� c2)f;m

�
dy :

Assertion (1) now follows as we may set

12� c3 = 0 and 3� c2 = 0 :

The proof of Assertion (2) is similar. The normalizing factors for Dirichlet
and Robin boundary conditions are � 1

384 and + 1
384 , respectively. We take

n = 3 in Equation (3.5.b) and compute

0 = � 2
384

Z
@M

�
96(E1 +E2) + c12fb

2 + c13f;mb+ (24 + c10)f;mm

�
dy

+ 1
4

Z
@M

�
f;mm + 2bf;m

�
dy

= � 1
192

Z
@M

�
(c12 � 192)fb2 + (c10 � 24)f;mm + (c13 � 96)f;mb

�
dy :

The proof of the second assertion now follows by setting the coeÆcients of
fb2, f;mm, and f;mb to zero. ut
We now consider conformal variations. Let g" := e2"fg0 be a smooth 1

parameter family of conformally equivalent metrics. To simplify the discussion,
we suppose f j@M = 0 so the normal vector �eld is unchanged on the boundary.
Since the connections change, we must adjust the 0th order term S to ensure
the boundary conditions are held constant. This is a crucial new feature not
present for Dirichlet boundary conditions.

Lemma 3.5.4 Let M be a Riemannian manifold with smooth boundary of
dimension m. Let g" := e2"fg0, D" := e�2"fD0, and B0� := (rem +S0)�j@M .
De�ne S" by requiring that B0� = (r";m+S")�j@M . Assume f j@M = 0. Then:
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1. @"j"=0S" =
1
2 (m� 2)f;m.

2. @"j"=0S
2
" = (m� 2)f;mS.

3. @"j"=0S"L";aa =
1
2 (m� 2)f;mLaa � (m� 1)Sf;m.

Proof: We use Lemma 1.2.1 to see that on the boundary, the connection 1
form is given by:

!";m = !0;m + 1
2 (�";iim � �0;iim)Id = !0;m + "

2 (2�m)f;mId : (3.5.c)

To counteract the change in the connection 1 form, we therefore set

S" := S0 +
"
2 (m� 2)f;m :

This proves Assertions (1) and (2). We use Lemma 3.4.3 to derive Assertion
(3) as @"j"=0Laa = �(m� 1)f;m. ut
We complete the proof of Theorem 3.5.1 by using the variational formulae

of Section 3.1.10 to establish the following Lemma:

Lemma 3.5.5

1. c9 = 6.

2. c1 = 2.

3. c6 = 8 and c11 = 96.

4. c7 = 13 and c8 = 2.

Proof: We use Lemmas 3.3.2, 3.4.3, and 3.5.4 throughout. To prove Assertion
(1), we use Lemma 3.1.16 with m = 5 and n = 3. We assume

f j@M = F j@M = 0

and study the coeÆcient of f;mF;m to see

0 = @"a3(e
�2"fF; e�2"fD;B)

= 1
384 (4�)

�2
Z
@M

(�4c9 � 5c10 +
3
2c13)f;mF;mdy :

Consequently 0 = �4c9 � 5c10 +
3
2c13. We set c10 = 24 and c13 = 96 to

establish Assertion (1) by showing

c9 = 6 :

We use Lemma 3.1.14 to see

0 = @"an(1; e
�2"fD;B)� (m� n)an�2(f; e�2"fD;B) : (3.5.d)

We set n = m = 2 and compute

0 = 1
6 (4�)

�1
Z
M

�
� 2f;ii

�
dx+ 1

6 (4�)
�1
Z
@M

�
� c1f;m

�
dy :

We integrate by parts and set the coeÆcient of f;m to zero to prove the second
assertion by checking that

c1 = 2 :
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Next, we set n = 3 in Equation (3.5.d) and use Equation (3.4.c) to see

0 = �(4�)�(m�1)=2 1
384

Z
@M

�
(�m�2

2 c4 + 2(m� 1)c5 � c6

�2(m� 1)c7 � 2c8 +
m�2
2 c11 � (m� 3)c9)f;mLaa

+(m�22 c4 � 2(m� 1)c5 + (m� 1)c6 � (m� 3)c10)f;mm

+(�(m� 1)c11 + (m� 2)c12 � (m� 3)c13)f;mS

�
dy : (3.5.e)

Substitute the previously determined values c4 = 96, c5 = 16, c10 = 24,
c12 = 192, and c13 = 96 into this relation. Setting the coeÆcients of f;mm and
f;mS equal to zero then yields the equations

0 = 48(m� 2)� 32(m� 1) + c6(m� 1)� 24(m� 3)

0 = �(m� 1)c11 + 192(m� 2)� 96(m� 3) :

This establishes Assertion (3).
We have c9 = 6 and c11 = 96. We set the coeÆcient of f;mLaa to zero in

Equation (3.5.e) to obtain the relation

0 = �48(m� 2) + 32(m� 1)� 8� 2(m� 1)c7 � 2c8

+ 48(m� 2)� 6(m� 3) :

Since m is arbitrary, this yields two separate equations

0 = 26� 2c7 and 0 = �22 + 2c7 � 2c8 :

We solve these two equations to determine c7 and c8 and thereby complete
the proof. ut

3.6 Heat trace asymptotics for mixed boundary conditions

We can combine Theorems 3.4.1 and 3.5.1 into a single result by using the
mixed boundary conditions introduced in Section 1.5.3. We assume given a
decomposition

V j@M = V+ � V� : (3.6.a)

Our �rst task is to extend the bundles V� to a neighborhood of @M in M .
Let �� be the complementary projections on V� de�ned by the decompo-
sition of Equation (3.6.a). We extend the endomorphisms �� to be parallel
with respect to the inward unit geodesic normal vector �eld on a collared
neighborhood of @M . The relations

�+ +�� = Id ; �2
� = ��; and ���� = 0

are preserved by parallel translation and thus extend to the collared neigh-
borhood. The desired extensions of the bundles V� to a neighborhood of the
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boundary are then given by de�ning

V� := range (��) :

To encode the splitting of Equation (3.6.a) into a single endomorphism, set

� := �+ ��� :

We then have that

�� = 1
2 (Id � �) and V� = range ( 12 (Id � �)) :

Let S be an auxiliary endomorphism of V+ over @M . The mixed boundary
operator may then be de�ned by setting

B� := �+(�;m + S�)j@M ����j@M :

Theorem 3.6.1 Let D be an operator of Laplace type on V over M where M
is a compact Riemannian manifold with smooth boundary. Let B = B(�; S)
de�ne mixed boundary conditions and let F = f �Id be a scalar operator where
f 2 C1(M). Then:

1. a0(F;D;B) = (4�)�m=2
R
M Tr fFgdx.

2. a1(F;D;B) = (4�)�(m�1)=2 14
R
@M

Tr fF�gdy.
3. a2(F;D;B) = (4�)�m=2 1

6

R
M Tr fF (6E + �)gdx

+(4�)�m=2 1
6

R
@M

Tr f2FLaa + 3F;m�+ 12FSgdy.
4. a3(F;D;B) = (4�)�(m�1)=2 1

384

R
@M Tr fF (96�E + 16�� + 8�Ramam

+[13�+ � 7��]LaaLbb + [2�+ + 10��]LabLab + 96SLaa

+192S2 � 12�:a�:a) + F;m([6�+ + 30��]Laa + 96S)

+24�F;mmgdy.
5. a4(F;D;B) = (4�)�m=2 1

360

R
M
Tr fF (60E;kk + 60�E + 180E2 + 30
2

+12�;kk + 5�2 � 2j�j2 + 2jRj2)gdx
+(4�)�m=2 1

360

R
M
Tr fF ([240�+ � 120��]E;m + [42�+ � 18��]�;m

+120ELaa + 24Laa:bb + 20�Laa + 4RamamLbb � 12RambmLab

+4RabcbLac + 720ES + 120S� + [ 28021 �+ + 40
21��]LaaLbbLcc

+[ 16821 �+ � 264
21 ��]LabLabLcc + [ 22421 �+ + 320

21 ��]LabLbcLac

+144SLaaLbb + 48SLabLab + 480S2Laa + 480S3 + 120S:aa

+60��:a
am � 12�:a�:aLbb � 24�:a�:bLab � 120�:a�:aS)

+F;m(180�E + 30�� + [ 847 �+ � 180
7 ��]LaaLbb + 240S2

+[ 847 �+ + 60
7 ��]LabLab + 72SLaa � 18�:a�:a)

+F;mm(24Laa + 120S) + 30F;iim�gdy:
We present the formula for a5 in Section 3.6.2 below to avoid encumbering

the discussion with a lengthy formula.
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3.6.1 The proof of Theorem 3.6.1

The interior integrands in Theorem 3.6.1 are determined by Theorem 3.3.1.
Thus we must determine the boundary integrands for mixed boundary condi-
tions to establish Theorem 3.6.1. We follow the discussion in [84] after correct-
ing an error in the calculation given there which was pointed out subsequently
by Vassilevich. See the discussion in [161].
We say that D respects the splitting of V = V+ � V� near the boundary if

there exist operators D� of Laplace type on V� near @M so that

D =

�
D+ 0
0 D�

�
:

If this happens, then the structures decouple and we may decompose

B = BR(S) �BD
where BR(S) de�nes Robin boundary conditions on V+j@M and BD de�nes
Dirichlet boundary conditions on V�j@M . In this setting, we may use Lemma
3.1.5 to see

a@Mn (F;D;B) = a@Mn (F;D+;BR(S)) + a@Mn (F;D�;BD) : (3.6.b)

We emphasize that the splitting V = V+�V� is de�ned only near the bound-
ary and thus this decomposition of D need hold only near the boundary; the
boundary integrands are local.
The additional invariants involving the tangential derivatives of � measure

the failure of D to split near the boundary. They enter only at the a3 level.
Consequently, we may use Theorem 3.4.1, Theorem 3.5.1, and Equation (3.6.b)
to establish Assertions (1-3) of Theorem 3.6.1.
As �2 = Id ,

��:a + �:a� = 0 and ��:aa + 2�:a�:a + �:aa� = 0 : (3.6.c)

Because F is scalar, F commutes with the various endomorphisms involved.
We write down Weyl spanning sets to see there exist universal constants ci so

a3(F;D;B) = (4�)�(m�1)=2 1
384

Z
@M

Tr

�
F (96�E + 16�� (3.6.d)

+ 8�Ramam + [13�+ � 7��]LaaLbb + 96SLaa

+ [2�+ + 10��]LabLab + 192S2 + c1�:a�:a)

+ F;m([6�+ + 30��]Laa + 96S) + 24�F;mm

�
dy;

a4(F;D;B) = (4�)�m=2 1
360

Z
M

Tr

�
F (60E;kk + 60�E + 180E2

+ 30
2 + 12�;kk + 5�2 � 2j�j2 + 2jRj2)
�
dx
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+ (4�)�m=2 1
360

Z
@M

Tr

�
F ([240�+ � 120��]E;m

+ [42�+ � 18��]�;m + 24Laa:bb + 120ELaa

+ 20�Laa + 4RamamLbb � 12RambmLab

+ 4RabcbLac + [ 28021 �+ + 40
21��]LaaLbbLcc

+ [ 16821 �+ � 264
21 ��]LabLabLcc + 720SE + 480S3

+ [ 22421 �+ + 320
21 ��]LabLbcLac + 120S� + 120S:aa

+ 144SLaaLbb + 48SLabLab + 480S2Laa

+ c2��:a
am + c3�:a�:aLbb + c4�:a�:bLab

+ c5�:a�:aS + c7�:a
am) + 30�F;iim

+ F;m(240S
2 + 30�� + [ 847 �+ � 180

7 ��]LaaLbb

+ 72SLaa + 180�E + [ 847 �+ + 60
7 ��]LabLab

+ c6�:a�:a) + F;mm(24Laa + 120S)

�
dy :

A few additional remarks are in order concerning terms which do not ap-
pear. The fact that f is scalar is crucial as this permits to cyclically permute
the trace. Since Tr� = dimV+ � dimV� is constant,

Tr (�:aa) = Tr (�):aa = 0 :

One can use Equation (3.6.c) and then cyclically permute the entries in the
trace to see

Tr (��:a�:a) = �Tr (�:a��:a) = �Tr (��:a�:a) so

Tr (��:a�:a) = 0 :

We also have Tr (��:aa) = Tr (�:aa�) = �Tr (�:a�:a). Thus we have omitted
the following invariants from consideration in a3

fTr (f�:aa);Tr (f��:aa);Tr (f��:a�:a)g :
Similar arguments are used in the study of a4. As Tr (��:a) = Tr (�:a) = 0,

the invariants

fTr (f�:aLab:b);Tr (f�:aLbb:a);Tr (f��:aLab:b);Tr (f��:aLbb:a)g
do not appear in a4. The most diÆcult invariants to eliminate are those in-
volving S. Since �S = S� = S, one has

Tr (�:aaS) = Tr (��:aaS) = Tr (�:aa�S) = Tr (�:a�:aS);

Tr (��:a�:aS) = Tr (�:a�:aS) :
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One has

Tr (�:aS) = Tr (�:a�S) = �Tr (��:aS) = �Tr (�:aS)
so Tr (�:aS) = 0. Covariantly di�erentiating this identity yields

Tr (�:aaS) + Tr (�:aS:a) = 0 so

Tr (�:aS:a) = �Tr (�:aaS) = �Tr (�:a�:aS) :
Since �S = S, �:aS + �S:a = S:a. Consequently,

Tr (�:a�:aS + �:a�S:a) = Tr (�:aS:a) so

Tr (��:aS:a) = Tr (�:a�:aS)�Tr (�:aS:a) = 2Tr (�:a�:aS) :

Finally, since Tr (�:aS + �S:a) = Tr (S:a) and Tr (�:aS) = 0, we have that
Tr (�S:a) = Tr (S:a). Covariant di�erentiation yields

Tr (�:aS:a) + Tr (�S:aa) = Tr (S:aa) so

Tr (�S:aa) = Tr (S:aa)�Tr (�:aS:a) = Tr (S:aa) + Tr (�:a�:aS) :

This shows one must also omit the following invariants from consideration
when dealing with a4

fTr (f�:aaS);Tr (f��:aaS);Tr (f��:a�:aS);
Tr (f��:aS:a;Tr (f�:aS:a);Tr (f�S:aa)g :

We begin our computation of the unknown coeÆcients ci as follows:

Lemma 3.6.2 c7 = 0.

Proof: We apply Lemma 3.1.4 to study c7. If (D;S; �) is real, then a4 is
real. Consequently the coeÆcient c7 must be real. On the other hand, if r
is Riemannian and if S and � are self-adjoint, then DB is self-adjoint. Since
F is scalar, this implies a4 is real. Since

p�1
 and �:a are self-adjoint, this
implies c7 is purely imaginary. ut
We use the Gauss-Bonnet theorem to derive additional relations.

Lemma 3.6.3

1. c1 = �12.
2. c2 = 60.

3. c5 = �120.
Proof: Let M be a compact Riemannian manifold with smooth boundary
@M . Let �p be the Laplace-Beltrami operator on the space of smooth p forms
and let B de�ne absolute boundary conditions. By Lemma 1.5.10,P

p(�1)pan(1;�p;B) = 0 for n 6= m: (3.6.e)

If feig is a local orthonormal frame, let ei and ii denote exterior multiplication
by ei and the dual, interior multiplication by ei. Let 
ij be the curvature of
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the Levi-Civita connection acting on the exterior algebra. We use Lemma
1.2.5 and Lemma 1.5.4 to see

E = � 1
2
i
j
ij ; (3.6.f)

� = �1 on �(@M)? = Span fdyI ^ dxmg;
� = +1 on �(@M) = Span fdyIg;
�:a = 2Lab(ebim + emib);

S = �e(ea)i(eb)Lab on �(@M) = Span fdyIg :
We let M be a compact Riemann surface. Let � := L11 be the geodesic

curvature. By Display (3.6.f),X
p

(�1)pTr (LaaSp) = �2;
X
p

(�1)pTr (S2
p) = ��2;

X
p

(�1)pTr (�:a�:a) = �8�2;
X
p

(�1)pTr (�pEp) = 0;

X
p

(�1)pTr (Ep) = �;
X
p

(�1)pTr (Id p) = 0;

X
p

(�1)pTr (�p) = 0 :

We may now use Equation (3.6.e) with m = 2 and n = 3 to see

0 =
X
p

(�1)pa3(1;�p;B)

= (4�)�m=2 1
384

Z
@M

�
96� 192� 8c1

�
�2dy :

Assertion (1) now follows as this equation implies c1 = �12.
Similarly by taking m = 2 and n = 4, we see that

0 =

Z
@M

�
(192� 480 + 480� 8c3 � 8c4 + 4c5)�

3

+ (120� 360 + 120 + 2c2)��

�
dy :

Thus c2 = 60, which proves Assertion (3). We also obtain the relation, that
we will use subsequently in the proof of Lemma 3.6.4,

0 = 48� 2c3 � 2c4 + c5 : (3.6.g)

To determine c5, we take m = 3, M := S1 � S1 � [0; 1], and

ds2M = e2f1d�21 + e2f2d�22 + dr2 :

We take f1 = f2 = 0 on @M . We then compute, after a bit of e�ort, thatX
p

(�1)pTr f144SLaaLbbg = 0;
X
p

(�1)pTr f48SLabLabg = 0;
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p

(�1)pTr fc3�:a�:aLbbg = 0;
X
p

(�1)pTr fc4�:a�:bLabg = 0;

X
p

(�1)pTr f480S2Laag = 960L11L
2
22 + other terms;

X
p

(�1)pTr f480S3g = �1440L11L
2
22 + other terms; (3.6.h)

X
p

(�1)pTr fc5�:a�:aSg = �4c5L11L
2
22 + other terms :

Assertion (3) now follows since 0 = 960� 1440� 4c5 implies c5 = �120. ut
We remark that the four vanishing results which are given on the �rst

two lines of Display (3.6.h) are not accidental; they follow from more general
vanishing results we will establish presently in Section 3.8 in our discussion
of the Witten Laplacian.

We complete the proof of Theorem 3.6.1 by showing that

Lemma 3.6.4 c3 = �12, c4 = �24, and c6 = �18.
Proof: Let D" := e�2f"D for f 2 C1(M) and f j@M = 0. By Lemma 3.1.15,

@"a4(1; D";B)� (m� 4)a4(f;D";B) = 0 : (3.6.i)

Equation (3.5.c) implies that

!";j = !0;j +
1
2 (�";jji � �0;jji)Id :

Thus @"!" is scalar so

@�j�=0r� = [@"!; �] = 0 :

This makes the computation of the variations of the new invariants entirely
straightforward. The only tricky point is to note that the variation of S takes
the form

@�j�=0S = �fS + 1
2 (m� 2)f;m�+;

this was incorrectly computed in [84] and the error subsequently pointed out
by Vassilevich. One has

Tr (�:a�:a�+) =
1
2Tr (�:a�:a + ��:a�:a) =

1
2Tr (�:a�:a) :

Setting the coeÆcient of Tr (�:a�:af;m) in Equation (3.6.i) to zero yields

�c3(m� 1)� c4 +
1
4c5(m� 2)� c6(m� 4) = 0: (3.6.j)

The Lemma then follows by solving the Equations (3.6.g) and (3.6.j) for c3,
c4, and c5. ut

3.6.2 The formula for a5

The following result is due to by Branson et. al. [87]; we give the formula
without proof as it is somewhat lengthy and combinatorial.
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Theorem 3.6.5 Let D be an operator of Laplace type on V over M where M
is a compact Riemannian manifold with smooth boundary. Let B de�ne mixed
boundary conditions and let F = f �Id be a scalar operator where f 2 C1(M).
Then:

a5(F;D;B) = (4�)�(m�1)=2 1
5760

Z
@M

Tr

�
Ff360�E;mm + 1440E;mS

+720�E2 + 240�E:aa + 240��E + 48��;ii + 20��2

�8��ij�ij + 8�RijklRijkl � 120��mmE � 20��mm�

+480�S2 + 12��;mm + 24��mm:aa + 15��mm;mm

+270�;mS + 120�mmS
2 + 960SS:aa + 16�Rammb�ab

�17��mm�mm � 10�RammbRammb + 2880ES2 + 1440S4

+(90�+ + 450��)LaaE;m + ( 1112 �+ + 42��)Laa�;m
+30�+LabRammb;m + 240LaaS:bb + 420LabS:ab + 390Laa:bS:b

+480Lab:aS:b + 420Laa:bbS + 60Lab:abS

+( 48716 �+ + 413
16 ��)Laa:bLcc:b + (238�+ � 58��)Lab:aLcc:b

+( 494 �+ + 11
4 ��)Lab:aLbc:c + ( 5358 �+ � 355

8 ��)Lab:cLab:c
+( 1514 �+ + 29

4 ��)Lab:cLac:b + (111�+ � 6��)Laa:bbLcc
+(�15�+ + 30��)Lab:abLcc + (� 15

2 �+ + 75
2 ��)Lab:acLbc

+( 9454 �+ � 285
4 ��)Laa:bcLbc + (114�+ � 54��)Lbc:aaLbc

+1440LaaSE + 30LaaS�mm + 240LaaS� � 60Lab�abS

+180LabSRammb + (195�+ � 105��)LaaLbbE

+(30�+ + 150��)LabLabE + ( 1956 �+ � 105
6 ��)LaaLbb�

+(5�+ + 25��)LabLab� + (� 275
16 �+ + 215

16 ��)LaaLbb�mm

+(� 275
8 �+ + 215

8 ��)LabLab�mm + (��+ � 14��)LccLab�ab
+( 1094 �+ � 49

4 ��)LccLabRammb + 16�LabLac�bc

+( 1332 �+ + 47
2 ��)LabLacRbmmc � 32�LabLcdRacbd

+ 315
2 LccLabLabS + ( 2041128 �+ + 65

128��)LaaLbbLccLdd
+150LabLbcLacS + ( 41732 �+ + 141

32 ��)LccLddLabLab
+1080LaaLbbS

2 + 360LabLabS
2 + ( 37532 �+ � 777

32 ��)LabLabLcdLcd
+ 885

4 LaaLbbLccS + (25�+ � 17
2 ��)LddLabLbcLac

+2160LaaS
3 + ( 2318 �+ + 327

8 ��)LabLbcLcdLda
�180E2 + 180�E�E � 120S:aS:a + 720�S:aS:a

� 105
4 
ab
ab + 120�
ab
ab +

105
4 �
ab�
ab � 45
am
am

+180�
am
am � 45�
am�
am + 360(
am�S:a �
amS:a�)

+45��:a
amLcc � 180�:a�:b
ab + 90��:a�:b
ab

+90��:a
am;m + 120��:a
ab:b + 180��:a
bmLab + 300�:aE:a

�180�:a�:aE � 90��:a�:aE + 240�:aaE � 30�:a�:a�
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�60�:a�:b�ab + 30�:a�:bRmabm

� 675
32 �:a�:aLbbLcc � 75

4 �:a�:bLacLbc � 195
16 �:a�:aLcdLcd

� 675
8 �:a�:bLabLcc � 330�:aS:aLcc � 300�:aS:bLab

+ 15
4 �:a�:a�:b�:b +

15
8 �:a�:b�:a�:b � 15

4 �:aa�:bb � 105
2 �:ab�:ab

�15�:a�:a�:bb � 135
2 �:b�:aabg

+F;mf( 1952 �+ � 60��)�;m + 240�S � 90�mmS + 270S:aa

+(630�+ � 450��)E;m + 1440ES + 720S3

+(90�+ + 450��)LaaE + (� 165
8 �+ � 255

8 ��)Laa�mm

+(15�+ + 75��)Laa� + 600LaaS
2 + ( 12158 �+ � 315

8 ��)Laa:bb
� 45

4 �Lab:ab + (15�+ � 30��)Lab�ab
+(� 165

4 �+ + 465
4 ��)LabRammb +

705
4 LaaLbbS � 75

2 LabLabS

+( 45932 �+ + 495
32 ��)LaaLbbLcc + ( 26716 �+ � 1485

16 ��)LccLabLab
+(�54�+ + 225

2 ��)LabLbcLac
�210�:aS:a � 165

16 �:a�:aLcc � 405
8 �:a�:bLab + 135��:a
amg

+F;mmf30LaaS + ( 31516 �+ � 1215
16 ��)LaaLbb

+(� 645
8 �+ + 945

8 ��)LabLab
+60�� � 90��mm + 360�E + 360S2 � 30�:a�:ag

+F;mmmf180S + (�30�+ + 105��)Laag+ 45�F;mmmm

�
dy :

3.7 Spectral geometry

Let M be a compact Riemannian manifold. Let Specp(M;B) be the spectrum
of the p form valued Laplacian �p with either Dirichlet (B = BD) or Neu-
mann (B = BN ) boundary conditions; we repeat each eigenvalue according
to its multiplicity. If the boundary of M is empty, we shall omit B from the
notation. Since the trace of the fundamental solution of the heat equation
is determined by the spectrum, the heat trace asymptotics an(1;�

p;B) are
spectral invariants. Let cBD := � 1

4 and cBN := 1
4 . By Theorem 3.3.1,

Tr L2fe�t�
p

Bg = (4�t)�m=2
�
m
p

�fvol (M) + cBvol (@M)t1=2 +O(t)g :
Consequently the dimension, volume of M , and volume of @M are spectral
invariants. In this section, we will explore other relationships between the
spectrum of the Laplacian and the geometry of the underlying manifold.

To simplify the formulae involved, we adopt the usual conventions de�ning
the binomial coeÆcient that 0! = 1 and that

�
a
b

�
:=

� a!
b!(a�b)! if 0 � b � a;

0 otherwise :
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The following result follows from work of Patodi [301] and generalizes earlier
work of Kac [250] and of McKean and Singer [278]. It is central to this subject.

Theorem 3.7.1 Let M be a closed Riemannian manifold. Let f 2 C1(M).

1. a0(f;�
p) = (4�)�m=2

�
m
p

�
vol (M).

2. a2(f;�
p) = 1

6 (4�)
�m=2

R
M (
�
m
p

�� 6
�
m�2
p�1
�
)�dx.

3. a4(f;�
p) = 1

360 (4�)
�m=2

R
Mf(12

�
m
p

�� 60
�
m�2
p�1
�
)�;ii

+(5
�
m
p

�� 60
�
m�2
p�1
�
+ 180

�
m�4
p�2
�
)�2

+(�2�mp �+ 180
�
m�2
p�1
�� 720

�
m�4
p�2
�
)j�j2

+(2
�
m
p

�� 30
�
m�2
p�1
�
+ 180

�
m�4
p�2
�
)jRj2gdx.

We say that M has constant sectional curvature c if and only if

Rijkl = c(ÆilÆjk � ÆikÆjl) : (3.7.a)

For r > 0, let Hm (r) := fx 2 R
m : xm > 0g with the hyperbolic metric

ds2
H(r) := r2

dx21+:::+dx
2
m

x2m

and let Sm(r) be the sphere of radius r in R
m+1 . Then H

m (r) has constant
sectional curvature �r�2, Rm has constant sectional curvature 0, and Sm(r)
has constant sectional curvature r�2. These model spaces are important be-
cause any two m dimensional manifolds with constant sectional curvature c
are locally isometric. Thus, in particular, ifM is a closed connected m dimen-
sional Riemannian manifold with constant sectional curvature +1 and with
vol (M) = vol (Sm), thenM is isometric to Sm. The following theorem, due to
Berger [58] and Tanno [347], shows that standard spheres in low dimensions
are characterized by their spectrum:

Theorem 3.7.2 Let M1 and M2 be closed Riemannian manifolds of dimen-
sion m � 6. Assume that Spec0(M1) = Spec0(M2). If M1 has constant sec-
tional curvature c, then so does M2.

By considering more than one operator, it is possible to garner additional
results of this form. Recall (M; g) is said to be Einstein if there is � 2 R so

�ij = �Æij :

Patodi [301] showed:

Theorem 3.7.3 Let M1 and M2 be closed Riemannian manifolds so that
Specp(M1) = Specp(M2) for p = 0; 1; 2. Then:

1. If M1 has constant scalar curvature s, then so does M2.

2. If M1 is Einstein, then so is M2.

3. If M1 has constant sectional curvature c, then so does M2.

Park [297] generalized Patodi's result to the context of manifolds with
boundary under the additional hypothesis that the manifolds in question had
constant scalar curvature.
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Theorem 3.7.4 Let B = BD or B = BN . Let M1 and M2 be compact Rie-
mannian manifolds with smooth boundaries with the same constant scalar cur-
vature s. Assume Specp(M1;B) = Specp(M2;B) for p = 0; 1; 2. Then:

1. If M1 is Einstein, then so is M2.

2. If M1 has constant sectional curvature c, then so does M2.

Let M be a compact Riemannian manifold with smooth boundary. We say
that the boundary is totally geodesic if the second fundamental form vanishes
identically on M ; geodesics in M which are tangent to @M at a single point
stay in @M for all time. We say that the boundary isminimal if the normalized
mean curvature Laa vanishes. We say that the boundary is totally umbillic if
the second fundamental form has only one eigenvalue. The boundary is said to
be strongly totally umbillic if the eigenvalue in question is constant and does
not vary with the point in question. Park [298] showed the following result.

Theorem 3.7.5 Let M1 and M2 be compact Einstein Riemannian manifolds
with smooth boundaries and the same constant scalar curvature s. Assume
that Spec0(M1;BD) = Spec0(M2;BD) and Spec0(M1;BN ) = Spec0(M2;BN ).
1. If M1 has totally geodesic boundary, then so does M2.

2. If M1 has minimal boundary, then so does M2.

3. If M1 has totally umbillic boundary, then so does M2.

4. If M1 has strongly totally umbillic boundary, then so does M2.

The remainder of this section is devoted to the proof of these results. We
have not tried to present the most general possible results in this genre and
have contented ourselves with results which exemplify the general phenomena
and which are easy to state and to prove.

3.7.1 Proof of Theorem 3.7.1

LetM be a closed Riemannian manifold of dimension m. Assertion (1) follows
from Theorem 3.3.1 since

Tr (Id ) = dim�p(M) =
�
m
p

�
:

If m = 1, then the remaining assertions are immediate since an vanishes for
n > 0 and since � = 0, � = 0, and R = 0. We therefore suppose m � 2.
Since �p is a natural di�erential operator in the context of Riemannian ge-

ometry, the integrand a2(x;�
p) can be expressed in terms of � and a4(x;�

p)
can be expressed in terms of f�;kk; �2; j�j2; jRj2g. Therefore, there exist uni-
versal constants so that

a2(f;�
p) = 1

6 (4�)
�m=2

Z
M

fcm;p�dx; (3.7.b)

a4(f;�
p) = 1

360 (4�)
�m=2

Z
M

f

�
c1m;p�;ii + c2m;p�

2

+c3m;pj�j2 + c4m;pjRj2
�
dx :
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The coeÆcient cm;p is uniquely speci�ed if m � 2; the coeÆcients cim;p are
uniquely speci�ed if m � 4. The cases m = 2 and m = 3 are slightly excep-
tional. We have

j�j2 = 1
2�

2 and jRj2 = �2 if m = 2;

jRj2 = ��2 + 4j�j2 if m = 3 :
(3.7.c)

Let M = M1 � S1. Since the structures on S1 are 
at, the heat trace
asymptotics on S1 vanish for n > 0. Thus by Lemma 1.8.2, we have the
recursion relation

cim;p = cim�1;p + cim�1;p�1 : (3.7.d)

We apply Lemma 1.8.1 with � = 0 to see

cim;p = cim;m�p : (3.7.e)

We use Theorem 3.3.1 to see that

a2(f;�
p) = (4�)�m=2 1

6

Z
M

f

��
m
p

�
� +Tr�p(6E)

�
dx;

a4(f;�
p) = (4�)�m=2 1

360

Z
M

f

��
m
p

�
(12�;kk + 5�2 � 2j�j2 + 2jRj2)

+ Tr�p(60E;kk + 60�E + 180E2 + 30
ij
ij)

�
dx :

If p = 0, then E = 0 and 
 = 0 so Assertions (2) and (3) follow in this special
case from these two equations. If p = 1, then we use Lemma 1.2.5 to see

Eek = � 1
2
i
j
ijek = ��ikei :

Consequently,

Tr�1fEg = ��; 60Tr�1fE;kkg = �60�;kk;
60�Tr�1fEg = �60�2; 180Tr�1fE2g = 180j�j2;
30Tr�1f
ij
ijg = �30jRj2 :

Assertions (2) and (3) now follow for p = 1 and general m. Assertions (2) and
(3) for (m; p) 2 f(2; 2); (2; 3); (3; 3)g follow from the cases p = 0 and p = 1
using the duality relation given in Equation (3.7.e). Assertion (2) for general
(m; p) follows, by induction, from the recursion relation given in Equation
(3.7.d) from the case m = 2 using Pascal's relation�

k�1
q�1
�
+
�
k�1
q

�
=
�
k
q

�
:

Let m = 4. Assertion (3) for p = 3 and p = 4 follows from Equation (3.7.e).
Thus only the case p = 2 needs to be established. We use Theorem 1.9.1 to
compute the supertrace

ad+Æ4;4 = 1
�2822!"

I
JRI;4

J;1 = (4�)�2 18f4�2 � 16j�j2 + 4jRj2g :
We use this relation to determine the coeÆcients of

�
m�4
p�2
�
appearing in
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a2(x;�
2); the terms involving

�
m
p

�
and

�
m�2
p�1
�
cancel in taking the super-

trace. This establishes Assertion (3) for m = 4 and p = 2. This completes
the proof if m = 4. We use the recursion relation given in Equation (3.7.e) to
complete the proof for general m. ut

3.7.2 Proof of Theorem 3.7.2

Fix the constant c. Let " be an auxiliary real parameter. De�ne the reduced
scalar curvature ~� , the reduced Ricci tensor ~�, and the reduced Weyl curvature
tensor ~W by setting

~� : = � �m(m� 1)c;

~�ij : = �ij � (m� 1)cÆij ; and

~Wijkl : = Rijkl � "(~�ilÆjk + ~�jkÆil � ~�ikÆjl � ~�jlÆik)

� c(ÆilÆjk � ÆikÆjl) :

IfM has constant sectional curvature c, then ~� = 0 and ~� = 0; hence ~W = 0 as
well. Conversely, if ~� = 0 and ~W = 0, thenM has constant sectional curvature
c. We may express

j ~W j2 = jRj2 � 2"f~�ilRijjl + ~�jkRijki � ~�ikRijkj � ~�jlRijilg
+ "2f~�il~�ilÆjkÆjk + ~�jk ~�jkÆilÆil + ~�ik ~�ikÆjlÆjl + ~�jl ~�jlÆikÆik

+ 2~�il~�jkÆjkÆil � 2~�il~�ikÆjkÆjl � 2~�il~�jlÆjkÆik � 2~�jk ~�ikÆilÆjl

� 2~�jk ~�jlÆilÆik + 2~�ik ~�jlÆjlÆikg+ ?(m; "; c)� + ?(m; "; c)

= jRj2 � 8"j~�j2 + "2f4mj~�j2 + 4�2 � 8j~�j2g+ ?(m; "; c)� + ?(m; "; c)

where ?(�) denotes suitably chosen constants that are not of interest. Thus

jRj2 = j ~W j2 + (8"+ (8� 4m)"2)j~�j2 � 4"2�2 + ?(m; "; c)� + ?(m; "; c) :

LetM be a closed Riemannian manifold of dimensionm. By Theorem 3.7.1,

a4(1;�
0) = 1

360 (4�)
�m=2

Z
M

�
5�2 � 2�2 + 2R2

�
dx

= 1
360 (4�)

�m=2

Z
M

�
2j ~W j2 + ((16� 8m)"2 + 16"� 2)j~�j2

+ (5� 8"2)�2 + ?(m; "; c)� + ?(m; "; c)

�
dx :

Since a0(1;�
0) = (4�)�m=2

R
M dx and a2(1;�

0) = 1
6 (4�)

�m=2
R
M �dx,Z

M

�
2j ~W j2 + ((16� 8m)"2 + 16"� 2)j~�j2 + (5� 8"2)~�2)

�
dx

= ?(m; "; c)a0(1;�
0) + ?(m; "; c)a1(1;�

0) + ?(m; "; c)a4(1;�
0) :

If we can choose " so that both the coeÆcients f(16 � 8m)"2 + 16" � 2g
and f5� 8"2g are positive, then this spectral invariant will vanish if and only
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if M has constant sectional curvature c; this will complete the proof of the
Theorem.
We set " = 1

3 . We then have 5� 8"2 > 0. If m � 5, then

16"+ (16� 8m)"2 � 2 � 16
3 � 24

9 � 2 = 2
3 > 0 :

In the limiting case that m = 6, the optimal choice is " = 1
4 which yields

Z
M2

�
2j ~W j2 + 3~�2

�
dx2 = 0 :

This implies that M has constant scalar curvature and that ~W = 0. The
remaining diÆculty is to show that ~� = 0. This rests upon an analysis of a6
and we refer to Tanno [347] for further details. ut

3.7.3 Proof of Theorem 3.7.3

We apply Theorem 3.7.1. It is immediate that
R
M dx and

R
M �dx are spectral

invariants of �0. Our �rst task is to show that the invariantsZ
M

�2dx;

Z
M

j�j2dx; and

Z
M

jRj2dx

are determined by the spectrum of the three operators �0, �1, and �2.
The cases m = 2 and m = 3 are slightly exceptional. We use Display (3.7.c)

to see that if m = 2, then

a4(1;�
0) = 1

360 (4�)
�1
Z
M

(5� 1 + 2)�2dx

so
R
M �2dx and hence

R
M �2dx and

R
M jRj2dx are spectral invariants. Fur-

thermore, if m = 3, then

a4(1;�
0) = 1

360 (4�)
�3=2

Z
M

�
(5� 2)�2 + (�2 + 8)j�j2

�
dx;

a4(1;�
1) = 1

360 (4�)
�3=2

Z
M

�
(3(5� 2)� 60 + 30)�2

+ (3(�2 + 8) + 180� 120)j�j2dx
�
:

Since the coeÆcient matrix �
3 6

�21 78

�

is non-singular, the following invariants are spectrally determined if m = 3Z
M

�2dx;

Z
M

j�2jdx;
Z
M

jRj2dx :

Finally, supposem � 4. We adopt the notation of Equation (3.7.b) to de�ne
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the constants cim;p. We consider the coeÆcient matrix

A :=

0
@ c2m;0 c3m;0 c4m;0

c2m;1 c3m;1 c4m;1

c2m;2 c3m;2 c4m;2

1
A :

By Theorem 3.7.1,

detA = det

0
@ 5 �2 2

�60 180 �30
180 �720 180

1
A

= 30 � 180 � det
0
@ 5 �2 2

�2 6 �1
1 �4 1

1
A

= 30 � 180 � f5(6� 4) + 2(�1) + 2(8� 6)g
6= 0 :

Thus in this case as well,
R
M �2dx,

R
M j�j2dx, and RM jRj2dx are spectrally

determined. We may therefore complete the proof of the Theorem by noting:

1.
R
M
(� � s)2dx = 0 if and only if M has constant scalar curvature s.

2.
R
M
j�� s

mgj2dx = 0 if and only if M is Einstein with scalar curvature s.

3.
R
M
jRijkl � cÆilÆjk + cÆikÆilj2dx = 0 if and only if M has constant sectional

curvature c. ut

3.7.4 Proof of Theorem 3.7.4

We use Theorems 3.4.1 and 3.5.1 with S = 0 throughout Section 3.7. Let
B denote either Dirichlet or Neumann boundary conditions. To simplify the
notation, we introduce the reduced invariants and the reduced coeÆcients

~an(1;�
p;B) := an(1;�

p;B)� �mp �an(1;�0;B); and

~cim;p := cim;p �
�
m
p

�
cim;0 :

Since the scalar curvature � = s is a �xed constant, one uses a2(1;�
0;B) to

see that
R
@M Laady is a spectral invariant.

The scalar invariants involving the curvature tensor and the second funda-
mental form in the formulae for a4 are multiplied by

�
m
p

�
and therefore do

not appear in the reduced invariant ~a4(1;�
p;B). We showed in the proof of

Theorem 3.7.1 that

Tr (E on �p) =
�
m�2
p�1
�
� so Tr (E;m on �p) = �;m = 0 :

Thus the only boundary contribution appearing in ~a4(1;�
p;B) is a multiple

of the spectral invariantZ
@M

�Laady = s

Z
@M

Laady :
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We wish to show
R
M
j�j2dx and R

M
jRj2dx are also spectral invariants. Once

this is shown, the remainder of the proof will then follow along exactly the
same lines as those used to prove Theorem 3.7.3. This is immediate if m = 2
by Equation (3.7.c). If m = 3, we use Equation (3.7.c) to see

~a4(1;�
1;B) = 1

360 (4�)
�2
Z
M

�
(180� 120)j�j2 + ?(m; s)

�
dx

and hence
R
M j�j2dx and

R
M jRj2dx are spectral invariants. If m � 4, then let

A :=

�
~c3m;1 ~c4m;1

~c3m;2 ~c4m;2

�
=

�
180 �30

180(m� 2)� 720 �30(m� 2) + 180

�
:

Since det(A) 6= 0, we conclude that
R
M j�j2dx and

R
M jRj2dx are spectral

invariants as desired. ut

3.7.5 Proof of Theorem 3.7.5

Since the scalar curvature s is �xed, we may use a2(1;�
0;B) to see R

@M
Laady

is a spectral invariant. We set E = 0 in studying �0. Since the manifolds are
Einstein, Ramam = � s

m�1 . As we are considering pure Neumann boundary
conditions, we set S = 0. Thus Theorems 3.4.1 and 3.5.1 yield thatZ

@M

�
7LaaLbb � 10LabLab

�
dy and

Z
@M

�
13LaaLbb + 2LabLab

�
dy

are spectral invariants. Since the coeÆcient matrix is non-singular, we see thatZ
@M

LaaLbbdy and

Z
@M

LabLabdy

are spectral invariants individually. We may now complete the proof of The-
orem 3.7.5. We argue that:

1. M has totally geodesic boundary if and only if
R
@M

LabLabdy = 0. This is
a spectral invariant.

2. M has minimal boundary if and only if
R
@M LaaLbbdy = 0. This is a spectral

invariant.

3. M has strongly totally umbilic boundary with eigenvalue � if and only ifR
@M

jLab � �Æabj2dy = 0. This is a spectral invariant.

4. Let �a be the eigenvalues of the second fundamental form. Then M has
totally umbillic boundary if and only if

P
a<b(�a � �b)

2 = 0. Since
X
a<b

(�a � �b)
2 = (m� 3)

X
a

�2a �
X
a

�a
X
b

�b

= (m� 3)LabLab � LaaLbb;

this is spectrally determined. ut
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3.8 Supertrace asymptotics for the Witten Laplacian

Let (M; g) be a compact m dimensional manifold with smooth boundary @M .
We adopt the notation of Section 1.2.6. Let � be an auxiliary smooth function
on M which is called the dilaton. We twist the exterior derivative d and the
coderivative Æ to de�ne

d� := e��de� and Æ� := e�Æe�� :

The associated Witten Laplacian is then given by

�� := d�Æ� + Æ�d� on C1(�(M)) :

There are operators �p
� of Laplace type on C1(�p(M)) so that

�� = �p�
p
� :

We adopt the notation of Section 1.8 to de�ne the invariants

ad+Æn;m(�; g)(x) :=
X
p

(�1)pan(x;�p
�); and

ad+Æn;m;k(�; g)(y) :=
X
p

(�1)pan;k(y;�p
�;Ba) :

If feig is a local orthonormal frame, let ei and ii denote exterior multiplication
by ei and the dual, interior multiplication by ei. Let 
ij be the curvature of
the Levi-Civita connection acting on the exterior algebra. We use Lemma
1.2.1 to express

�� = �(Tr (r2) +E)

where, by Lemma 1.2.8, r is the Levi-Civita connection and

E�;g := � 1
2
i
j
ij � �;i�;i � �;ji(eiij � ijei) :

Thus the formalism of the previous sections can easily be employed to compute
the heat trace asymptotics an and heat content asymptotics �n for small n.

We summarize some vanishing results established previously in Section 1.8:

Theorem 3.8.1

1. If m is odd and if � = 0, then ad+Æn;m = 0.

2. If n < m or if n is odd, then ad+Æn;m = 0.

3. If n+ k < m, then ad+Æn;m;k = 0.

Let "JI be the totally anti-symmetric tensor de�ned in Equation (1.7.i). If I
and J are m tuples of indices indexing an orthonormal frame for the tangent
bundle of M , set

RI;t
J;s := Risis+1js+1js :::Rit�1itjtjt�1 :

The following results, which generalize earlier results of Gilkey [181] for the
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special case � = 0, are due to Gilkey, Kirsten, and Vassilevich [202, 203] and
to Gilkey, Kirsten, Vassilevich, and Zelnikov [204]. They deal with the �rst
non-vanishing interior heat super-trace asymptotics:

Theorem 3.8.2 We have

1. ad+Æ2 �m;2 �m = (� �m8 �m �m!)�1"IJRI;m
J;1 .

2. ad+Æ2 �m+2;2 �m+1 = (
p
�� �m8 �m �m!)�1"IJ�;i1j1RI;m

J;2 .

3. Let m = 2. Then ad+Æ4;2 = (2�)�1"IJ(�;i1j1�;i2 );j2 + (24�)�1Rijji;kk .

4. Let m = 2 �m � 4. Then ad+Æ2 �m+2;2 �m = (12� �m8 �m �m!)�1"IJ(RI;m
J;1 );kk

+4(� �m8 �m( �m� 1)!)�1"IJ(�;i1j1�;i2RI;m
J;3 );j2

+(6� �m8 �m( �m� 1)!)�1(Ri1i2kj1 ;kRI;m
J;3 );j2 .

Next we study the boundary terms. Let

RA;t
B;s := Rasas+1bs+1bs :::Rat�1atbtbt�1 and LA;tB;s := Lasbs :::Latbt :

We introduced the following invariants previously in Display (1.8.l), setting

Fk
m�1;m := "ABRA;2k

B;1 LA;m�1B;2k+1;

F1;k
m;m := "ABRA;2k

B;1 �;a2k+1b2k+1LA;m�1B;2k+2;

F2;k
m;m := "ABRA;2k

B;1 �;a2k+1�;b2k+1LA;m�1B;2k+2;

F3;k
m;m := "ABfRA;2k

B;1 Ra2k+1a2k+2b2k+2mLA;m�1B;2k+3g:b2k+1 :
By Lemma 1.8.11, there exist universal constants so that

ad+Æm;m;0 =
X
k

ckm;m;0Fk
m�1;m; ad+Æm+1;m;0 =

X
k;i

c
i;k
m+1;m;0F i;k

m;m;

ad+Æm+1;m;1 =
X
k

ckm+1;m;1Fk
m�1;m : (3.8.a)

The following result corrects a minor error of [202] in the computation of the

coeÆcient c3;km+1;m;0.

Theorem 3.8.3 Adopt the notation established above. Then

1. ckm;m;0 =
1

�k8kk!vol (Sm�2k�1)(m�2k�1)! .

2. ckm+1;m;1 =
p
�

8k�kk!vol (Sm�2k)(m�2k)! .

3. c1;km+1;m;0 =
1p

�8k�kk!vol (Sm�2k�2)(m�2k)! .

4. c2;km+1;m;0 = 0.

5. c3;km+1;m;0 =
1

4
p
�8k�kk!vol (Sm�2k�2)(m�2k�2)! .

We introduce constants that describe the value of certain invariants on the
standard sphere (Sm; gSm) and the standard disk (Dm; gDm). Let

Rm := "IJRI;m
J;1 (gSm) = 4 �m �m! for m = 2 �m;

Lm := "BALB;m�1A;1 (gDm) = (m� 1)! :
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3.8.1 The proof of Theorem 3.8.2

Let m be even. By Lemma 1.8.9, there is a universal constant so that

ad+Æm;m(�; g) = cm;m"
I
JRI;m

J;1 :

Thus � plays no role in ad+Æm;m so Assertion (1) of Theorem 3.8.2 follows from
Theorem 1.9.1.
Before establishing the remaining assertions of Theorem 3.8.2, we must �rst

establish a normalizing constant in the 1 dimensional setting:

Lemma 3.8.4 If M = S1, then ad+Æ2;1 (�; g) = 1p
�
�;11.

Proof: Let M = S1. By Lemma 1.2.8,

E� = ��;i�;i � �;ji(eiij � ijei) :

Consequently by Theorem 3.3.1 we have

a2(x;�
0
�) = (4�)�1=2Tr (E0) = (4�)�1=2f��2;1 + �;11g;

a2(x;�
1
�) = (4�)�1=2Tr (E1) = (4�)�1=2f��2;1 � �;11g;

ad+Æ2;1 = 2(4�)�1=2�;11 : ut
Suppose that m = 2 �m + 1 is odd. By Lemma 1.8.9, there is a universal

constant cm+1;m so that

ad+Æm+1;m(�; g) = cm+1;m"
I
J�;i1j1RI;m

J;2 :

Give M := S1 � S2 �m the product structures. The product and vanishing
results established previously then yield

ad+Æm+1;m(�M ; gM ) = ad+Æ2;1 (�1; g1)a
d+Æ
2 �m;2 �m(�2; g2) : (3.8.b)

Let � = �(�). We may use Theorem 1.9.1 to see

ad+Æm+1;m(�; d�
2 + gS2 �m) = cm+1;mRm�1�;11

= ad+Æ2;1 (�; d�2) � ad+Æm�1;m�1(0; gS2 �m) =
1p

�8 �m� �m �m!
Rm�1�;11 :

Assertion (2) now follows as this relation implies that

cm+1;m = 1p
�8 �m� �m �m!

:

Assertions (3) and (4) can now be veri�ed. Let m = 2 �m. By Lemma 1.8.9,
there are universal constants so that

ad+Æm+2;m(�; g) = c1m+2;m("
I
J�;i1j1�;i2RI;m

J;3 );j2

+c2m+2;m("
I
JRI;m

J;1 );kk + c3m+2;m("
I
JRi1i2kj1;kRI;m

J;3 );j2 :

Note that by the second Bianchi identity one has

f"IJRi1i2kj1 ;kRI;m
J;3 g;j2 = "IJRi1i2kj1;kj2RI;m

J;3 : (3.8.c)
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Give M := Sm�2 � S1 � S1 the product metric. Let � = �1(�1) + �2(�2).
One has

ad+Æm+2;m(�; g) = 2c1m+2;mRm�2�1;m�1m�1�2;mm

= ad+Æm�2;m�2(0; gSm�2) � ad+Æ2;1 (�1; d�
2
1) � ad+Æ2;1 (�2; d�

2
2)

= 1
� �m�18 �m�1( �m�1)! � 1�Rm�2�1;m�1;m�1�2;mm so

c1m+2;m = 4
� �m8 �m( �m�1)! :

For the remainder of the proof we shall set � = 0 as it plays no further role.
We �rst suppose m = 2; in this context the invariants

f("IJRI;m
J;1 );kk ; ("

I
JRi1i2kj1;kRI;m

J;3 );j2g
are not linearly independent. By Lemma 1.2.5, E = � 1

2
i
j
ij . Thus

E =

8<
:

0 on �0M;

�R1221Id on �1M;

0 on �2M :

If E is a collection of endomorphisms Ep of �pM , then the supertrace is de�ned
by setting

Tr(E) :=
X
p

(�1)pTr (E on �pM) :

For example, Tr(Id ) = 0. We verify Assertion (3) by computing

ad+Æ4;2 (gN ) =
1
4�

1
6TrfEg;kk +O(R2) = 1

4�
1
6Rijji;kk +O(R2) :

Next we suppose that m = 4. By Theorems 3.3.1 and 3.8.1,

0 = ad+Æ0;4 = 1
42�2TrfId g;

0 = ad+Æ2;4 = 1
42�2TrfEg;

ad+Æ4;4 = 1
42�2Trf 12EE + 1

12
ij
ijg :
This permits us to express

ad+Æ6;4 = 1
42�2Trf 1

45
ij;k
ij;k +
1
180
ij;j
ik;k +

1
60
ij;kk
ij

+ 1
60
ij
ij;kk +

1
6EE;ii +

1
12E;iE;ig+O(R3) : (3.8.d)

We study the expression R1221R3443 in a
d+Æ
4;4 and the expression R1221;2R3443;2

in ad+Æ6;4 and suppress other terms. Since Tr�p(
ij
ij) does not give rise to
R1221R3443, Assertion (1) implies

ad+Æ4;4 = 1
2�42�2TrfE2g+ : : : = 1

82�22!RI;4
J;1 =

32
82�22!R1221R3443 + : : : : (3.8.e)

Similarly only Tr�p(E;iE;i) can give rise to the monomial R1221;2R3443;2. Con-
sequently Equations (3.8.c), (3.8.d), and (3.8.e) yield

ad+Æ6;4 = 1
42�2

1
12TrfE;iE;ig+ : : : = 1

42�2
1
24TrfE2g;ii + : : :

= 1
12 (a

d+Æ
4;4 );kk + : : : = 1

6
32

82�22!R1221;2R3443;2 + : : :
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= 2c26;4"
I
JRi1i2j2j1;kRi3i4j4j3;k + : : : = 64c26;4R1221;2R3443;2 + : : : :

This shows that

c26;4 =
1
12

1
82�22! :

If m = 2 �m > 4, let (M; g) := (N4 � Sm�4; gN + gSm�4). Let

X4 := "
I;4
J;1(Ri1i2j2j1;kRi3i4j4j3;k)(gN ) :

The invariants ad+Æn;m(0; g) are de�ned solely in terms of the metric. Thus they
are invariant under isometric actions. The sphere Sm�4 is a homogeneous
space; the orthogonal group O(m�3) acts transitively on Sm�4. Consequently,
ad+Æn;m(gSm�4) is constant. Since by Theorem 1.3.9 the integral vanishes for
n 6= m, we have a pointwise vanishing. Consequently by Lemma 1.8.2,

ad+Æm+2;m(0; g) = �m( �m� 1)c2m+2;mX4Rm�4 + : : :

= ad+Æ6;4 (0; gN)a
d+Æ
m�4;m�4(0; gSm�4)

= 2 1
12

1
82�22!

1
� �m�28 �m�2( �m�2)!X4Rm�4 :

This implies that

c2m+2;m = 1
12

1
� �m8 �m �m! :

We complete the proof of Assertion (4) by determining c3m+2;m. Let

(M; g) = (N2 � Sm�2; gN + gSm�2) :

Let X2 := Rijji;kk(gN ). Then making a similar argument and by applying
Assertion (3), one has

ad+Æm+2;m(0; g) = (2 �mc2m+2;m + c3m+2;m)X2Rm�2

= ad+Æ4;2 (0; gN)a
d+Æ
m�2;m�2(0; gSm�2) =

1
4�

1
6

1
� �m�18 �m�1( �m�1)!X2Rm�2 :

This implies that

2 �mc2m+2;m + c3m+2;m = 1
3� �m8 �m( �m�1)! so

c3m+2;m = 1
6� �m8 �m( �m�1)! : ut

3.8.2 The proof of Theorem 3.8.3

To establish Theorem 3.8.3, we must evaluate the universal constants of Equa-
tion (3.8.a). We break the proof into 3 di�erent Lemmas. We will begin by
using product formulae to show:

Lemma 3.8.5

1. If k > 0, then:

(a) ckm;m;0 =
1

�k8kk! c
0
m�2k;m�2k;0,

(b) ckm+1;m;1 =
1

�k8kk! c
0
m�2k+1;m�2k;1,
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(c) c
i;k
m+1;m;0 =

1
�k8kk!

c
i;0
m�2k+1;m�2k;0.

2. We have

(a) c0m;m;0 =
1

vol(Sm�1)(m�1)! ,

(b) c
1;0
m+1;m;0 =

1p
�vol(Sm�2)(m�2)! ,

(c) c
2;0
m+1;m;0 = 0.

Only the universal constants c0m+1;m;1 and c
3;0
m+1;m;0 remain to be deter-

mined. Introduce universal constants c�n;m;k so that if B de�nes mixed bound-
ary conditions for an operator D of Laplace type, then

an;m;k(y;D;B) = c
0
n;m;kTr fSn�k�1g+ c

2
n;m;kTr fESn�k�3g

+ c
3
n;m;kTr fE;mS

n�k�4g+ other terms :

Lemma 3.8.6

1. If m � 2, then c0m+1;m;1 = c0m+1;m;1 and c0m;m;0 = c0m;m;0.

2. If m > 3, then c3;0m+1;m;0 = c3m+1;m;0.

We shall complete our computation of ad+Æm;m and ad+Æm+1;m by showing:

Lemma 3.8.7

1. cin;m;k = (4�)�(m�1)=2cin;1;k.

2. If n � 3, then c0n;m;1 =
1
2 c

0
n;m;0.

3. If n � 5, then c3n;m;0 = c0n�2;m;1.

Proof of Lemma 3.8.5: Let M := M1 �M2 be given product structures
induced from the corresponding structures on the manifolds Mi. We suppose
M1 is a closed manifold. We then have

ad+Æm;m;0(�M ; gM ) = ad+Æm1;m1
(�M1

; gM1
) � ad+Æm2;m2;0

(�M2
; gM2

);

ad+Æm+1;m;1(�M ; gM ) = ad+Æm1;m1
(�M1

; gM1
) � ad+Æm2+1;m2;1

(�M2
; gM2

);

ad+Æm+1;m;0(�M ; gM ) = ad+Æm1+1;m1
(�M1

; gM1
) � ad+Æm2;m2;0

(�M2
; gM2

)

+ad+Æm1;m1
(�M1

; gM1
) � ad+Æm2+1;m2;0

(�M2
; gM2

) : (3.8.f)

Give M = S2k�Dm�2k the natural product metric. By Theorem 3.8.2 and
Equation (3.8.f),

ad+Æm;m;0(0; gM ) = ckm;m;0Fk
m�1;m(0; gM ) = ckm;m;0R2kLm�2k

= ad+Æ2k;2k(0; gS2k) � ad+Æm�2k;m�2k;0(0; gDm�2k)

= 1
�k8kk!c

0
m�2k;m�2k;0R2kLm�2k :

The �rst identity of Lemma 3.8.5 (1) now follows; the remaining two identities
are proved similarly.
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The curvature tensor of Dm vanishes. We derive the �rst identity of Asser-
tion (2) by computing

1 = �(Dm) =

Z
@Dm

ad+Æm;m;0(0; gDm)dy

= c0m;m;0vol(S
m�1)(m� 1)! :

LetM := S1�Dm�1 where � = �(�) depends only on S1. By Lemma 3.8.4,
ad+Æ2;1 = 1p

�
�;11. Consequently,

ad+Æm+1;m;0(�; g) = fc1;0m+1;m;0�;11 + c
2;0
m+1;m;0�;1�;1gLm�1

= ad+Æ2;1 (�; d�2) � ad+Æm�1;m�1;0(0; gDm�1)

= 1p
�vol(Sm�2)(m�2)!�;11Lm�1 :

We solve for c1;km+1;m;0 and c
2;k
m+1;m;0 to complete the proof. ut

Proof of Lemma 3.8.6 (1): Let m � 2. We will use the method of universal
examples to show that only the monomial Tr fSm�1g is relevant in computing
fad+Æm;m;0(0; g); a

d+Æ
m+1;m;1(0; g)g. To have a uniform notation, let

Pm�1(g) := ad+Æm;m;0(0; g); cm�1 := c0m;m;0; cm�1 := c
0
m;m;0 or

Pm�1(g) := ad+Æm+1;m;1(0; g); cm�1 := c0m+1;m;1; cm�1 := c
0
m+1;m;1 :

Let (y1; :::; ym�1) be the usual coordinates on Rm�1 . Let f(y) be a smooth
even function function of y and let

M := f(y; r) 2 R
m : r � f(y)g :

Let fA1; :::; Am�1g be distinct real constants. We choose f so that

f(0) = 0; (@yi f)(0) = 0; and Lij(0) = AiÆij : (3.8.g)

Then

Pm�1(g)(0) = (m� 1)!cm�1A where A := A1:::Am�1 : (3.8.h)

We have R = 0, E = 0 and 
 = 0. Thus there exists a polynomial Qm of
total weight m� 1 in the tangential covariant derivatives of f�;L; Sg so that

Pm�1 = TrfQm(�)g :
Let ~r be the Levi-Civita connection of the boundary and let ~R be the

associated curvature. Let fe1; :::; em�1g be an orthonormal frame for T@M
so ei(0) = @yi . We must control ~rkL for k � 1. Since the curvature of Rm

vanishes, Lemma 1.1.4 shows that ~rL is a totally symmetric tensor �eld.
The components of ~rkL(0) are polynomials in the derivatives of the de�ning
function f for any k. Let K denote the ideal in the algebra of all polynomi-
als in the jets of f which is generated by the monomials fA2

1; :::; A
2
m�1g. In

light of Equation (3.8.h), we shall work modulo K since such elements do not
contribute to A.
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We �rst study ~r2L. This is not a symmetric tensor �eld. However,

~Rb1b2b3b4 = Lb1b4Lb2b3 � Lb1b3Lb2b4 ; and

La1a2:a3a4 � La1a2:a4a3 = ~Ra3a4a1a5La5a2 + ~Ra3a4a2a5La5a1 :

This shows that A2
a5 divides f ~Ra3a4a1a5La5a2 + ~Ra3a4a2a5La5a1g(0). Conse-

quently ~r2L(0) is totally symmetric modulo the ideal K. Thus we may choose
the 4 jets of f to kill the symmetrization of ( ~r2L)(0) and thereby ensure
( ~r2L)(0) 2 K. Similarly, by choosing the derivatives of order k+2 of f at the
origin appropriately, we may suppose that

( ~rkL)(0) 2 K for k > 0 :

We therefore suppress ~rkL henceforth. Since �:a = 2Lab(ebim + emib), fur-
ther covariant di�erentiation of � only involves covariantly di�erentiating the
endomorphism ebim + emib. Thus inductively there exist suitably chosen en-
domorphisms E? of weight 0 so

�:a1:::ak = La1b1La2b2 :::LakbkEb1:::bk :
If a �:a1::: term appears, it must be contracted with another index a1; the
above equation contains no La1a1 term. Thus this contraction involves a dif-
ferent variable which produces an A2

a term; such terms can be ignored in light
of Equation (3.8.h) since we are working modulo the ideal K. Similarly as

S =

� �Labebia on �(Rm�1 )
0 on �(Rm�1 ) ^ dr :

~rkS plays no role if k � 1. If an La1b1 term appears where a1 is not to be
contracted with b1, then A must be divisible by A2

a. If the term Laa appears
in a monomial Q, then we may factor Q = LaaQ0 and then apply Lemma
1.8.10 (1) to see the supertrace of Q0 vanishes. Thus L does not appear as a
variable. This shows that only the monomial Sm�1 is relevant. Consequently

Pm�1(g)(0) = cm�1TrfSm�1g(0) : (3.8.i)

Decompose �(Rm�1 ) = �(R � dy1)
 :::
 �(R � dym�1). Then
S =

X
1�a�m�1

Id 
 :::
 Id 
 Sa 
 Id 
 :::
 Id where

Sa = 0 on �0(R � dya) and Sa = �Aa on �1(R � dya) :
One then has that

Tr(Sm�1) = (m� 1)!Tr(S1) : : :Tr(Sm�1) = (m� 1)!A : (3.8.j)

Assertion (1) of Lemma 3.8.6 follows from Equations (3.8.h), (3.8.j), and
(3.8.i). ut
Proof of Lemma 3.8.6 (2): Let m � 4. To simplify the notation, we set

Pm(g) := ad+Æm+1;m;0(0; g); cm := c
3;0
m+1;m;0; and cm := c

3
m+1;m;0 :
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Let (u1; u2; y1; :::; ym�3; r) be coordinates on Rm . Let f(y) satisfy the normal-
izations of Equation (3.8.g). We set

M := fx 2 Rm : r � f(y)g; and

ds2M := du1 Æ du1 + e�2f2(u1;r)du2 Æ du2
+dy1 Æ dy1 + :::+ dym�3 Æ dym�3 + dr Æ dr :

where f2 is a suitably chosen cubic polynomial. We then have R(�)(0) = 0 and
the non-vanishing components of L and rR at the origin are given, up to the
usual Z2 symmetries, by:

L(@yi ; @
y
j )(0) = AiÆij ; and

R(@u1 ; @
u
2 ; @

u
2 ; @

u
1 ; @r) = R(@u1 ; @

u
2 ; @

u
2 ; @r; @

u
1 ) = A0 :

Consequently

Pm(g)(0) = 2(m� 3)!cmA where A := A0A1:::Am�3 : (3.8.k)

Let K be the ideal generated by the elements fA2
0; A

2
1; :::; A

2
m�3g. If we set

A0 = 0, then this manifold is a product of the manifold considered previously
with a 
at factor. This shows that rkR(0), rkE(0), rk
(0) are all divisible
by A0 for k � 1 and vanish if k = 0.

We consider terms which can give rise to A after taking the supertrace. Let
E denote a generic polynomial in the tangential covariant derivatives of L, of
S, and of � when A0 is set to zero. Since we are not interested in terms which
are divisible by A2

0 and since A0 has weight 3, we factor out a term which can
be linear in A0 to express Pm symbolically in the form

Pm =
X
k�1

TrfrkR � ERm�k�2g+
X
k�1

TrfrkE � EEm�k�2g

+
X
k�1

Trfrk
 � E
m�k�2g+
X
k�2

Trf ~rkL � ELm�k�1g

+
X
k�2

Trf ~rkS � ESm�k�1g+
X
k�3

Trf ~rk� � E�m�kg+ : : : :

We set A0 = 0 in studying the \coeÆcient" monomials E . Thus the argu-
ments given above in the proof of Assertions (1) of Lemma 3.8.6 show that
only powers of S are relevant. This shows that we may express

Pm = Tr

�X
k�1

ck;RrkR � Sm�k�2 +
X
k�1

ck;ErkE � Sm�k�2 (3.8.l)

+
X
k�1

ck;
rk
 � Sm�k�2 +
X
k�2

ck;L ~rkL � Sm�k�1

+
X
k�2

ck;S ~rkS � Sm�k�1 +
X
k�3

ck;� ~rk� � Sm�k
�
+ : : : :
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Furthermore, all auxiliary indices must be fully contracted within the variables

frkR; rkE; rk
; ~rkL; ~rkS; ~rk�g :
By Lemma 1.8.10 (1),

TrfSkg = 0 for k < m� 1 and TrfESkg = 0 for k < m� 3 : (3.8.m)

Thus the terms inrkR and ~rkL do not appear in Equation (3.8.l) since, being
scalars, they could be moved outside the supertrace. Since 
 is skew-adjoint
while S is self-adjoint, this term does not appear. Terms involving ~rkS must
be fully contracted. Thus, modulo lower order terms which can be absorbed
at an earlier stage, these terms in ~rkS have the form

TrfS:a1a1a2a2:::Skg = 1
k+1TrfSk+1g:a1a1a2a2::: mod K

= 0 mod K :

Similarly, we can eliminate the terms �:a1a1a2a2:::S
k from Equation (3.8.l).

Extend S to be covariant constant along the geodesic normal rays from
the boundary. This permits us to move covariant derivatives outside the trace
once again and apply Equation (3.8.m) to conclude that the only relevant
invariant is E;mS

m�3. Consequently

Pm(g)(0) = cmTrfE;mS
m�3g(0) : (3.8.n)

We may decompose �(Rm�1 ) = �(R2 )
 �(Rm�3 ) and E;m = ~E;m 
 ~S for

E;m(0) =

�
0 on �0(R2 )� �2(R2 );
�A0Id on �1(R2 ) :

Consequently

TrfE;mS
m�3g(0) = 2(m� 3)!A : (3.8.o)

Lemma 3.8.6 (4) now follows from Equations (3.8.k), (3.8.n) and (3.8.o). ut
Proof of Lemma 3.8.7: To prove Assertion (1), we use product formulae.
Let M1 = T

m�1 be the torus and let D1 be the scalar Laplacian. Since the
structures are 
at,

an;m�1(x1; D1) =

�
(4�)�(m�1)=2 if n = 0;

0 if n > 0 :

Let (M2; D2) := ([0; 1];�@2r ). Let M := M1 �M2 and D := D1 + D2. Let
B := rem + S where S is constant and where em is the inward unit normal;
em = @r when r = 0 and em = �@r when r = 1. Assertion (1) follows from
the identity:

an;m;k(y;D;B) =
X

n1+n2=n

an1;m�1(x1; D1) � an2;1;k(y2; D2;B)

= (4�)�(m�1)=2an;1;k(y2; D2;B) :
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In view of Assertion (1), it suÆces to take m = 1 in the proof of the
remaining assertions. Let

M := [0; 1]; D0 := �@2r ; and B := rem + S0 :

We choose f so that f vanishes identically near r = 1 so only the component
r = 0 where @r is the inward unit normal is relevant.
To prove Assertion (2), we consider a conformal variation D" := e�2"fD0.

Lemmas 3.1.14 and 3.5.4 imply that

@"an(1; D";B)j"=0 = (1� n)an(f;D0;B) and @"S"j"=0 = � 1
2f;m :

For n � 3, f;mS
n�2 arises only from @"S

n�1
" and not from any interior varia-

tion. We compute:

@"an(1; D";B) = @"

Z
@M

c
0
n;1;0S

n�1dyj"=0 + : : :

= � 1
2 (n� 1)cn;1;0

Z
@M

f;mS
n�2dy + : : :

= (1� n)an(f;D0;B) = (1� n)c0n;1;1

Z
@M

f;mS
n�2dy + : : : :

This shows c0n;1;1 =
1
2 c

0
n;1;0 and establishes Assertion (2) of Lemma 3.8.7.

To prove Assertion (3), we consider a scalar variation D% := D0 � %f . By
Lemma 3.1.15,

@%an(1; D%;B)j%=0 = an�2(f;D0;B) :
If n � 5, then f;mS

n�4 arises only from @"E;mS
n�4. We compute:

@%an(1; D%;B)j%=0 = @"

Z
@M

c
3
n;1;0E;mS

n�4dyj%=0 + : : :

=

Z
@M

c
3
n;1;0f;mS

n�4dy + :::

= an�2(f;D0;B) =
Z
@M

c
0
n�2;1;1f;mS

n�4dy + : : : :

This shows c3n;1;0 = c0n�2;1;1. ut
The remainder of this section is devoted to the proof of Theorem 3.8.3.

Assertions (1), (3), and (4) are now immediate from Lemma 3.8.5. We shall
apply this Lemma together with Lemmas 3.8.6 and 3.8.7 to prove the remain-
ing assertions. By Lemma 3.8.5, we set k=0.

Computation of c3m+1;m;0. Suppose �rst m = 3. Then one has that

F3;0
3;3 = 2R1223;1 + 2R2113;2 = 2R1223;1 � 2R1213;2

= �2R1212;3 = Rabba;m :

Thus only the term Rabba;m is relevant. We have

Tr�1(240�+ � 120��)E;m = �240Rabba;m + :::;
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Tr�2(240�+ � 120��)E;m = 120Rabba;m + :::;

ad+Æ4;3;0(0; g) =

Z
@M

(4�)�3=2 1
360 (240 + 120)Rabba;mdy + :::

c
3;0
4;3;0 =

1
2
p
�

1
4� = 1

4
p
�vol (S1)1!

:

On the other hand, if m > 3, then

c
3;0
m+1;m;0 = c

3
m+1;m;0 = c

0
m�1;m;0 =

1
2 c

0
m�1;m;0

= 1
2

1
2
p
�
c0m�1;m�1;0 =

1
4
p
�vol (Sm�2)(m�2)! : ut

Computation of c0m+1;m;1. First suppose m = 1. Applying Theorem 3.6.1
to [0; 1] yields

a2(f;�
0;Ba)� a2(f;�

1;Ba) = 1
12
p
�

Z
@M

�
(3f;m)� (�3f;m)

�
dy

= 1
2
p
�

Z
f;mdy ;

Therefore

c02;1;1 =
p
�

volS1 :

If m > 1, then Lemmas 3.8.5, 3.8.6, and 3.8.7 imply

c0m+1;m;1 = c
0
m+1;m;1 = c

0
m+1;m;0 =

2
p
�

2 c
0
m+1;m+1;0

=
p
�c0m+1;m+1;0 =

p
�

vol (Sm)m! : ut

3.9 Leading terms in the asymptotics

In previous sections, we have determined exact formulae for certain of the
heat trace coeÆcients. In this section, we present partial information for all
the coeÆcients an with n suÆciently large. We begin our discussion with two
theorems computing what has been called the large energy limit. These are
the terms with a maximal number of covariant derivatives. These terms have
also been called the leading terms in the asymptotics of the Laplacian; they
play an important role in compactness theorems for isospectral deformations
proved by various authors [106, 117, 118, 119, 294].
There are several proofs of the following two results. Gilkey [182] gave a

combinatorial calculation, Branson et. al. [88] used functorial methods, and
Avramidi used a modi�ed de Witt Ansatz [12]. It is worth noting that the case
m = 2 is due to Osgood et. al. [294]. We omit lower order terms involving fewer
jets of the symbol. If E is a tensor, we use the reduced or Bochner Laplacian

to de�ne

��E := (�1)�E;i1i1i2i2:::i� i� :
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Theorem 3.9.1 Let D be an operator Laplace type. If n � 1, then modulo

lower order terms,

a2n(x;D) = (4�)�m=2 (�1)n
2n+11�3�:::�(2n+1)�

n�1Tr f�(8n+ 4)E � 2n�Id g+ :::

For example, we have

a2(x;D) =
1
4�3 (4�)

�m=2Tr f12E + 2�Id g+ :::;

a4(x;D) =
1

8�3�5 (4�)
�m=2Tr f20E;kk + 4�;kkId g+ :::;

a6(x;D) =
1

16�3�5�7 (4�)
�m=2Tr f28E;iijj + 6�;iijjg+ :::

which agrees with the formulae of Theorem 3.3.1.

Information is also available about the corresponding integrated invariants.
If E1 and E2 are tensors, we de�ne

rkE1 � rkE2 := E1;i1:::ikE2;i1:::ik :
Theorem 3.9.2 Let D be an operator of Laplace type on a closed Riemannian

manifold. If n � 3, then modulo lower order terms,

a2n(1; D) = (4�)�m=2 (�1)n
2n+11�3�:::�(2n+1)

R
M
Tr f(n2 � n� 1)jrn�2� j2Id

+ 2jrn�2�j2Id + 4(2n+ 1)(n� 1)rn�2� � rn�2E
+ 2(2n+ 1)rn�2
 � rn�2

+ 4(2n+ 1)(2n� 1)rn�2E � rn�2E + :::gdx :

If the boundary ofM is non-empty, we study the low energy limit to obtain
information about the boundary terms involving the least number of covariant
derivatives. We adopt the notation established in Section 3.8. The following
result is due to M. Bordag et al. [75] who gave a di�erent derivation of it:

Theorem 3.9.3 Let B de�ne Robin boundary conditions for an operator of

Laplace type. Expand

an;m;0(y;D;B) = c
0
n;m;0Tr fSn�1g+ ::: for n � 1

an;m;1(y;D;B) = c
0
n;m;1Tr fSn�2g+ ::: for n � 2 :

1. If n = 1, then c0n;m;0 =
1
4 (4�)

(m�1)=2.

2. If n � 2, then c0n;m;0 = (4�)(n�m)=2 1
vol (Sn�1)(n�1)! .

3. If n = 2, then c0n;m;1 =
1
2 (4�)

�(m�1)=2.

4. If n � 3, then c
0
n;m;1 =

1
2 (4�)

(n�m)=2 1
vol (Sn�1)(n�1)! .

Remark 3.9.4 By Lemma 1.1.8, we have that

vol (S1) = 2�; vol (S2) = 4�; vol (S3) = 2�2; vol (S4) = 8
3�

2 :

Thus we may use Theorem 3.9.3 to compute that

ad+Æ2;m;0 = (4�)(2�m)=2 1
vol (S1)1!Tr (S) + ::: = 2(4�)�m=2Tr (S) + :::;
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ad+Æ3;m;0 = (4�)(3�m)=2 1
vol (S2)2!Tr (S

2) + ::: = 1
2 (4�)

�(m�1)=2Tr (S2) + :::;

ad+Æ4;m;0 = (4�)(4�m)=2 1
vol (S3)3!Tr (S

3) + ::: = 4
3 (4�)

�m=2Tr (S3) + :::;

ad+Æ5;m;0 = (4�)(5�m)=2 1
vol (S4)4!Tr (S

4) + ::: = 1
4 (4�)

�(m�1)=2Tr (S4) + ::: :

This agrees with the formulae given in Section 3.6 as does the calculation

ad+Æ3;m;1 =
1
4 (4�)

�(m�1)=2Tr (S) + ::: = 1
2a
d+Æ
3;m;0 + :::;

ad+Æ4;m;1 =
2
3 (4�)

�m=2Tr (S2) + ::: = 1
2a
d+Æ
4;m;0 + :::;

ad+Æ5;m;1 =
1
8 (4�)

�(m�1)=2Tr (S3) + ::: = 1
2a
d+Æ
5;m;0 + ::: :

3.9.1 Proof of Theorem 3.9.1

Express

a2n(x;D) = (4�)�m=2Tr fc1;n�n�1E + c2;n�
n�1�Id g+ :::

where we have omitted terms that are quadratic or higher order in the struc-
tures fE;R;
g and that therefore involve at most 2n�4 covariant derivatives.
We �rst determine c1;n. We adopt the notation of Lemma 3.1.17. Let b be

a smooth real valued function on S1. Set

A := @� � b; D1 := A�A = �(@2� � @�b� b2); E1 := �@�b� b2;

A� := �@� � b; D2 := AA� = �(@2� + @�b� b2); E2 := @�b� b2 :

We compute that

(2n� 1)fa2n(�;D1)� a2n(�;D2)g
= (2n� 1)(4�)�1=2fc1;n�n�1E1 � c1;n�

n�1E2 + :::g
= (2n� 1)(4�)�1=2f�2c1;n�n�1@�b+ :::g :

We use the recursion relation given in Lemma 3.1.17 to equate this to

(@2� � 2@�b)a2n�2(x;D1) = (4�)�1=2@2�f�c1;n�1�n�2@�b+ :::g
= (4�)�1=2fc1;n�1�n�1@�b+ :::g :

This implies that
�2(2n� 1)c1;n = c1;n�1 : (3.9.a)

By Theorem 3.3.1, c1;1 = 1. We use induction and Equation (3.9.a) to see

c1;n =
(�1)n�1

2n�1�1�3�:::�(2n�1) = �(8n+ 4) (�1)n
2n+11�3�:::�(2n+1) :

Next we study c2;n. Let m = 2n + 2; let M := S1 � ::: � S1 be the 
at
product torus, and let � be the 
at scalar Laplacian on M . For F and f

smooth functions on M , de�ne the variations

F" := e�2"fF and D" := e�2"f� :

By Lemma 3.1.16
@"a2n(F"; D")j"=0 = 0 : (3.9.b)
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Since �0 = 0 and E0 = 0, we may use Lemma 3.3.2 to see that

@"fF"�n�1
" E"gj"=0 = � 1

2 (m� 2)F�nf + :::; (3.9.c)

@"fF"�n�1
" �"gj"=0 = 2(m� 1)F�nf + ::: :

We use Equation (3.9.b) and Equation (3.9.c) to conclude that

0 =

�
(�nc1;n + 2(2n+ 1)c2;n)

Z
M

F�nfdx+ :::

�
:

Since F and f were arbitrary, the coeÆcient of F�nf must vanish. This
completes the proof of Theorem 3.9.1 by showing

c2;n =
n

2(2n+1)c1;n = �2n (�1)n
2n+11�3�:::�(2n+1) : ut

3.9.2 Proof of Theorem 3.9.2

Let n � 3. We wish to study the integrated global invariant term an(1; D).
Terms that are linear in the covariant derivatives of fE;
; Rg integrate to zero
since M is closed. Thus only the quadratic terms count in the high energy
limit. Commuting covariant derivatives introduces lower order terms which
may be ignored.
Since M is a closed manifold, we may integrate by parts to reduce the

number of invariants to be considered. For example, we can use the �rst and
second Bianchi identities to see thatZ

M

jrn�2Rj2dx =
Z
M

�
4jrn�2�j2 � jrn�2� j2 + :::

�
dx for n � 3 :

We absorb terms with fewer than 2n � 4 covariant derivatives into the er-
ror term and omit lower order terms. We use invariance theory, the Bianchi
identities, and integration by parts to express

an(1; D) = (�1)n
2n+11�3�:::�(2n+1)(4�)

�m=2
Z
M

Tr

�
c1;njrn�2� j2Id

+ c2;njrn�2�j2Id + c3;nrn�2� � rn�2E (3.9.d)

+ c4;nrn�2
 � rn�2
+ c5;nrn�2E � rn�2E + :::

�
dx :

Let D be a scalar operator of Laplace type on M . Set D" := e�2"fD. Let

E� := �
Z
M

�
rn�2f;kk � rn�2�

�
dx =

Z
M

�
f�n�1� + :::

�
dx;

EE := �
Z
M

�
rn�2f;kk � rn�2E

�
dx =

Z
M

�
f�n�1E + :::

�
dx :

By Lemma 3.1.14 and Theorem 3.9.1,

@"a2n(1; D")j"=0 = (m� 2n)a2n(f;D) (3.9.e)

= (�1)n(m�2n)
2n+11�3�:::�(2n+1)(4�)

�m=2
Z
M

�
� (8n+ 4)EE � 2nE� + : : :

�
dx :
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Note that 2�ij;j = �;k. We use Lemma 3.3.2 to compute that

c1;n@"

Z
M

(rn�2�" � rn�2�")dxj"=0 = 4(m� 1)c1;nE� + : : : (3.9.f)

c2;n@"

Z
M

(rn�2�" � rn�2�")dxj"=0 = mc2;nE� + : : :

c3;n@"

Z
M

(rn�2�" � rn�2E")dxj"=0 (3.9.g)

= c3;nf�m�2
2 E� + 2(m� 1)EE + : : :g

c4;n@"

Z
M

(rn�2
" � rn�2
")dxj"=0 = 0 + : : :

c5;n@"

Z
M

(rn�2E" � rn�2E")dxj"=0 = �c5;n(m� 2)EE + : : : :

We use Equation (3.9.e) and Display (3.9.f). By equating coeÆcients of EE
and E� , the following relations are obtained

(8n+ 4)(2n�m) = 2(m� 1)c3;n � (m� 2)c5;n and

2n(2n�m) = 4(m� 1)c1;n +mc2;n � 1
2 (m� 2)c3;n :

We solve these equations to see

c1;n = (n2 � n� 1); c2;n = 2;

c3;n = 4(2n+ 1)(n� 1); c5;n = 4(2n+ 1)(2n� 1) :

Let m = 2. By Lemmas 1.2.5 and 1.2.6, E and 
 vanish on �0(M) and
�2(M) while on �1(M) we have that

E =

� �R1221 0
0 �R1221

�
and 
12 =

�
0 R1221

�R1221 0

�
:

Consequently since the scalar terms cancel in the supertrace we have by The-
orem 1.3.9,

0 = a2n(1;�
0)� a2n(1;�

1) + a2n(1;�
0)

= � (�1)n
2n+11�3�:::�(2n+1)(4�)

�1
Z
M

Tr�1(M)

�
c3;nrn�2� � rn�2E

+ c4;nrn�2
 � rn�2
 + c5;nrn�2E � rn�2E + :::

�
dx

= � (�1)n
2n+11�3�:::�(2n+1)(�c3;n � c4;n +

1
2c5;n)

� (4�)�1
Z
M

�
rn�2� � rn�2�

�
dx :

We use this relation to complete the proof of Theorem 3.9.3 by computing

c4;n = �c3;n + 1
2c5;n = 2(2n+ 1) : ut
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3.9.3 Proof of Theorem 3.9.3

We adopt the notation of Section 3.8.2 and expand, for k = 0; 1,

an;m;k(y;D;B) = c
0
n;m;0Tr (S

n�k�1 + :::) :

We may use Theorem 3.5.1 to see that

c
0
1;m;0 =

1
4 (4�)

(1�m)=2;

c02;m;0 = 2(4�)�m=2; c02;m;1 =
1
2 (4�)

�m=2;

c
0
3;m;0 =

1
2 (4�)

(1�m)=2; c
0
3;m;1 =

1
4 (4�)

(1�m)=2;

c04;m;0 =
4
3 (4�)

(1�m)=2; c04;m;1 =
2
3 (4�)

(1�m)=2 :

We may therefore assume n � 5 in the proof of Theorem 3.9.3. We use Lemmas
3.8.5, 3.8.6 and 3.8.7 to compute

c
0
n;m;0 = (4�)�(m�1)=2c0n;1;0 = (4�)�(m�n)=2c0n;n;0

= (4�)�(m�n)=2c0n;n;0 = (4�)�(m�n)=2 1
vol (Sn�1)(n�1)! ;

c
0
n;m;1 = 1

2 c
0
n;m;0 = (4�)�(m�n)=2 1

2vol (Sn�1)(n�1)! : ut

3.10 Heat trace asymptotics for transmission boundary conditions

We adopt the notation of Equation (3.2.a) and consider structures

(M; g; V;D; f) = ((M+; g+; V+; D+; f+); (M�; g�; V�; D�; f�)) :

Here g� are Riemannian metrics on compact manifolds M�, V� are smooth
vector bundles over M�, and D� are operators of Laplace type on V�, re-
spectively. The functions f� are assumed smooth over the manifolds M�. We
impose the compatibility conditions of Equations (3.2.b) and (3.2.c):

@M+ = @M� = �; g+j� = g�j�;
V+j� = V�j� = V�; f+j� = f�j� :

No matching condition is assumed on the normal derivatives of f or of g on
the interface �.
We use transmission boundary conditions as discussed in Section 1.6.1. As-

sume given an impedance matching endomorphism U de�ned on the hyper-
surface �. Set

BU� := f�+j� � ��j�g � �r�+�+j� +r����j� � U�+j�
	
:

Let

!a := r+
a �r�a :

Since the di�erence of two connections is tensorial, !a is a well de�ned endo-
morphism of V�. The tensor !a is chiral; it changes sign if the roles of + and
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� are reversed. On the other hand, the tensor �eld U is non-chiral as it is not
sensitive to the roles of + and �.
The following result is due to Gilkey, Kirsten, and Vassilevich [200]; see also

related work by Bordag and Vassilevich [77] and Moss [286]. To simplify the
notation, we de�ne invariants re
ecting the chirality

Levenab := L+ab + L�ab; Loddab := L+ab � L�ab;

Feven
;� := f;�+ + f;�� ; Fodd

;� := f;�+ � f;�� ;

Feven
;�� := f;�+�+ + f;���� ; Fodd

;�� := f;�+�+ � f;���� ;

Eeven := E+ +E�; Eodd := E+ �E�;

Eeven;� := E+
;�+ +E�;�� ; Eodd;� := E+

;�+ �E�;�� ;
Reven
ijkl := R+

ijkl +R�ijkl; Rodd
ijkl := R+

ijkl �R�ijkl

even
ij := 
+

ij +
�ij ; 
odd
ij := 
+

ij �
�ij :

Theorem 3.10.1 Adopt the notation established above.

1. a0(f;D;BU ) = (4�)�m=2
R
M
fTr (Id )dx.

2. a1(f;D;BU ) = 0.

3. a2(f;D;BU ) = (4�)�m=2 16
R
M fTr f�Id + 6Egdx

+(4�)�m=2 16
R
�
2fTrfLevenaa Id � 6Ugdy.

4. a3(f;D;BU ) = (4�)(1�m)=2 1
384

R
�Tr ff [ 32Levenaa Levenbb + 3Levenab Levenab ]Id

+9Levenaa Feven
;� Id + 48fU2 + 24f!a!a � 24fLevenaa U � 24Feven

;� Ugdy.
5. a4(f;D;BU ) = (4�)�m=2 1

360

R
M
fTr f60E;kk + 60RijjiE + 180E2

+30
ij
ij + [12�;kk + 5�2 � 2j�j2 + 2jRj2]Id gdx
+(4�)�m=2 1

360

R
�
Tr f[�5Rodd

ijjiFodd
;� +2Rodd

a�a�Fodd
;� �5Loddaa Levenbb Fodd

;�

�Loddab Levenab Fodd
;� + 18

7 Levenab Levenab Feven
;� � 12

7 Levenaa Levenbb Feven
;�

+12Levenaa Feven
;�� ]Id + f [�Loddab Loddab Levencc �Levenab Loddab Loddcc

+2Loddab Loddbc Levenac + 2Rodd
abcbLoddac + 12Reven

ijji;�

+ 40
21Levenaa Levenbb Levencc � 4

7Levenab Levenab Levencc + 68
21Levenab Levenbc Levenac

+24Levenaa:bb + 10Reven
ijji Levenaa + 2Reven

a�a�Levenaa � 6Reven
a�b�Levenab

+2Reven
abcb Levenac ]Id + 18!2aFeven

;� � 30EoddFodd
;� + 15ULoddaa Fodd

;�

�30UFeven
;�� �9ULevenaa Feven

;� +30U2Feven
;� +f [12!2aLevenbb +24!a!bLevenab

+60Eeven;� �60!a

odd
a� +60EevenLevenaa �60U3�30UReven

ijji �180UEeven
�60U:aa�18ULevenaa Levenbb �6ULevenab Levenab +60U2Levenaa �60U!2a]gdy.

We shall omit the computation of a4 in the interest of brevity and instead
refer to [200] for details. We note that some information is available concerning
a5 in this setting.
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3.10.1 Proof of Theorem 3.10.1

We may decompose

an(f;D;BU ) = aMn (f;D) + a�n (f;D;BU )
where the interior integrals de�ning aMn (f;D) are given by Theorem 3.3.1.
We begin by determining the general form of the invariants a�n . There exist
universal constants so that

a�0 (f;D;U) = 0;

a�1 (f;D;U) =

Z
�

c1fTr

�
Id

�
dy ;

a�2 (f;D;U) = (4�)�m=2 16

Z
�

Tr

�
d1fLevenaa Id + d2Feven

;� Id + d3fU

�
dy ;

a�3 (f;D;U) = (4�)(1�m)=2 1
384

Z
�

Tr

�
fc2Loddaa Loddbb Id + fc3Loddab Loddab Id

+c4Loddaa Fodd
;� Id + c5Feven

;�� Id + c6fEeven + c7fReven
ijji Id

+c8fReven
a��aId + d4fLevenaa Levenbb Id + d5fLevenab Levenab Id

+d6Levenaa Feven
;� Id + d7fU

2 + d8fLevenaa U + d9Feven
;� U + e1f!a!a

�
dy :

We can simplify the task of determining these unknown coeÆcients at the
very outset. We apply Lemma 3.2.1. SupposeD0 is an operator of Laplace type
on a closed Riemannian manifold M0. Let � be a closed hypersurface of M0

which separates M0 into two components M+ and M�. Then we can regard
M =M+[�M� and D = D+[�D�. Set U = 0. If f is smooth onM , then �
plays no role in the computation of the heat trace asymptotics; the singularity
is entirely \arti�cial". This implies a�n (f;D;BU ) = 0. Consequently

c1 = c2 = c3 = c4 = c5 = c6 = c7 = c8 = 0 : (3.10.a)

We can double the manifold to relate the heat trace invariants for the
boundary condition BU to the corresponding invariants for the decoupled
Dirichlet and Robin boundary conditions. Let D0 be an operator of Laplace
type on a compact Riemannian manifold M0 with boundary �. Let

B0�0 := �0j@M0
and BS�0 := (rem + S)�0j@M0

:

Let M� := M0, D� := D0, and let U = �2S. Let M = M+ [� M�. Extend
f0 2 C1(M0) as an even function feven on M by setting

feven (x�) = f0(x) :

Then by Lemma 3.2.2,

a�n (feven ; D;BU ) = a�n (f0; D0;BD) + a�n (f0; D0;BR(S)) :
The following observation is then an immediate consequence of Theorems 3.4.1
and 3.5.1.
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d1 = 2; d2 = 0; d3 = �6;
d4 =

3
2 ; d5 = 3; d6 = 9;

d7 = 48; d8 = �24; d9 = �24 :
(3.10.b)

To complete the proof of Theorem 3.10.1, we must determine e1. We set
m = 2 and use the index theorem for the de Rham complex. Set

ei := e(ei) and ii = i(ei) :

We consider �� on M�. By Lemma 1.6.3,

!a = (L+ab + L�ab)emib + imeb ;

U = (L+ab + L�ab)femimiaeb + imemeaibg :
We have relative to the basis f1; e1; e2; e12 := e1 ^ e2g for �(M)j� that

!1(1) = 0; !1(e1) = Levenaa e2; !1(e2) = �Levenaa e1; !1(e12) = 0;

U(1) = 0; U(e1) = Levenaa e1; U1(e2) = Levenaa e2; U(e12) = 0 :

By Lemma 3.2.3,

0 = a3(1;�
0;BU )� a3(1;�

1;BU ) + a3(1;�
2;BU ) :

The scalar invariants cancel in the supertrace. Consequently

0 = �
Z
�

Tr�1(M)

�
d7U

2 + d8Levenaa U + e1!
2
1

�
dy

= (2d7 + 2d8 � 2e1)

Z
�

Levenaa Levenbb dy :

This shows that

96� 48� 2e1 = 0 so e1 = 24 : ut
Remark 3.10.2 The coeÆcient e1 was �rst computed by Moss [286] using
very di�erent methods.

3.11 Heat trace asymptotics for transfer boundary conditions

As in the previous section, we adopt the notation of Equation (3.2.a) and
consider structures

(M; g; V;D) = ((M+; g+; V+; D+); (M�; g�; V�; D�)) :

We assume only the compatibility conditions of Equation (3.2.b)

@M+ = @M� = � and g+j� = g�j� :
We do not assume an identi�cation of V+j� with V�j�. Let F� be smooth
endomorphisms of V�; there is no assumed relation between F+ and F�. Let
Tr� denote the �ber trace on V�.
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We adopt the notation of Section 1.6.3 and impose transfer boundary con-
ditions

BS� :=
�� r+

�+ + S++ S+�
S�+ r��� + S��

��
�+
��

�� ����
�

:

We set S+� = S�+ = 0 to introduce the associated decoupled Robin boundary
conditions

BR(S++)�+ := (r+
�+ + S++)�+j�; and

BR(S��)�� := (r��� + S��)��j� :
De�ne the correction term an(F;D; S)(y) by means of the identity

an(F;D;BS) =

Z
M

an(F;D)(x)dx +

Z
�

an(F+; D+;BR(S++)dy

+

Z
�

an(F�; D�;BR(S��)dy +
Z
�

an(F;D; S)(y)dy :

Since the interior invariants an(F;D) are discussed in Theorem 3.3.1 and the
invariants an(F;D;BR) are discussed in Theorem 3.5.1, we must determine
only the invariant an(F;D; S) which measures the new interactions that arise
from S+� and S�+. We follow the discussion of [201].

Theorem 3.11.1 Adopt the notation established above.

1. an(F;D; S)(y) = 0 for n � 2.

2. a3(F;D; S)(y) = (4�)(1�m)=2 1
2

�
Tr+(F+S+�S�+) + Tr�(F�S�+S+�)

	
.

3. a4(F;D; S)(y) = (4�)�m=2 1
360

�
Tr+f480(F+S++ + S++F+)S+�S�+ + 480F+S+�S��S�+

+(288F+L
+
aa + 192F+L

�
aa + 240F+;�+)S+�S�+g

+Tr�f480(F�S�� + S��F�)S�+S+� + 480F�S�+S++S+�

+(288F�L�aa + 192F�L+aa + 240F�;��)S�+S+�g
	
.

If S+� = 0 and S�+ = 0, then an(F;D; S) = 0 as the boundary condition
decouples and there is no interaction betweenM+ andM�. To ensure that the
�ber trace is well de�ned, if S+� appears, then S�+ must also appear. Since
an(F;D; S) is homogeneous of total weight n�1, we conclude an(F;D; S) = 0
for n � 2. This establishes Assertion (1) of Theorem 3.11.1.
The heat trace coeÆcients must be symmetric with respect to interchanging

the labels \+" and \�". We write down a basis of invariants of total weight
2 and 3 which involve both S+� and S�+ to conclude

a3(F;D;B)(y) = (4�)�m=2 1
384

c0fTr+(F+S+�S�+) + Tr�(F�S�+S+�)g;
a4(F;D;B)(y) = (4�)�m=2 1

360

�
1
2c1;1fTr+(F+S++S+�S�+) + Tr�(F�S��S�+S+�)g
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+ 1
2c1;2fTr+(S++F+S+�S�+) + Tr+(S��F�S�+S+�)g

+c2fTr+(F+S+�S��S�+) + Tr�(F�S�+S++S+�)g
+c3fL+aaTr+(F+S+�S�+) + L�aaTr�(F�S�+S+�)g
+c4fL�aaTr+(F+S+�S�+) + L+aaTr�(F�S�+S+�)g
+c5fTr+(F+;�+S+�S�+) + Tr�(F�;��S�+S+�)gg :

We complete the proof of Theorem 3.11.1 by showing:

Lemma 3.11.2

1. We have c1;1 = c1;2.

2. c0 = 192.

3. c1;1 = 960, c2 = 480, c3 + c4 = 480, and c5 = 240.

4. c3 = 288 and c4 = 192.

Proof: We apply Lemma 3.1.4. If the structures in question are real, then
an(�) is real. Thus all universal constants given above are real. Suppose the
bundles V� are Hermitian, that the operators D� are formally self-adjoint,
and that the endomorphisms F� are self-adjoint. If S++ and S�� are self-
adjoint, and if S+� is the adjoint of S�+, then Lemma 1.6.4 implies (D;BS)
is self-adjoint and thus an(�) again is real; Assertion (1) now follows.
Since c1;1 = c1;2, the lack of commutativity involved with dealing with

endomorphisms plays no role; thus it suÆces to consider the scalar case where
everything is commutative. We assume therefore for the remainder of the proof
that the bundles V� =M�� C are trivial line bundles and that the operators
D� are scalar. Thus we may drop \Tr" from the notation.
LetM0 be a compact 
at Riemannian manifold with smooth boundary and

let � be the scalar Laplacian. We impose Robin boundary conditions de�ned
by an auxiliary function S. By Theorem 3.5.1,

a3(f;�;BR(S))(y) = (4�)(1�m)=2 1
384Tr (192S

2 + :::);

a4(f;�;BR(S))(y) = (4�)�m=2 1
360Tr (480S

3 (3.11.a)

+480S2Laa + 240S2f;m + :::) ;

where we have suppressed terms which are not at least quadratic in S. We
apply Lemma 3.2.4 to prove Assertion (2). Fix the parameter � 2 (0; �2 ). Let
S++ and S+� be arbitrary. Set

S�+ := S+�;

S�� := S++ + (tan � � cot �) S+�;

S� := S++ + tan � S+� = S�� + cot � S�+;

S� := S++ � cot �S+� = S�� � tan � S�+ :

Let B� and B� be Robin boundary conditions on M0 de�ned by S� and by
S� , respectively. Let f� = 0. Then

an(f;�;BS) = an(cos
2 � f+;�;B�) + an(sin

2 � f+;�;B�) : (3.11.b)
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We use the �rst identity of Display (3.11.a) to see

a3(cos
2 �f+;�;B�)(y) + a3(sin

2 �f+;�;B�)(y)
= (4�)(1�m)=2 1

384ff+S2+�(192 cos2 � tan2 � + 192 sin2 � cot2 �) + :::g(y)
= (4�)(1�m)=2 1

384ff+(192S2+�) + :::g(y)
where we have omitted terms in S2++ and S++S+�. On the other hand,

a3(f+;�;BS)(y) = (4�)(1�m)=2 1
384c0ff+S2+�g(y) :

We use Equation (3.11.b) to equate these two expressions and complete the
proof of Assertion (2) by showing

c0 = 192 :

The proof of Assertion (3) is similar. By Display (3.11.a),

a4(cos
2 �f+;�;B�)(y) + a4(sin

2 �f+;�;B�)(y)
= 1

360 (4�)
�m=2f480f+(cos2 �S3� + sin2 �S3�)

+ 480f+Laa(cos
2 �S2� + sin2 �S2�)

+ 240f+;�+(cos
2 �S2� + sin2 �S2�)g

= 1
360 (4�)

�m=2S2+�f480f+(3S++ + S+�[tan � � cot �])

+ 480f+Laa + 240f+;�+g+ ::: :

On the other hand, we have by the de�ning relation that

a4(f+;�;BS)(y) = 4�)�m=2 1
360S

2
+�fc1;1f+S++

+c2f+(S++ + S+�[tan � � cot �])

+(c3 + c4)f+Laa + c5f+;�+g(y) + :::

Equation (3.11.b) permits one to equate these two expressions and thereby
derive the following relations which establish Assertion (3)

c1;2 + c2 = 3 � 480; c2 = 480; c3 + c4 = 480; and c5 = 240 :

The missing information about fc3; c4g is obtained via conformal transfor-
mations. We vary the structures on M+ to de�ne the one-parameter family

D(") := (e2"f+D+; D�) :

To ensure that g+(")j� = g�j�, we assume f+j� = 0. As the connections
change, we must adjust S appropriately; in particular

S+�(") = S+�(0); S�+(") = S�+(0); and S��(") = S��(0) :

We set m = 6. By Lemma 3.1.16,

@"a4(e
�2"fF; e�2"fD;BS) = 0 :

We apply Lemmas 3.4.3 and 3.5.4 and set F = 1. One then has

@"j"=0S++(") = m�2
2 f+;�+ = 2f+;�+ ;
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@"j"=0L+aa(") = �(m� 1)f+;�+ = �5f+;�+;
@"j"=0fr�+(")(e�2"fF )g = �2f+;�+ :

This then yields the relation 2c1;1 � 5c3 � 2c5 = 0. Assertion (4) now follows
from this relation and from Assertion (2). ut

3.12 Time-dependent phenomena

Let D = fDtg be a time-dependent family of operators of Laplace type. We
use the initial operator D := D0 to de�ne a reference metric g0. Choose
local frames feig for the tangent bundle of M and local frames feag for the
tangent bundle of the boundary which are orthonormal with respect to the
initial metric g0. Use g0 to de�ne the measures dx on M and dy on @M . The
metric g0 de�nes the curvature tensor R and the second fundamental form L.
We also use D to de�ne a background connection r0 that we use to multiply
covariantly di�erentiate tensors of all types and to de�ne the endomorphism
E.
We assume given a decomposition of the boundary @M = CN

:t CD as
the disjoint union of closed sets. It is permissible for either the Robin com-
ponent CN or the Dirichlet component CD or both components to be empty.
Motivated by the discussion in Section 2.9, we consider a 1 parameter family
B = fBtg of boundary operators which we expand formally in a Taylor series

Bt� := �

����
CD

�
(
�;m + S�+

X
r>0

tr(�r;a�;a + Sr�)

) ����
CN

:

We consider the time-dependent heat equation described in Display (3.2.e)
and let K(t; x; �x;D;B) be the associated kernel function. Let an(f;D;B) be
the heat trace asymptotics de�ned in Equation (3.2.f). In this section, we
present results of [195] which extend Theorems 3.3.1, 3.4.1, and 3.5.1 to the
time-dependent framework.
Expand D in a Taylor series expansion

Dtu := Du+

1X
r=1

tr
�
Gr;iju;ij +Fr;iu;i + Eru

�
:

By assumption, the operators Gr;ij are scalar. Our main result is the following
theorem which describes the additional terms in the heat trace asymptotics
which arise from the structures described by Gr;ij , Fr;i, Er, �r;a, and Sr.
Theorem 3.12.1

1. a0(F;D;B) = a0(F;D;B) and a1(F;D;B) = a1(F;D;B).
2. a2(F;D;B) = a2(F;D;B) + (4�)�m=2 16

R
M
Tr f 32FG1;iigdx.
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3. a3(F;D;B) = a3(F;D;B) + (4�)(1�m)=2 1
384

R
CD

Tr f�24FG1;aagdy
+(4�)(1�m)=2 1

384

R
CN

Tr f24FG1;aagdy.

4. a4(F;D;B) = a4(F;D;B) + (4�)�m=2 1
360

R
M Tr fF ( 454 G1;iiG1;jj

+ 45
2 G1;ijG1;ij + 60G2;ii � 180E1 + 15G1;ii� � 30G1;ij�ij + 90G1;iiE

+60F1;i;i + 15G1;ii;jj � 30G1;ij;ij)gdx+ (4�)�m=2 1
360

R
CD

Tr ff(30G1;aaLbb
�60G1;mmLbb + 30G1;abLab + 30G1;mm;m � 30G1;aa;m � 30F1;m)

+F;m(�45G1;aa + 45G1;mm)gdy + (4�)�m=2 1
360

R
CN

Tr fF (30G1;aaLbb
+120G1;mmLbb � 150G1;abLab � 60G1;mm;m + 60G1;aa;m
+150F1;m + 180SG1;aa � 180SG1;mm + 360S1)

+F;m(45G1;aa � 45G1;mm)gdy.
We use dimensional analysis to see that Gr;ij is homogeneous of weight 2r,

that Fr;i is homogeneous of weight 2r + 1, that Er is homogeneous of weight
2r + 2, that �r;a is homogeneous of weight 2r, and that Sr is homogeneous
of weight 2r + 1. Thus these invariants do not enter into an for n = 0; 1.
Assertion (1) of Theorem 3.12.1 now follows.
There exist universal constants so that

a2(F;D;B) = a2(F;D;B) + (4�)�m=2 16

Z
M

Tr

�
c0FG1;ii

�
dx; (3.12.a)

a3(F;D;B) = a3(F;D;B) + (4�)(1�m)=2 1
384

Z
CD

Tr

�
F (e�1 G1;aa

+e�2 G1;mm)
�
dy

+(4�)(1�m)=2 1
384

Z
CN

Tr

�
F (e+1 G1;aa + e+2 G1;mm)

�
dy;

a4(F;D;B) = a4(F;D;B) + (4�)�m=2 1
360

Z
M

Tr

�
F (c1G1;iiG1;jj

+c2G1;ijG1;ij + c3G2;ii + c4E1 + c5G1;ii� + c6G1;ij�ij
+c7G1;iiE + c8F1;i;i + c9G1;ii;jj + c10G1;ij;ij )

�
dx

+(4�)�m=2 1
360

Z
CD

Tr

�
F (e�3 G1;aaLbb + e�4 G1;mmLbb

+e�5 G1;abLab + e�6 G1;mm;m + e�7 G1;aa;m + e�8 G1;am;a + e�9 F1;m)

+F;m(e
�
10G1;aa + e�11G1;mm)

�
dy

+(4�)�m=2 1
360Tr

�
F (e+3 G1;aaLbb + e+4 G1;mmLbb + e+5 G1;abLab

+e+6 G1;mm;m + e+7 G1;aa;m + e+8 G1;am;a + e+9 F1;m + e+12SG1;aa
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+e+13SG1;mm + e+14S1 + e+15�1;a:a) + F;m(e
+
10G1;aa + e+11G1;mm)

�
dy :

The product formulae of Lemma 3.2.5 show that the universal constants
involved do not depend upon the dimension of the underlying manifold. We
will complete the proof of Theorem 3.12.1 by evaluating these unknown co-
eÆcients. The possible non-commutativity in the vector valued case plays no
role in these invariants. Consequently, for the remainder of this section, we
shall assume that D is scalar valued, set F = f , and omit the \Tr " henceforth
in the interest of notational simplicity.

We begin our study by using Lemma 3.2.6 and Theorem 3.6.1 to evaluate
many of the coeÆcients:

Lemma 3.12.2 1. c0 =
3
2 .

2. e�1 = �24, e�2 = 0, e+1 = 24, e+2 = 0.

3. c1 =
45
4 , c2 =

45
2 , c3 = 60, c4 = �180, c5 = 15, c6 = �30, c7 = 90.

4. e�3 = 30, e�4 + e�5 = �30, e�10 = �45, e�11 = +45.

5. e+3 = 30, e+4 + e+5 = �30, e+10 = +45, e+11 = �45, e+12 = 180, e+13 = �180.
Proof: Let B be a suitable boundary condition for an operator of Laplace
type on M . Let �; � 2 R. We de�ne a time-dependent family of operators of
Laplace type by setting

D := (1 + 2�t+ 3�t2)D :

We set Bt = B to keep the boundary condition static. By Lemma 3.2.6,

a2(f;D;B) = a2(f;D;B)� m
2 �a0(f;D;B); (3.12.b)

a3(f;D;B) = a3(f;D;B)� m�1
2 �a1(f;D;B);

a4(f;D;B) = a4(f;D;B)� m�2
2 �a2(f;D;B)

+(m(m+2)
8 �2 � m

2 �)a0(f;D;B) :
We use Display (3.12.a) to study an(f;D;B) and we use Theorem 3.6.1 to
study an�2(f;D;B) and an�4(f;D;B). The identities of Display (3.12.b) then
permit us to derive a number of equations from which the Lemma will follow.
Note that since m is arbitrary, equations involving this parameter can give
rise to more than one relation.
We have the relations

G1;ij = �2�Æij ; F1;i = 0; G2;ij = �3�Æij ; E1 = �2�E :
Studying a2 gives rise to the equation

�(4�)�m=2 26mc0
Z
M

(�f)dx = �(4�)�m=2m2
Z
M

(�f)dx

which yields Assertion (1). Studying a3 gives rise to the equations:

� 2
384

Z
CN

�
(m� 1)e+1 + e+2

�
(�f)dy = �m�1

8

Z
CN

(�f)dy;
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� 2
384

Z
CD

�
(m� 1)e�1 + e�2

�
(�f)dy = m�1

8

Z
CD

(�f)dy :

which yields Assertion (2). Examining the interior integrands in a4 yields the
following relationships from which Assertion (3) follows

4
360 (m

2c1 +mc2)

Z
M

(�2f)dx = m(m+2)
8

Z
M

(�2f)dx;

� 3
360mc3(�f)

Z
M

dx = �m
2

Z
M

(�f)dx;

� 2
360 (c4 +mc7)

Z
M

(�fE)dx = �m�2
2

Z
M

(�fE)dx;

� 2
360 (mc5 + c6)

Z
M

(�f�)dx = �m�2
12

Z
M

(�f�)dx :

The boundary integrals over the Dirichlet component CD show that

� 2
360f(m� 1)e�3 + e�4 + e�5 g

Z
CD

(�fLaa)dy = �m�2
6

Z
CD

(�fLaa)dy;

� 2
360f(m� 1)e�10 + e�11g

Z
CD

(�f;m)dy = m�2
4

Z
CD

(�f;m)dy :

This establishes Assertion (4). Finally, we use the boundary integrals over the
Robin component CN to see

� 2
360f(m� 1)e+3 + e+4 + e+5 g

Z
CN

(�fLaa)dy = �m�2
6

Z
CN

(�fLaa)dy;

� 2
360f(m� 1)e+10 + e+11g

Z
CN

(�f;m)dy = �m�2
4

Z
CN

(�f;m)dy;

� 2
360f(m� 1)e+12 + e+13g

Z
CN

(�fS)dy = �m�2
1

Z
CN

(�fS)dy :

We use these relations to complete the proof of the Lemma. ut
Remark: The product formulae of Lemma 3.2.5 provide useful cross-checks
on the values determined above but yield no additional information.

We make a time-dependent gauge change to establish the following result:

Lemma 3.12.3

1. c8 = 60.

2. e+14 � 2e+9 = 60.

3. e�9 = �30.
Proof: Let D := �@2� on M := [0; 1] and let

Dt;% := e�t%	Det%	 + %	; E = �%	;
G1;11 = 0; G2;11 = 0;

F1;1 = �2%	;�; E1 = �%	;�� :
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Choose B% suitably. By Lemma 3.2.7,

@%an(f;D%;B%)j%=0 = �an�2(f	; D;B) : (3.12.c)

We set n = 4 and apply Theorem 3.6.1 to compute a4(f;D;B) and a2(f;D;B).
To study the variation of the interior integrands, we note

@%fE;��gj%=0 = �	;��; @%fE1gj%=0 = �	;��; @%fF1;i;igj%=0 = �2	;�� :

Since
R
M
(f	;��)dx does not appear in the interior integral for a2(f	; D;B),

(�60� c4 � 2c8)

Z
M

f	;��dx = 0 :

Since c4 = �180 by Lemma 3.12.2, c8 = 60. This establishes Assertion (1).
To prove Assertion (2), we take Robin boundary conditions

Bt;%� := f�;m + S�+ t%	;m�gj@M :

We then have S1 = %	;m. The relevant variational formulae then become

@%fE;mgj%=0 = �	;m; @%fF1;mgj%=0 = �2	;m; @%fS1gj%=0 = 	;m :

Studying the boundary integral
R
@M (f	;m)dy then yields the identity

�240� 2e+9 + e+14 = �180 :
Assertion (2) now follows. To prove Assertion (3), we take B to be the Dirichlet
boundary operator. We use the invariant

R
@M f	;mdy to see

120� 2e�9 = 180 :

The �nal assertion of the Lemma now follows. ut
We make a time-dependent change of coordinates to determine the remain-

ing coeÆcients.

Lemma 3.12.4

1. c9 = 15 and c10 = �30.
2. e�4 = �60, e�5 = 30, e�6 = 30, e�7 = �30, and e�8 = 0.

3. e+4 = 120, e+5 = �150, e+6 = �60, e+7 = 60, e+8 = 0, e+9 = 150, e+14 = 360,
and e+15 = 0.

Proof: We apply Lemma 3.2.8. Let M := S1 � [0; 1] be given the metric

ds2 := e2" 1dx21 + e2" 2dx22

where the functions  i are smooth on M . The volume form becomes

dx = gdx1dx2 where g := e"( 1+ 2) :

Let  i=j := @j i,  i=jk := @j@k i and so forth. The scalar Laplacian can then
be represented in the form

� = �g�1@iggij@j = �fe�2" 1@21 + e�2" 2@22
+"( 2=1 �  1=1)@1 + "( 1=2 �  2=2)@2g+O("2) :
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Let � be an auxiliary function of compact support on M . We de�ne a
di�eomorphism �% of a neighborhood of M � f0g in M � [0;1) by setting

�%(x1; x2; t) := (t; x1 + %t�(x1; x2); x2) :

Let �=i = @i�, �=ij := @i@j� and so forth. We then have that

��%dx
1 = dx1 + %(�dt+ t�=1dx

1 + t�=2dx
2);

��%(@1) = @1 � t%�=1@1;

��%dx
2 = dx2;

��%(@2) = @2 � t%�=2@1;

��%dt = dt;

��%(@t) = @t � %�@1 :

We suppress terms which are O("2) +O(%2) and expand in a Taylor series

��%e
�2" 1 = e�2" 1 � 2"%t� 1=1 + :::;

��%e
�2" 2 = e�2" 2 � 2"%t� 2=1 + :::;

��%"( 2=1 �  1=1) = "( 2=1 �  1=1) + "%t�( 2=11 �  1=11) + :::;

��%"( 1=2 �  2=2) = "( 1=2 �  2=2) + "%t�( 1=21 �  2=21) + ::: :

This implies that

��%f�e�2" 1@21g = �e�2" 1@21 + 2t"%� 1=1@
2
1

+t%e�2" 1f�=11@1 + 2�=1@
2
1g+ :::;

��%f�e�2" 2@22g = �e�2" 2@22 + 2t"%� 2=1@
2
2

+t%e�2" 2f�=22@1 + 2�=2@1@2g+ :::;

"��%f�( 2=1 �  1=1)@1g = "f� 2=1 +  1=1 � %t�( 2=11 �  1=11)

+t%�=1( 2=1 �  1=1)g@1 + :::;

"��%f�( 1=2 �  2=2)@2g = "f� 1=2 +  2=2 � %t�( 1=21 �  2=21)g@2
+t"%�=2( 1=2 �  2=2)@1 + ::: :

Consequently, we have that

D% := ��%(@t +�)� @t = �� %�@1

+ t%fe�2" 1(2�=1@21 +�=11@1)

+ e�2" 2(2�=2@1@2 +�=22@1)g
+ t"%f2 1=1�@21 + 2 2=1�@

2
2

+ [( 2=1 �  1=1)�=1 � ( 2=11 �  1=11)�

+ ( 1=2 �  2=2)�=2]@1 � ( 1=12 �  2=12)�@2g+ ::: :

Since the coordinate frame is not orthonormal, we must be careful with
which indices are up and which indices are down. Let ! be the connection 1
form determined by D0. Again, we omit terms which are O("2) +O(%2). The
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previous Equation may then be used to see that

D0 = �� %�@1; !1 =
1
2e

2" 1%�+ :::;

G1;11 = e�2" 12%�=1 + 2"% 1=1� + :::; !2 = 0 + :::;

G1;22 = 2"% 2=1� + :::; G1;12 = e�2" 2%�=2 + :::;

E = � 1
2%�=1 � 1

2"%( 1=1 +  2=1)� + :::; E1 = 0 + ::: :

To compute F , we must express partial di�erentiation in terms of covariant
di�erentiation. Since ! is linear in %, it plays no role. The Christo�el symbols
of the metric, however, play a crucial role. Relative to the coordinate frame,

�121 = �211 = ��112 = 1
2" 1=2 + O("2);

�212 = �122 = ��221 = 1
2" 2=1 + O("2);

�111 =
1
2" 1=1 +O("2);

�222 =
1
2" 2=2 +O("2) :

Consequently,

G1;11f;11 = (G1;11@21 � 2"% 1=1�=1@1 + 2"% 1=2�=1@2)f + :::

2G1;12f;12 = (2G1;12@1@2 � 2"% 1=2�=2@1 � 2"% 2=1�=2@2)f + :::

G1;22f;22 = G1;22@22f + ::: :

We use this computation to determine the tensor F1:

F1;
1 = %(e�2" 1�=11 + e�2" 2�=22)

+ "%f( 2=1 �  1=1)�=1 � ( 2=11 �  1=11)�

+ ( 1=2 �  2=2)�=2 + 2 1=1�=1 + 2 1=2�=2g;
F1;

2 = "%f�( 1=12 �  2=12)�� 2 1=2�=1 + 2 2=1�=2g+ ::: :

Let Bt;% := ��%Bt. By Lemma 3.2.8,

@%an(f;D%;B)j%=0 = � 1
2an�2(g

�1@1(gf�);�;B) :
To prove Assertion (1) of the Lemma, let P 2 int (M) and let

 1(P ) =  2(P ) = 0 :

We study monomials �=111 and  2=111� appearing in the interior integrals for
@%j%=0a4. Let R = E or let R = � . We integrate by parts to de�ne A[R] by
the identity:

� 1
12

Z
M

g�1@1(gf�)Rdx = 1
360

Z
M

fA[R]dx :

One then has that

� 1
2a
M
2 (g�1@1(gf�);�) = (4�)�1 1

360

Z
M

fA[6E + � ]dx :

© 2004 by CRC Press LLC 



258 Heat Trace Asymptotics

We have � � �2" 2=11 + :::. We compute

@%j%=060E;ii = �30�=111 �30" 2=111�+ :::;

@%j%=060F1;i;i = 60�=111 �60" 2=111�+ :::;

@%j%=0c9G1;ii;jj = 2c9�=111 +2c9" 2=111�+ :::;

@%j%=0c10G1;ij;ij = 2c10�=111 +0c10" 2=111�+ :::;

A[6E] = 0�=111 +0" 2=111�+ :::;

A[� ] = 0�=111 �60" 2=111�+ ::::

Assertion (1) follows since one has

�30 + 60 + 2c9 + 2c10 = 0; and

�30� 60 + 2c9 = �60 :
We now study the boundary terms. We pull back the Robin boundary op-

erator B := e�" 2@2 + S to express

��%B = e�" 2=1t%�fB � e�" 2t%�=2@1 + t%�("S 2=1 + S=1)g+ :::;

�1 = �e�" 2%�=2 and S1 = %�("S 2=1 + S=1) + ::: :

With Dirichlet boundary conditions, we set S = � = 0. We study the terms
that make up @%j%=0a4(f;D%;B%), focusing on the boundary contributions.
Let � indicate we are working modulo O("2). Thus, for example, we have
that L11 � �" 1=2. At the point of the boundary in question, we suppose
 1(P ) =  2(P ) = 0. We list the coeÆcient as � for Dirichlet and + for Robin
boundary conditions.

@%j%=0(�120�; 240+)fE;m

� (60�;�120+)ff�=12 + (" 1=12 + " 2=12)�

+(" 1=1 + " 2=1)�=2g;
@%j%=0120fELaa � 60"f 1=2�=1;

@%j%=0720fSE � �360fSf�1 + "( 1=1 +  2=1)�g;
@%j%=0e�3 fG1;aaLbb � e�3 f(2�=1)(�" 1=2);
@%j%=0e�4 fG1;mmLbb � 0;

@%j%=0e�5 fG1;abLab � e�5 f(2�=1)(�" 1=2);
@%j%=0e�6 fG1;mm;m � e�6 f(2" 2=12� + 4" 2=1�=2);

@%j%=0e�7 fG1;aa;m � e�7 ff2�=12 + 2" 1=12� + 2" 1=1�=2 � 2" 2=1�=2g;
@%j%=0e�8 fG1;am;a � e�8 ff�" 2=1�=2 +�=12 + " 1=1�=2 � 2" 1=2�=1g;
@%j%=0e�9 fF1;m � e�9 ff�(" 1=12 � " 2=12)�� 2" 1=2�=1 + 2" 2=1�=2g;
@%j%=0e+12fSG1;aa � e+12ff2�=1S + 2" 1=1�Sg;
@%j%=0e+13fSG1;mm � e+13ff2" 2=1�Sg;
@%j%=0e+14fS1 � e+14f�f" 2=1S + S=1g;
@%j%=0e+15f�1;a:a � e+15f(" 2=1�=2 � �=12 � " 1=1�=2);
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@%j%=0(�180)f;mE � �90f;mf�=1 + (" 1=1 + " 2=1)�g;
@%j%=0e�10f;mG1;aa � e�10f;m(2�=1 + 2" 1=1�);

@%j%=0e�11f;mG1;mm � e�11f;m2" 2=1� :

We must also study the boundary terms comprising � 1
2a
@M
2 (�). As when

studying aM2 , we integrate by parts to de�ne A and compute:

A[2fLaa] � �60"f 1=12�,
A[12fS] � �360f�"fS 2=1� f�S=1g,
A[�3f;m] � �90f(" 1=12 + " 2=12)f� + 2" 2=1(f;m� + f�=2)g.

We established the following relations in Lemmas 3.12.2 and 3.12.3

e�3 = 30; e�4 + e�5 = �30; e+14 � 2e+9 = 60 and e�9 = �30 :
We use Lemma 3.2.8 to derive the following equations and complete the proof,
the relevant monomial being listed in the �rst column.

monomial %a4(�)j%=0 = � 1
2an�2(�)

f" 2=1�=2 (60�;�120+) + 4e�6 � 2e�7 � e�8 + 2e�9 + e�15 = �180;
f" 2=12� (60�;�120+) + 2e�6 + e�9 = �90;
f" 1=12� (60�;�120+) + 2e�7 � e�9 = �60� 90;
f�=12 (60�;�120+) + 2e�7 + e�8 � e�15 = 0;
f" 1=2�=1 �2e�5 � 2e�8 � 2e�9 = 0;
fS=1� e+14 = 360;
f" 2=1�S �360+ 2e+13 + e+14 = �360;
f�=1S �360+ 2e+12 = 0;
f;m" 2=1� �90 + 2e�11 = �180;
f;m�=1 �90 + 2e�10 = 0 :

This completes the proof of Lemma 3.12.4 and thereby also the proof of The-
orem 3.12.1. ut
Remark 3.12.5 One can use Lemma 3.2.9 to derive additional relations pro-
viding a useful cross-check of the computations performed above. The redun-
dancy of the computational algorithm provides a useful amount of robustness
in helping to guard against calculational mistakes!

3.13 The eta invariant

In the next section, we will study spectral boundary conditions. Theorem
3.2.14 expresses the boundary correction terms to the heat trace asymptotics
in terms of the invariants a�k if the structures are product near the boundary.
In this section, we present results of Branson and Gilkey [85, 86] concerning
these invariants.
Let M be a compact Riemannian manifold. Let P be an operator of Dirac
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type. If the boundary ofM is non-empty, then we must impose suitable bound-
ary conditions. Suppose there exists an endomorphism � of V j@M so that �
is self-adjoint and so that

�2 = 1; �
m + 
m� = 0; and �
a = 
a� :

We let B� := ��� �j@M . The associated boundary condition for D := P 2 is
de�ned by the boundary operator

B1� := B��BP�
and is equivalent to a mixed boundary operator B�;S where S is given in
Display (3.13.a) below.
Let D = P 2 be the associated operator of Laplace type. Let F be an

endomorphism of the bundle. As t # 0, there is an asymptotic expansion

TrL2(FPe
�tP 2

B) �
1X
n=0

a�n(F; P;B)t(n�m�1)=2

where the indexing convention is chosen so that the local invariants a�n are
given by local formulae that are homogeneous of total weight n in the jets of
the symbol of P . These invariants measure the spectral asymmetry of P ;

a�n(F; P;B) = �a�n(F;�P;B) :
Theorem 3.13.1 Let M be a compact Riemannian manifold of dimension m

with smooth boundary. Let 
 de�ne a Cli�ord module structure on a bundle

V over M . Let r be a compatible connection and let P = 
irei +  P be

an operator of Dirac type on V . Let Wij := 
ij � 1
4Rijkl
k
l where 
 is the

curvature of r. Let f 2 C1(M). Then:

1. a
�
0(f; P;B) = 0.

2. a
�
1(f; P;B) = �(4�)�m=2(m� 1)

R
M Tr ff P gdx.

3. a
�
2(f; P;B) = 1

4 (4�)
�(m�1)=2 R

@M (2�m)Tr ff P�gdy.
4. a

�
3(f; P;B) = � 1

12 (4�)
�m=2 R

M
f
�
Tr f2(m� 1)rei P + 3(4�m) P 
i P

+3
j P 
j
i P g;i + (m� 3)Tr f�� P � 6
i
jWij P + 6
i Prei P
+(m� 4) 3P � 3 2P 
j P 
jg

	
dx

� 1
12 (4�)

�m=2 R
@M

Tr f6(m� 2)f;m� P + f [(6m� 18)�rem P
+2(m� 1)rem P + 6�
m
area P + 6(2�m)� PLaa

+2(3�m) PLaa + 6(3�m)�
m 
2
P + 3
m P 
a P 
a

+3(3�m)�
m P� P + 6�
aWam]gdy.
Remark 3.13.2 We have changed the sign convention for  P from that em-
ployed in [85] in the interest of making the formulae in this section compatible
with formulae in the next section. We emphasize that r is in general not the
connection rD .
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Proof: One has by [85, 86], that

rDei = rei + �i where �i := � 1
2 ( P 
i + 
i P );

E = 1
2 (rei P 
i � 
irei P )�  2P � �i�i � 1

2
i
jWij � 1
4�;

S = 1
2�+(
m P �  P 
m � Laa�)�+ : (3.13.a)

Let P" := P � "f . Lemma 3.2.11 shows that

@"an(1; (P � "f)2;B1)j"=0 = 2a�n�1(f; P;B) : (3.13.b)

The Theorem now follows, after bit of calculation, from these relations, from
Equation (3.13.b), and from Theorem 3.3.1; the metric contributions are un-
changed. We shall omit the details in the interest of brevity and refer instead
to Branson and Gilkey [85, 86]. ut
As we discussed in Section 1.6.6, if m is odd, then P may not admit suitable

local boundary conditions. Thus it is natural to impose spectral boundary con-
ditions as shall be discussed presently in Section 3.14. Lemma 3.2.11 together
with Theorem 3.14.1 could then be used to analyze the boundary contribution
for a�n in this setting for n � 2. We omit details in the interest of brevity.

3.14 Spectral boundary conditions

Let M be a compact Riemannian manifold of dimension m with smooth
boundary. Let Vi be smooth vector bundles over M which are equipped with
smooth �ber metrics. Let P : C1(V1) ! C1(V2) de�ne an elliptic complex

of Dirac type; this means that the associated second order operators

D1 := P �P and D2 := PP �

are of Laplace type.
Let 
 be the leading symbol of P . Then�

0 
�


 0

�

de�nes a unitary Cli�ord module structure on V1 � V2. By Lemma 1.1.7, we
may choose a unitary connection r on V1 � V2 which is compatible with
respect to this Cli�ord module structure. By averaging r with respect to the
chirality endomorphism �

1 0
0 �1

�
we can assume that r respects the splitting and induces connections r1 and
r2 on the bundles V1 and V2, respectively.
Decompose P in the form

P = 
irei +  
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where  2 End (V1; V2). Near the boundary, the structures depend on the
normal variable. We set the normal variable xm to zero to de�ne a tangential
operator of Dirac type

B(y) := 
m(y; 0)
�1 (
a(y; 0)rea +  (y; 0)) on C1(V1j@M ) :

Let B� be the adjoint of B on L2(V1j@M ); Lemma 1.4.15 then generalizes to
show

B� = 
m(y; 0)
�1
a(y; 0)rea +  �B

where  B := 
m(y; 0)
�1 (y; 0). Let � be an auxiliary self-adjoint endomor-

phism of V1. We set

A := 1
2 (B +B�) + � on C1(V1j@M );

A# := �
mA(
m)�1 on C1(V2j@M ) :

The leading symbol of A is then given by


Ta := 
�1m 
a

which is a unitary Cli�ord module structure on V1j@M . Thus A is a self-adjoint
operator of Dirac type on C1(V1j@M ); similarly A# is a self-adjoint operator
of Dirac type on C1(V2j@M ).
Let �+

A (resp. �+
A#

) be spectral projection on the eigenspaces of A (resp.

A#) corresponding to the positive (resp. non-negative) eigenvalues; there is
always a bit of technical fuss concerning the harmonic eigenspaces that we
will ignore as it does not a�ect the heat trace asymptotic coeÆcients that we
shall be considering. Introduce the associated spectral boundary operators by

B1�1 := �+
A(�1j@M ) for �1 2 C1(V1);

B2�2 := �+
A#

(�2j@M ) for �2 2 C1(V2);

Bs�1 := B1�1 �B2(P�1) for �1 2 C1(V1) :

If PB1 , P
�
B2 , and D1;B are the realizations of P , of P �, and of D1 with respect

to the boundary conditions B1,B2, and Bs, respectively, then
(PB1)

� = P �B2 and D1;Bs = P �B1PB1 :

The argument proving Lemma 1.6.7 extends immediately to this situation to
show that (D1;Bs) is self-adjoint and elliptic with respect to the cone C.
It is worth putting this in the framework considered previously. Suppose

P = �
irei +  P is an operator of Dirac type on a vector bundle V where
r is a compatible connection. We suppose for the sake of simplicity that P
is formally self-adjoint or, equivalently, that 
� = �
 and  �P =  P . We take
V1 = V2 = V and set

B = �
m
area � 
m P :

Then by Lemma 1.4.15,

B� = �
m
area +  P 
m;

A = �
m
area + 1
2 ( P 
m � 
m P ) + �;

 A = 1
2 ( P 
m � 
m P ) + � :
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Thus the formalism of this section for the boundary condition is essentially
equivalent to that used previously. It is convenient, however, to work in this
new framework both because problems of this type arise in the study of index
theory and also because it simpli�es the invariance theory which is involved.
By Theorem 1.4.6, we have an asymptotic series

Tr L2(fe
�tD1;Bs ) �

m�1X
k=0

ak(f;D1;Bs)t(k�m)=2 +O(t�1=8) :

De�ne:


Ta := 
�1m 
a;  ̂ := 
�1m  ; and

�(m) := �(m2 )�(
1
2 )
�1�(m+1

2 )�1 :

We refer to [144, 193] for the proof of the following result:

Theorem 3.14.1 Let f 2 C1(M). Then:

1. a0(f;D1;Bs) = (4�)�m=2
R
M
Tr (fId )dx.

2. If m � 2, then a1(f;D1;Bs) = 1
4 [�(m)� 1](4�)�(m�1)=2

R
@M

Tr (fId )dy.

3. If m � 3, then a2(f;D1;Bs) = (4�)�m=2
R
M

1
6Tr ff(�Id + 6E)gdx

+(4�)�m=2
R
@M

Tr f 12 [ ̂ +  ̂�]f + 1
3 [1� 3

4��(m)]LaafId

� m�1
2(m�2) [1� 1

2��(m)]f;mId gdy:
4. If m � 4, then

a3(f;D1;B) = (4�)�(m�1)=2
R
@M

Tr f 1
32 (1� �(m)

m�2 )f( ̂ ̂ +  ̂� ̂�)

+ 1
16 (5� 2m+ 7�8m+2m2

m�2 �(m))f ̂ ̂� � 1
48 (

m�1
m�2�(m)� 1)f�Id

+ 1
32(m�1) (2m� 3� 2m2�6m+5

m�2 �(m))f(
Ta  ̂

T
a  ̂ + 
Ta  ̂

�
Ta  ̂
�)

+ 1
16(m�1) (1 +

3�2m
m�2 �(m))f
Ta  ̂


T
a  ̂

� + 1
48 (1� 4m�10

m�2 �(m))f�mmId

+ 1
48(m+1) (

17+5m
4 + 23�2m�4m2

m�2 �(m))fLabLabId

+ 1
48(m2�1) (� 17+7m2

8 + 4m3�11m2+5m�1
m�2 �(m))fLaaLbbId

+ 1
8(m�2)�(m)f(��+ 1

m�1

T
a �


T
a �)g+ m�1

16(m�3) (2�(m)� 1)f;mmId

+ 1
8(m�3) (

5m�7
8 � 5m�9

3 �(m))Laaf;mId gdy :

We shall give part of the proof Theorem 3.14.1 and refer to the discussion
in [144, 193] in the interest of brevity.
The asymptotic coeÆcients an(f;D1;Bs) are locally computable for n < m.

The interior integrands vanish if n is odd while if n = 0; 2; 4; 6, they are given
by Theorem 3.3.1. The boundary integrands are homogeneous of weight n�1;
Assertion (1) now follows.
Since the bundles V1 and V2 are distinct; we must use 
m to identify V1 and

V2 near the boundary. This observation reduces the number of invariants that
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are homogeneous of weight 1; for example, Tr ( ) is not invariantly de�ned
and thus does not appear in our list of invariants. After a bit of work, we see
that there exist universal constants so that

a1(f;D1;Bs) = b1(m)(4�)�(m�1)=2
Z
@M

Tr

�
fId

�
dy; (3.14.a)

a2(f;D1;Bs) = (4�)�m=2 16

Z
M

Tr

�
f�Id + 6fE

�
dx

+(4�)�m=2
Z
@M

Tr

�
c0(m)f( ̂ +  ̂�) + c1(m)f( ̂ �  ̂�)

+c2(m)f�+ c3(m)fLaaId + c4(m)f;mId

�
dy :

In contrast to the situation when the boundary operator Bs is local, the con-
stants exhibit non-trivial dependence upon the dimension.
We begin our evaluation of the unknown coeÆcients with the following:

Lemma 3.14.2 b1(m) = 1
4

h
�(m

2
)

�( 1
2
)�(m+1

2
)
� 1

i
and c0(m) = 1

2 .

Proof: We adopt the notation of Theorem 3.2.14. Let the structures be
product near the boundary. This means that P = 
m(rem + B) where B is
a self-adjoint tangential operator of Dirac type with coeÆcients that are in-
dependent of the normal variable. We assume that B is self-adjoint or equiv-
alently that  ̂ =  ̂�. We take � = 0 so A = B.
Since B is de�ned on a manifold of dimension m�1, Theorem 3.13.1 implies

that

a
�
1(B) = �(4�)�(m�1)=2(m� 2)

Z
@M

Tr ( ̂)dy: (3.14.b)

We combine Theorem 3.2.14, Theorem 3.3.1, and Equation (3.14.b) to see

a1(1; D1;Bs) = 1
4

�
�(m

2
)

�( 1
2
)�(m+1

2
)
� 1

�
(4�)�(m�1)=2

Z
@M

Tr

�
Id

�
:

a2(1; D1;Bs) = (4�)�m=2 16

Z
M

Tr

�
f�Id + 6E

�
dx

+ 1
2(m�2)�( 1

2
)
(4�)�(m�1)=2

Z
@M

Tr

�
(m� 2) ̂

�
dy :

The desired identities now follow from the de�ning relations given in Equation
(3.14.a) and by noting that 2�( 12 ) = (4�)1=2. ut
Next we study the coeÆcients c1(m) and c2(m).

Lemma 3.14.3 We have c1(m) = 0 and c2(m) = 0.

Proof: We apply Lemma 3.2.12 to see c2(m) = 0. To show that c1(m) = 0,
we change the connection involved. Let

r";ei := rei �
p�1"hi

© 2004 by CRC Press LLC 



Non-minimal operators 265

where H := hiei is a smooth vector �eld on M . By Equation (1.1.k), r" is
again a compatible unitary connection. One has

 " =  +
p�1"hi
i;

~ " = ~ �p�1"hi
m
i;
A" = A�p�1"ha
m
a;
�" = ��p�1"ha
m
a;
~ " + ~ �" = ~ + ~ � � 2"ha
m
a;
~ " � ~ �" = ~ � ~ � + 2

p�1"hmId :
Consequently as Tr (
m
a) = 0 and as an is independent of the particular
compatible connection which is chosen, one has

2
p�1c1(m)(4�)�m=2

Z
M

Tr (fhm)dy = 0;

the desired conclusion c1(m) = 0 now follows. ut
The remaining coeÆcients b1(m), c3(m), and c4(m) are determined by mak-

ing a special case computation on the ball. We shall omit the details and in-
stead refer to Dowker et. al. [144] for details as it is a bit outside the line of
development that we have been following. We also refer to Kirsten [258] for
an excellent discussion of the method of special case computations.

3.15 Non-minimal operators

We follow the discussion in [83] for the most part and refer to related work
in [22, 239, 293]. Let A and B be positive constants. As in Section 2.11, we
consider an operator of the form

Dp
E := AdÆ +BÆd�E on C1(�p(M)) :

If @M is non-empty, we let B de�ne either absolute or relative boundary
conditions. Then the analysis of Section 1.5.4 extends to show that (Dp

E ;B)
is elliptic with respect to the cone C.
We begin by treating the case E = 0.

Theorem 3.15.1 Let Dp := AdÆ +BÆd on C1(�p(M)) where M is a com-

pact Riemannian manifold with smooth boundary. Let B de�ne either absolute

or relative boundary conditions. Then:

an(1; D
p;B) = B(n�m)=2an(1;�

p;B)
+ (B(n�m)=2 �A(n�m)=2)

P
k<p(�1)k+pan(1;�p;B) :

If E 6= 0, then the situation is considerably more complicated. De�ne

cm;p(A;B) := B�m + (B�m �A�m)
X
k<p

(�1)k+p�mp ��1�mk � : (3.15.a)
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Theorem 3.15.2 Let Dp
E := AdÆ+BÆd�E on the bundle of smooth p forms

where M is a compact Riemannian manifold M with smooth boundary. Let B
de�ne either absolute or relative boundary conditions. Then:

1. a0(1; D
p
E;B) = a0(1; D

p;B).
2. a1(1; D

p
E;B) = a1(1; D

p;B).
3. a2(1; D

p
E;B) = a2(1; D

p;B) + (4�)�m=2cm;p(A;B)
R
M Tr (E)dx.

Proof of Theorem 3.15.1 We apply an argument similar to that used to
establish Lemma 2.1.16. Let Ep

�;B be the eigenspaces of the realization of the
Laplacian de�ned by the boundary conditions B. By Lemma 1.5.6, we have
two long exact sequences

0! E0
�;B

d�!E1
�;B

d�!::: d�!Em�1
�;B

d�!Em
�;B ! 0

0 E0
�;B

Æ �E1
�;B

Æ �::: Æ �Em�1
�;B

Æ �Em
�;B  0 :

If � 6= 0, then we may decompose

Ep
�;B = fimage (dp�1) \ Ep

�;Bg � fimage (Æp) \ Ep
�;Bg :

We de�ne

fp(t; d;B) :=
X
�>0

e�t� dim
�
image (dp�1) \ Ep

�;B

�
;

fp(t; Æ;B) :=
X
�>0

e�t� dim
�
image (Æp) \ Ep

�;B

�
;

�p := ker(�p
B) :

Set f�1(t; Æ;B) = 0 and f0(t; d;B) = 0. We may then express

Tr L2(e�t�
p

B) = fp(t; d;B) + fp(t; Æ;B) + �p; and

Tr L2(e�tDp;B) = fp(At; d;B) + fp(Bt; Æ;B) + �p : (3.15.b)

On the other hand, as dp�1 is an isomorphism from image (Æp) \ Ep
�;B to

image (dp) \ Ep+1
�;B for � 6= 0, we have that

fp(t; d;B) = fp�1(t; Æ;B) : (3.15.c)

Consequently, we have the shu�e formula

fp(t; Æ;B) = TrL2(e�t�
p

B)� �p � fp(t; d;B)
= TrL2(e�t�

p

B)� �p � fp�1(t; Æ;B)
which then leads by induction to the formula

fp(t; Æ;B) =
pX

k=0

(�1)k+p
�
Tr L2(e�t�

k
B)� �k

�
: (3.15.d)
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We combine Equations (3.15.c) and (3.15.d) to see

fp(t; d;B) =
p�1X
k=0

(�1)k+p�1
�
Tr L2(e�t�

k
B)� �k

�
: (3.15.e)

We now apply Equations (3.15.b), (3.15.d), and (3.15.e) to conclude

TrL2fe�tDp

Bg = �p +

pX
k=0

(�1)k+p
�
Tr L2(e�Bt�

k
B)� �k

�

�
p�1X
k=0

�
TrL2(e�At�

k
B)� �k

�
:

The Betti numbers cancel and we are left with the expression

Tr L2(e�tD
p

B) = TrL2(e�Bt�
p

B)

+
X
k<p

(�1)k+p
�
Tr L2(e�Bt�

k
B)�Tr L2(e�At�

k
B)

�
:

We equate coeÆcients in the asymptotic expansions to complete the proof of
Theorem 3.15.1. ut

Proof of Theorem 3.15.2 Assertions (1) and (2) follow since E has weight
2 and thus does not enter into the invariants a0 and a1. Furthermore, the
boundary integrand for a2 does not involve E. Thus we may assume without
loss of generality that M is a closed manifold in the proof of Assertion (3).
We must recall a bit of the construction of the invariants an using the Seeley

calculus [339, 340]. Let P be a second order di�erential operator on a smooth
vector bundle V over a closed Riemannian manifoldM . If we �x a local frame
for V and choose local coordinates on M , then we may express

P = pij2 (x)@i@j + pk1(x)@k + p0(x) :

The total symbol of P is given by

�(P )(x; �) = p2(x; �) + p1(x; �) + p0(x) where

p2(x; �) := �pij2 (x)�i�j ; and p1(x; �) :=
p�1pi(x)�i :

We suppose P is self-adjoint and elliptic with respect to the cone C. This
means that p2(x; �) is self-adjoint and that the eigenvalues are positive for
� 6= 0. Let 
 be a curve around [0;1) in C . If � 2 
, de�ne

r0(x; �; �) := (p2(x; �)� �)�1

and inductively for n > 0

rn(x; �; �) := �
X

n=j+j�j+2�k;j<n

1p�1��!@
�
� rj � @�x pk � r0
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where � = (�1; :::; �m) is a multi index. There is a universal constant cm so

an(1; P ) = cm

Z
e��Tr

�
rn(x; �; �)

�
d�d�dx :

We specialize to the case P = AdÆ +BÆd�E on C1(�p(M)). Expand

r2(x; �; �) = �r0Er0
modulo terms which are linear in the second derivatives of the metric and
quadratic in the �rst derivatives of the metric. We suppress these terms as we
are interested only in the dependence upon E in the formula to compute

a2(1; D
p
E;B) = �cm

Z
e��Tr

�
r0Er0

�
d�d�dx + :::

= �cm
Z

Tr

�
E

Z
e��r20d�d�

�
dx+ ::: :

We use Lemma 1.2.5 to see

p2(x; �) = Ae(�)i(�) +Bi(�)e(�) :

Consequently

	m;p(A;B) :=

Z
e��r20d�d�

is a universally de�ned natural endomorphism which is self-adjoint and which
depends smoothly on the parameters A and B. Since the action of the orthog-
onal group on �p is irreducible, 	A;B is a universal multiple of the identity.
Consequently, there exist universal constants cm;p(A;B) so that

a2(1; D
p
E ;B) = a2(1; D

p;B) +
Z
M

cm;p(A;B)Tr fEgdx :

The universal constants cm;p(A;B) can be evaluated by setting E = 1.
Lemma 3.1.1 generalizes immediately to this setting. We have

Tr L2fe�t(Dp

B
�Id )g = etTrL2fe�tDp

Bg
so

a2(1; D
p � Id ;B) = a2(1; D

p;B) + a0(1; D
p;B) :

Since a0(1;�
k;B) = �

m
k

� R
M
dx, the universal constant cm;p(A;B) can now

be evaluated from Assertion (1) and is seen to be given by the expression in
Equation (3.15.a). ut
Remark 3.15.3 The analysis of Avramidi and Branson [22] shows that in
general the formulae for non-minimal operators is extraordinarily complicated.
The present setting is relatively easy to treat owing to the naturality of the
operators involved and the shu�e formulae that intertwine the relevant oper-
ators.

© 2004 by CRC Press LLC 



Fourth order operators 269

3.16 Fourth order operators

Let M be a closed Riemannian manifold. The scalar Laplacian is given by
�f = �f;ii. There are several natural fourth order operators on C1(M)
whose leading symbol is given by the square of the metric tensor. For example,
one could de�ne

P1f := f;iijj ; P2f := f;ijji; and P3f := f;ijij : (3.16.a)

The symmetrized 4th order scalar Laplacian is the average of these operators

~�2f : = 1
3ff;iijj + f;ijij + f;ijjig = f;iijj +

2
3�jkf;jk � 1

3�;kf;k;

we refer to Gray and Willmore [222] for details concerning this and other
related operators.
Let r be a connection on a vector bundle V over a closed Riemannian

manifold M . We consider a 4th order operator of the form:

Pu = u;iijj + p2;iju;ij + p1;iu;i + p0 (3.16.b)

where p2;ij = p2;ji and where fp2;ij ; p1;i; p0g are endomorphism valued. The
3 operators given in Display (3.16.a) can all be put in this form as can be the
symmetrized 4th order scalar Laplacian. As noted in Section 3.2, the function
�(m�sd )�1�(m�skd ) is entire. Set

�(m�nd )�1�(m�nkd ) := lim
s!n
f�(m�sd )�1�(m�skd )g :

We assume M closed in the interest of simplicity. We shall also suppress the
divergence terms to study the invariants an(1; P ).

Theorem 3.16.1 Let M be a closed Riemannian manifold of dimension m.

Let P be as given in Equation (3.16.b). Then:

1. a0(1; P ) =
1
2 (4�)

�m=2�(m2 )
�1�(m4 )

R
M
Tr (I)dx.

2. a2(1; P ) =
1
2 (4�)

�m=2�(m�22 )�1�(m�24 ) 16
R
M Tr f�Id + 3

mp2;iigdx.
3. a4(1; P ) =

1
2 (4�)

�m=2�(m2 )
�1�(m4 )

1
360

R
M Tr f 90

m+2p2;ijp2;ij+
45

m+2p2;iip2;jj

+(m� 2)(5�2Id � 2j�j2Id + 2jRj2Id + 30
ij
ij) + 30�p2;ii

�60�ijp2;ij � 360p0gdx.
Let P be given by Equation (3.16.b). We suppress divergence terms. We

introduce the non-zero normalizing constants

1
2 (4�)

�m=2�(m2 )
�1�(m4 ) and 1

2 (4�)
�m=2�(m�22 )�1�(m�24 )

and use dimensional analysis to see there are universal constants so that

a0(1; P ) = 1
2 (4�)

�m=2�(m2 )
�1�(m4 )c0;m

Z
M

Tr

�
I

�
dx; (3.16.c)

a2(1; P ) = 1
2 (4�)

�m=2�(m�22 )�1�(m�24 ) 16

Z
M

Tr

�
c1;m�Id
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+ c2;mp2;ii

�
dx;

a4(1; P ) = 1
2 (4�)

�m=2�(m2 )
�1�(m4 )

1
360

Z
M

Tr

�
c3;m�

2Id + c4;mj�j2Id

+ c5;mjRj2Id + c6;m
ij
ij + c7;m�p2;ii + c8;m�ijp2;ij

+ c9;mp2;iip2;jj + c10;mp2;ijp2;ij + c11;mp0

�
dx :

The non-commutativity of the endomorphisms in the vector bundle case
plays no role and consequently we may restrict to the scalar case and omit
\Tr " for the most part henceforth. If Pi are operators with leading symbols
given by j�ij4Id on manifolds Mi, then the leading symbol of P1 + P2 is not
given by fj�1j2+ j�2j2g2Id and hence is no longer an operator in our category.
Thus product formulae do not imply that the coeÆcients are dimension free.
As in the case of spectral boundary conditions, the coeÆcients involve non-
trivial dependence upon the dimension of the underlying manifold as is shown
by Theorem 3.16.1.

We begin the proof of Theorem 3.16.1 by showing

Lemma 3.16.2 1. c0;m = 1, c1;m = 1, and c2;m = 3
m .

2. c3;m = 5(m�2), c4;m = �2(m�2), c5;m = 2(m�2), and c6;m = 30(m�2).
3. 2mc7;m + 2c8;m = 60(m� 2).

4. 4m2c9;m + 4mc10;m + c11;m = 180(m� 2).

Proof: Let " be a real parameter. Let Df := �(f;ii + "f). Expand

D2f = f;iijj + 2"f;ii + "2f :

Thus p2;ij(") = 2"Æij and p0 = "2. By Lemma 3.2.17,

an(1; D
2) = 1

2�(
m�n
2 )�1�(m�n4 )an(1; D) : (3.16.d)

We use Theorem 3.3.1 to compute an(1; D) for n = 0; 2; 4. Consequently after
taking into account the normalizing constants in Display (3.16.c), we have

c0;m

Z
M

dx =

Z
M

dx;

Z
M

(c1;m� + 2c2;m"Æii)dx =

Z
M

(� + 6")dx :

The �rst assertion of the Lemma now follows.
We use the functional relation s�(s) = �(s+ 1) to express

�(m�42 )�1�(m�44 ) = m�4
2

m�2
2

4
m�4�(

m
2 )
�1�(m4 ) (3.16.e)

= (m� 2)�(m2 )
�1�(m4 ) :

Thus Equation (3.16.d) and Theorem 3.3.1 yieldZ
M

�
c3;m�

2 + c4;mj�j2 + c5;mjRj2 + c6;m
ij
ij
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+ (2mc7;m + 2c8;m)�" + (4m2c9;m + 4mc10;m + c11;m)"
2

�
dx

= (m� 2)

Z
M

�
5�2 � 2j�j2 + 2jRj2 + 60�"+ 30
ij
ij + 180"2

�
dx :

We equate coeÆcients to complete the proof. ut
We complete the proof of Theorem 3.16.1 by establishing:

Lemma 3.16.3

1. c11;m = �360.
2. c9;m = 45

m+2 , and c10;m = 90
m+2 .

3. c7;m = 30, c8;m = �60.
Proof: By Lemma 3.2.16,

a4(F; P � ") = a4(F; P ) + "a0(F; P ) :

Because p0 = �", c11;m = �360c0;m. Consequently, Assertion (1) follows from
Lemma 3.16.2.
By Lemma 3.16.2 (2) and Assertion (1),

mc9;m + c10;m = 45 : (3.16.f)

To complete the proof of Assertion (2), we derive another relationship between
c9;m and c10;m. Give the 
at dimensional torus M = Tm the product metric.
Let �ij be a collection of self-adjoint Pauli matrices which satisfy the relations:

�ij = �ji and �ij�kl +�kl�ij = fÆikÆjl + ÆilÆjkg : (3.16.g)

Let Q"f := �ijf;ij + "f and let P" := Q2
". Then

P"f = �ij�klf;ijkl + 2"�ijf;ij + "2f

= 1
2f�ij�kl +�kl�ijgf;ijkl + 2"�ijf;ij + "2f

= f;iijj + 2"�ijf;ij + "2f :

By Lemma 3.2.18 with n = d = 4, @2"a4(1; P") = (m� 2)a0(1; P0) so

2
360

Z
M

Tr

�
4c9;m�ii�jj + 4c10;m�ij�ij + c11;m

�
dx

= (m� 2)

Z
M

Tr

�
Id

�
dx :

The commutation relations of Equation (3.16.g) show that

Tr f�ii�jjg = Tr (Id )

�
1 if i = j;
0 if i 6= j;

Tr f�ij�ijg = Tr (Id )

�
1 if i = j;
1
2 if i 6= j :
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This leads to the relationship 4mc9;m + 2m(m+ 1)c10;m � 360 = 180(m� 2)
or equivalently that

2c9;m + (m+ 1)c10;m = 90 : (3.16.h)

We solve Equations (3.16.f) and (3.16.h) for c9;m and c10;m to establish the
validity of Assertion (2).
By Lemma 3.16.2 (3),

2mc7;m + 2c8;m = 60(m� 2) : (3.16.i)

Suppose that m = 2. By Equation (3.16.i), 4c7;2 + 2c8;2 = 0. As �jk =
1
2Æjk� ,Z

M

�
c7;2�p2;ii + c8;2�ijp2;ij

�
dx = (c7;m + 1

2c8;2)

Z
M

�
�p2;ii

�
dx = 0 :

Thus we may take c7;2 = 30 and c8;2 = �60. We therefore supposem > 2. One
relationship between the coeÆcients c7;m and c8;m is provided by Equation
(3.16.i). We shall derive an independent second relationship between c7;m and
c8;m to complete the proof of the Lemma.
Let V1 = V2 =M�C be the trivial line bundle over a closed m dimensional

Riemannian manifold M and let � be a smooth co-vector �eld on M . Give
these bundles the 
at connection. We de�ne

A�f : = f;ii + 2�if;i +�i;if : C1(V1)! C1(V2);

A��f : = f;ii � 2�if;i ��i;if = A��f : C1(V2)! C1(V1) :

The index of this elliptic complex vanishes if � = 0 and hence vanishes for all
� as the index is a continuous integer valued invariant. Therefore by Theorem
1.3.9,

an(1; A
�A)� an(1; AA�) = 0 for all n :

We use Equation (1.1.g) to commute covariant derivatives and to see that

2�if;ijj � 2�jf;iij = 2�if;jij � 2�jf;iji + 2�ik�if;k = 2�ik�if;k :

We may then compute

A�Af = f;iijj + 2(�j;k +�k;j)f;jk

+ 2(�k;jj +�j;jk + �jk�j)f;k +�j;jkkf +O(�2);

AA�f = f;iijj � 2(�j;k +�k;j)f;jk

� 2(�k;jj +�j;jk + �jk�j)f;k ��j;jkkf +O(�2) :

The vanishing of a4 then leads to the relation

0 =

Z
M

�
8c7;m��k;k + 8c8;m�jk�j;k

�
dx

= �
Z
M

�
8c7;m�;k�k + 8c8;m�jk;k�j

�
dx

= �
Z
M

�
8c7;m + 4c8;m

�
�;k�kdx :
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Setting � = d� then implies 2c7;m + c8;m = 0. We combine this relation with
Equation (3.16.i) to complete the proof of the Lemma and thereby also of
Theorem 3.16.1. ut
We have restricted to 4th order operators in the interest of simplicity; sim-

ilar methods can be used to study higher order operators. We omit details in
the interest of brevity and refer instead to [180] for further details.

3.17 Pseudo-di�erential operators

We begin by reviewing some facts which we shall need concerning classic
pseudo-di�erential operators; we refer to Agranovi�c [1], to Duistermaat and
Guillemin [152], to Greiner [224], to Grubb [229], to Grubb and Seeley [234],
and to Seeley [339, 341] for further details.
If f is a function with compact support in an open subset O of Rm , then

the Fourier transform of f is de�ned by

f̂(�) := (2�)�m=2

Z
e�

p�1x��f(x)dx :

The Fourier inversion formula expresses f dually as

f(x) = (2�)�m=2

Z
e
p�1x��f̂(�)d� :

Let P =
P

~a p~a(x)@
x
~a be a partial di�erential operator and let p be the total

symbol of P ;

p(x; �) :=
X
~a

p~a(x)(
p�1)j~aj�~a :

We may then use the Fourier inversion formula to see that

Pf(x) = (2�)�m=2
X
~a

p~a(x)@
~a
x

Z
e
p�1x��f̂(�)d�

= (2�)�m=2

Z
e
p�1x��p(x; �)f̂(�)d� :

More generally, given a suitable symbol p(x; �), we can de�ne an operator
P = Pp on C

1
0 (O) by setting

Pf(x) = (2�)�m=2

Z
e
p�1x��p(x; �)f̂ (�)d� :

We shall suppose p has compact x support in O, that p is smooth in (x; �),
and that p satis�es estimates of the form

jd~axd~b�p(x; �)j � C~a;~b(1 + j�j)d�j�j :
We also assume there exist symbols pd�j(x; �) with pd�j(x; t�) = td�j(x; �)
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for t � 1 and j�j � 1 so that the di�erence p� pd � :::� pd�j satis�es similar
estimates for any j where d is replaced by d� j � 1. In this situation, we say
that P is a classic pseudo-di�erential operator. The passage to the context
operators on vector bundles over closed manifolds is relatively straightforward
using suitable partitions of unity.
Let d 2 N = f1; 2; :::g be a positive integer henceforth. We say that a classic

pseudo-di�erential operator P of order d on C1(V ) is elliptic with respect to
the cone C if pd � � is invertible for j�j � 1 and � 2 C. Let 	d(M;V ) be the
space of all such operators and let Pd(M;V ) � 	d(M;V ) be the subspace of
partial di�erential operators. We shall work in the self-adjoint setting for tech-
nical convenience only; most of the results given subsequently are valid, with
suitable modi�cations, in the setting of classic pseudo-di�erential operators
which are elliptic with respect to the cone C.
Let r be a unitary connection on a Hermitian vector bundle V . We con-

struct a self-adjoint positive second order partial di�erential operator which
is elliptic with respect to the cone C by setting

D2u := �u;ii + 1 : (3.17.a)

This operator will play a central role in what follows. Since Dk
2 2 P2k(M;V ),

these spaces are non-empty for any k 2 N. It will follow from the following

result, due to Seeley, that D
d=2
2 2 	d(M;V ) and hence these spaces are non-

empty as well.

Lemma 3.17.1 Let M be a closed manifold. If P 2 	d(M;V ), then P s is a

self-adjoint classic pseudo-di�erential operator for any s 2 C .
A new feature of the heat trace asymptotics for classic pseudo-di�erential

operators which is not present for di�erential operators is the presence of log
singularities. This is caused by the fact that the symbols in question must be
smoothed o� near � = 0 and are not homogeneous for j�j < 1.

Theorem 3.17.2 Let M be a closed manifold. If P 2 	d(M;V ), then the

fundamental solution of the heat equation, e�tP , is of trace class and as t # 0
there is a complete asymptotic expansion

Tr L2fe�tPg �
1X
n=0

an(P )t
(n�m)=d +

1X
k=1

bk(P )t
k log(t) :

The invariants bk(P ) are locally computable for all k 2 N. If n�m
d =2 N, then

the invariants an(P ) are locally computable as well.

Remark 3.17.3 One can also introduce a smearing endomorphism F or even
more generally consider TrL2fQe�tPg, where Q is a suitable chosen auxiliary
operator, to de�ne heat trace invariants. We omit details in the interest of
brevity.

We have a corresponding � function expression of these invariants. The
analysis of Section 1.3.4 extends to yield:
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Theorem 3.17.4 Let M be a closed manifold. If P 2 	d(M;V ), then the

zeta function �(s; P ) := TrL2fP�sg is well de�ned for <(s) > m
d . It has a

meromorphic extension to C with isolated simple poles at s = (m� n)=d and

n = 0; 1; 2; :::. We have

an(P ) = res s=(m�n)=df�(s)�(s; P )g;
bk(P ) = �res s=�kf(s+ k)�(s)�(s; P )g :

We say that a property holds generically on 	d(M;V ) or on Pd(M;V ) if
the corresponding set of symbols de�ning operators for which the property
holds is a Baire category II subset in the appropriate C1 topology.
If a dth order partial di�erential operator is elliptic with respect to the cone

C, then necessarily d is even. In this setting, the invariants bk(P ) vanish for all
k. Furthermore an(P ) = 0 for n odd. The following result was �rst established
by Gilkey and Grubb [192] and we shall follow the development there for the
most part. We also refer to earlier related work by Cognola et. al. [125].

Theorem 3.17.5 Let M be a closed manifold. Let P 2 	d(M;V ).

1. If ai(P ) 6= 0 for 0 � i < d, then an(P + "Id ) 6= 0 for all n for generic

values of " > 0.

2. If b1(P ) 6= 0, then bk(P + "Id ) 6= 0 for all k for generic values of " > 0.

3. The invariants fa0(�); :::; ad�1(�)g are generically non-zero on 	d(M;V ).

4. If d is even, then a2n(�) is generically non-zero on Pd(M;V ).

5. The invariant b1(�) is generically non-zero on 	d(M;V ).

6. If (n�m)=d 2 N, then an(�) is not locally computable on 	d(M;V ).

The remainder of this section is devoted to the proof of Theorem 3.17.5. In
the proof of Assertions (1)-(4), we introduce a sequence of parameters "i and
%j ; these are assumed to be small positive real numbers.
Let P 2 	d(M;V ). Set P" := P + "Id . As TrL2fe�tP"g = e�t"Tr L2fe�tPg,
an(P") =

X
j+dk=n

1
k! (�")kaj(P ) and b`(P") =

X
j+k=`

1
k! (�")kbj(P ) :

The invariants an(P") are polynomial in ". If ai(P ) 6= 0 for 0 � i < d, then
these polynomials do not vanish identically and hence for �xed n have only a
�nite number of zeros. Assertion (1) now follows; the proof of Assertion (2) is
similar.
The invariants fa0(�); :::; ad�1(�); b1(�)g are given by local formulae. Thus

the set of all P where such an invariant is non-zero is an open subset of
	d(M;V ). To prove Assertions (3) and (4), it suÆces to show that the set
where such an invariant is non-zero is dense in 	d(M;V ).
The Seeley calculus yields

a0(P ) = (2�)�m 1
2�
p�1

Z
Tr

�Z
e��(pd(x; �)� �)�1d�

�
d�dx

where the d� integral runs over a suitably chosen contour in the complex
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plane, where the d� integral runs over the �ber of the cotangent bundle over
x, and where the dx integral ranges over M .
The Cauchy integral formula shows that the d� integral de�nes an opera-

tor whose eigenvalues are the negative exponential of the eigenvalues of pd.
As these eigenvalues are necessarily positive, the trace is positive and expo-
nentially decreasing in �. Thus the d�dx integral is absolutely convergent so
a0(P ) > 0. This proves Assertion (3) for the invariant a0.
Fix 1 � i < d. By Lemma 3.17.1, P i=d 2 	 i

d
(M;V ). Set

Pi;" := P + "P (d�i)=d for " > 0 :

Since (i � m)=d =2 N, ai(Pi;") is given by a local formula and hence, since
we are perturbing the lower order terms, is polynomial in ". Thus either it
vanishes identically or it is non-zero for all but a �nite number of values of ".
We compute

@"TrL2fe�tPi;"gj"=0 = �tTrL2fP (d�i)=de�tP g :
A straightforward computation with the Mellin transform along the lines de-
veloped in Section 1.3.4 yields

@"f�(s)�(s; Pi;")gj"=0
=

Z 1

0

ts�1@"TrL2fe�tPi;"gj"=0dt

= �
Z 1

0

t(s+1)�1TrL2fP (d�i)=de�tP gdt

= ��(s+ 1)�(s+ 1 + i�d
d ; P ) = ��(s+ 1)�(s+ i

d ; P ) :

Since 1 � i < d, � is regular at s = m�i
d + 1. Consequently,

@"ai(Pi;")j"=0 = ��(m�id + 1)res s=m�i
d
�(s+ i

d ; P )

= ��(m�id + 1)�(md )
�1res s=m

d
f�(s)�(s; P )g

= ��(m�id + 1)�(md )
�1a0(P ) 6= 0 :

It now follows that ai(�) is generically non-zero; this establishes Assertion (3).
The proof of Assertion (4) is similar. Let d = 2�d and set

P~" := D
�d
2 + "d�1D

�d�1
2 + :::+ "0Id 2 Pd(M;V ) :

The argument given to establish Assertion (3) shows an(P~") for 0 � n < d
and n even is non-zero for generic values of ~" generically non-zero. Assertion
(1) then yields an(P~") generically non-zero for all even n. Fix such a value of
~". Suppose that R 2 Pd(M;V ). Let

R% := %R+ (1� %)P~" for % 2 [0; 1] :
The invariants an(R%) are analytic in %. They do not vanish for % = 0 by
assumption. Thus these analytic invariants do not vanish for generic values of
% which establishes Assertion (4).
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Next, we study the invariant b1. Let P 2 	d(M;V ). The arguments given
above show there exist small constants %1 and %2 so that

am+1(Q) 6= 0 where Q := P 2=d + %1P
1=d + %2 2 	2(M;V ) :

Since � is regular at s = �1=2, Theorem 3.17.4 implies

res s=� 1

2

f�(s;Q)g 6= 0 : (3.17.b)

We have Q1=2 2 	1(M;V ). Since �(s;Q1=2) = �( s2 ; Q), Equation (3.17.b)

shows that �(s;Q1=2) has a non-trivial simple pole at s = �1. Therefore
Theorem 3.17.4 shows

b1(Q
1=2) = �res s=�1f(s+ 1)�(s)�(s;Q1=2)g 6= 0 :

We apply Assertion (2) to choose %3 small so

bd(R) 6= 0 where R := Q1=2 + %3Id 2 	1(M;V ) :

We now have that �(s)�(s;R) has a non-trivial double pole at s = �d so
�(s;R) has a non-trivial residue at s = �d. Consequently

b1(R
d) = res s=�1f(s+ 1)�(s)�(ds;R)g 6= 0 :

We note that Rd and P have the same leading symbol. We now set

R%4 := (1� %4)P + %4R
d 2 	d(M;V ) :

The invariant b1(R%4) is analytic in %4 and non-trivial as b1(R
d) 6= 0. Therefore

b1(R%4) 6= 0 for all but a countable number of values of %4. Assertion (5) now
follows.
To prove Assertion (6), we let n = m+ dk for k > 0. Suppose that an(�) is

given by a local formula on 	d(M;V ). Fix a Riemannian metric g on M and
a Hermitian connection r on V . Let D2 = D2(g;r) be de�ned by Equation
(3.17.a) and set

P (g;r; ~%) : = %4f(D2 + %1D
1=2
2 + %2Id )

1=2 + %3Id gd
+ (1� %4)Dd=2

2 2 	d(M;V ) : (3.17.c)

The invariants bk are analytic in ~% and, by the argument given to prove As-
sertion (5), non-trivial.
For c > 0, set Pc(g;r; ~%) := cdP (g;r; ~%). We have

c2D2(g;r) = D2(c
�2g;r) :

Consequently, Equation (3.17.c) implies

Pc(g;r; ~%) = P (c�2g;r; c%1; c2%2; c%3; %4) :
Assume that an is given by a local formula. The analysis performed in

Section 1.7 shows that the integrands comprising an would rescale according
to a power law in c. On the other hand, it is immediate from the de�ning
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asymptotic series that

bk(Pc(g;r; ~%)) = ckbk(P (g;r; ~%)); and

an(Pc(g;r; ~%)) = ckan(P (g;r; ~%)) + log(c)ckbk(P (g;r; ~%)) :
Since the log(c) appears with a non-trivial coeÆcient, an is not given by a
local formula. ut
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