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Preface

Let M be a compact m dimensional Riemannian manifold with smooth
boundary OM. Let V' be a smooth vector bundle over M. Choose a system
of local coordinates = (1, ..., ) for M and a local trivialization of V. We
say that a second order partial differential operator D on C*°(V) is of Laplace
type if locally we can express

8?2 d
- _ o —— w_—_
D (%:g Idawuaqur%:A - +B>.

I

Here A" and B are matrix valued. The condition that D is of Laplace type
is invariantly defined; it neither depends on the particular coordinate system
which was chosen nor on the particular trivialization of V' which was chosen.
Equivalently, D is of Laplace type if the leading symbol of D is scalar and
given by the metric tensor.

Let Dg be the realization of an operator D of Laplace type with respect to
a suitable boundary condition. Let ¢ € C*° (V') describe the initial temper-
ature distribution. Since Dp is strongly elliptic, the subsequent temperature
distribution u := e7*P5¢ for t > 0 is characterized by the equations:

(0t + D)u =0, ult=0 = ¢, and Bu=0.

Let p € C*®°(V*) be the specific heat of the manifold and let dzx be the
Riemannian measure on M. The total heat content

B(t) = /Me—”’s (6. p)da

has a complete asymptotic expansion as ¢ | 0 of the form:

B(t) ~ " Buld,p, D, B2,

n=0

The operator e~*P5 is of trace class on L2(V). Let F be a smooth smearing
endomorphism which is used for localization and for recovering divergence
terms. As t | 0 there is a complete asymptotic expansion of the form:

Tr 2(Fe "P%) ~ " a,(F, D, B)t"—m)/2,

n=0
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Both the heat content coefficients [3,, and the heat trace coefficients a,, are lo-
cally computable. The determination of these coefficients for various boundary
conditions will comprise the remainder of this book. In Chapter 1, we outline
the analytic and differential geometric preliminaries we shall need. In Chapter
2, we study the heat content coefficients 8,, and in Chapter 3, we study the
heat trace asymptotics a,,.

The research for this book was partially supported by the N.S.F. (USA)
and the M.P.I. (Leipzig, Germany). It is a pleasant task to acknowledge useful
conversations with L. Davis, S. Lépez Ornat, J. H. Park, I. Stavrov, and G.
Steigelman. The book is dedicated to my mother M. R. Gilkey and father J.
G. Gilkey.
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Chapter 1

Analytic preliminaries

1.0 Introduction

In Chapter 1, we present the necessary differential geometric and analytic facts
which we shall need in Chapter 2 and in Chapter 3. Throughout this book, we
shall let M be a smooth compact m dimensional Riemannian manifold with
smooth boundary OM; we say M is a closed manifold if OM is empty. We
adopt the Finstein convention and sum over repeated indices.

In Section 1.1 we introduce some of the notions from differential geometry
that we shall need. We discuss the Levi-Civita connection, the Riemann curva-
ture tensor, geodesic normal coordinates, and the second fundamental form.
We study the interior and the boundary geometries. We introduce Clifford
module structures and show that there exist compatible connections.

Let = (21, ..., %) be a system of local coordinates on M. Let 87 := -2

and g, = g(0},0;). Let g"” be the inverse matrix; if 0% is the Kronec?czeur
symbol, then g**g,, = 0*. Let dx be the Riemannian measure.

Let V' be a smooth vector bundle over M. We denote the space of smooth
sections to V' by C*° (V). By an abuse of notation, we will let C*° (M) denote
the space of smooth functions on M. Let C§°(V') denote the space of smooth
sections to V with compact support in the interior of M. Choose a local
trivialization of V. We say that a second order partial differential operator D

on C°(V) is of Laplace type if locally D has the form
D = —(¢g"1d 9,0, +a"0; +b).

A first order operator A is said to be of Dirac type if A is of Laplace type.
We may expand any first order operator in the form

A=4"00+¢.
The operator A is of Dirac type if and only if v := {~"} gives V' a Clifford
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module structure; this means we have the commutation relations
VAt A = —2g"d y

In Section 1.2, we shall study the geometry of operators of Laplace type and
the geometry of operators of Dirac type. We show that an operator of Laplace
type can be completely described by the data (g, V, E) where the Riemannian
metric g describes the leading symbol, the connection V on the auxiliary
vector bundle V' corrects the first order terms, and the endomorphism E
of V is the invariantly described 0'* order part of the operator. We then
introduce the dual structures defining the dual operator on the dual bundle.
We express the form valued Laplacian in terms of this formalism; this recovers
the Weitzenbock formula. We conclude Section 1.2 with a brief discussion of
some of the singular structures which appear in transmission and transfer
boundary conditions.

Section 1.3 deals with questions of interior ellipticity. Let M be a closed
Riemannian manifold. We define the symbolic spectrum Spec, (P) of a partial
differential operator P; P is said to be elliptic if 0 ¢ Spec,(P). Note that
operators of Laplace type and of Dirac type are elliptic. We discuss elliptic
regularity and describe the discrete spectral resolution of a self-adjoint elliptic
operator. If the symbolic spectrum of P is (0,00), we define the fundamental
solution of the heat equation e~*". We introduce the heat trace asymptotics
in this context and relate these invariants to index theory.

Applying these results to the form valued Laplacian then yields a local
formula for the Euler-Poincaré characteristic of the manifold that we will
use subsequently in Section 1.9 to give a heat equation proof of the Chern-
Gauss-Bonnet theorem. We conclude Section 1.3 by discussing the heat con-
tent asymptotics.

If the boundary of M is not empty, we must introduce suitable boundary
conditions. In Section 1.4, we define the generalized Lopatinskij-Shapiro con-
dition we shall use to discuss the notion of ellipticity with respect to a suitable
complex cone. We then focus the discussion on the context of first order oper-
ators of Dirac type and on second order operators of Laplace type. We discuss
the dual boundary condition for the dual boundary operator and the Green’s
formula. We extend the heat trace and the heat content asymptotics to the
context of elliptic boundary value problems.

In Section 1.5 we introduce some of the various boundary conditions we shall
be considering in this book in more detail. We begin by discussing the clas-
sical boundary conditions; these are Dirichlet, Neumann, Robin, and mixed
boundary conditions. Note that absolute and relative boundary conditions,
which appear in the study of the de Rham complex, are special cases of mixed
boundary conditions. In Section 1.6, we discuss bag boundary conditions and
spectral boundary conditions; these are boundary conditions which arise in
the study of operators of Dirac type. Transmission and transfer boundary
conditions are introduced. These boundary conditions arise in the study of
certain heat conduction problems. Oblique boundary conditions are also dis-
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cussed. Each of these boundary conditions is shown to satisfy the ellipticity
conditions discussed in Section 1.4.

Section 1.7 gives a brief introduction to invariance theory. We describe the
first and second main theorems of invariance theory due to H. Weyl. We
use dimensional analysis and the first main theorem of invariance theory to
discuss various spaces of local invariants of a Riemannian manifold which arise
in Chapter 2 and in Chapter 3 in the study of the heat content and the heat
trace asymptotics.

In Section 1.8, we begin our study of the heat supertrace asymptotics of the
Witten Laplacian by using the second main theorem of invariance theory to
obtain spanning sets for certain spaces of invariants which arise in this context.
We shall conclude our study of these invariants subsequently in Section 3.8.
We conclude Chapter 1 with Section 1.9 where we use the results established
previously to give a heat equation proof of the Chern-Gauss-Bonnet theorem
for manifolds with boundary.

1.1 Riemannian geometry
1.1.1 The interior geometry

Let M be a compact smooth Riemannian manifold of dimension m with
smooth boundary OM. We adopt the following indexing conventions. Let
x = (x1,...,2m) be a system of local coordinates on M. We let Greek in-
dices p, v, etc. range from 1 through m and index the coordinate frames 07
and dz” for the tangent bundle T'M and cotangent bundle T* M, respectively.
Let g, := g(9;,0;). We use the metric to identify the tangent and cotangent
bundles and thereby extend the metric to T*M. Let g“* be the inverse matrix
and let £ = £,dz” be a cotangent vector. Then

€17 = g€, 8, -

The Riemannian measure on M is given by

dr := y/det gu,,dxl...d:rm .

If M has non-empty boundary OM, the Riemannian measure dy of OM is
defined similarly.

Let V be the Levi-Civita connection of M. We shall also use the notation
VM or V9 occasionally when it is necessary to specify the manifold or geom-
etry under consideration. Let T' denote the associated Christoffel symbols of
the first and of the second kind

9(V9207,07) = Tppo where Ty = (0% gus + 0y Gve — 05 gup),
Vagaﬁ =r,.705 where T',,” =¢°°T',u., and (1.1.a)

o
Voedx =T,V ;dz” where TV, =-T,.".
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Let R be the curvature of the Levi-Civita connection,
R(z,y,z,w) = g((VaVy = Vy Ve = Vizy))z,w) .
One has the following curvature symmetries:
R(z,y,z,w) = R(z,w,z,y) = —R(y,z, z,w),

1.1.b
R(x7y7z7w) + R(y’ Z’:I/.’ w) + R(Z7m7y7w) = 0 : ( )

The first symmetries are Z, symmetries; the final symmetry is called the first
Bianchi identity.

A 4 tensor satisfying the symmetries of Display (1.1.b) is said to be an
algebraic curvature tensor. Every algebraic curvature tensor is geometrically
realizable [191] in the following sense. Suppose given a positive definite inner
product gy and an algebraic curvature tensor Ry on an m dimensional real
vector space V. Then there exists the germ of a Riemannian metric g on R™
and an isometry ¢ from To(R™) to V so that ¢*gy = g and ¢*Ry = R.
Consequently, the symmetries of Display (1.1.b) generate all the universal
symmetries of the curvature tensor.

We define the Ricci tensor p and the scalar curvature T by setting

Puv =9 Ruper and 7:=g""pu,.
The components of R, relative to the coordinate frame Jj;, are given by
Ruvoe 1 = g((VozVor — Vo Vo )07, 07)
= 90:{0 06 — O 0o? + DT’ —T0eTue’}. (1.1c)

Similarly, we may define the covariant derivative curvature tensor VR by

VR(Z’,:I/,Z,U);U) S 'UR(I',y,Z,’LU)_R(VUI',y,Z,’LU)
— R(z,V,y,z,w) — R(z,y,V,z,w)
- R(wayazavvw) -

This tensor has the symmetries
VR(z,y,z,w;v) = VR(z,w,z,y;v) = —VR(y, x, z,w; v),
VR(z,y,z,w;v) + VR(y,z,z,w;v) + VR(z,z,y, w;v) = 0, (1.1.d)
VR(z,y,z,w;v) + VR(z,y,w,v; 2) + VR(x,y,v, z;w) = 0.

The first symmetries of Display (1.1.d) arise from covariantly differentiating
the symmetries of Display (1.1.b). The final symmetry is a new symmetry
called the second Bianchi identity. A 5 tensor satisfying these symmetries
is said to be an algebraic covariant derivative curvature tensor. Again, as
every such tensor is geometrically realizable [191], the symmetries of Display
(1.1.d) generate all the universal symmetries of the covariant derivative of the
curvature tensor. We can proceed in this fashion to define the higher covariant
derivative curvature tensors VR for any v and to derive the appropriate
universal symmetries.

We use the metric to identify the tangent and cotangent bundles. Let Roman
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indices 1, j, etc. range from 1 to m and index an orthonormal frame {e;} for
these bundles. Geodesic coordinates v = (x4, ..., Z,,) centered at a point xo are
characterized by the property that the rays v(t) = (¢tx1, ..., t,,) are geodesics
from z¢ with 4(0) = z1e1 + ... + & ymenm- For such a coordinate system we have,
see for example [191] Lemma 1.11.4, that

guu(ﬁfo) = 5;u/,

(079uv)(20) =0,

(0702 guo)(x0) = 5{Ruves — Ryevo }(20),

( f@f@ggw)(mg) = %{Ruws;g - Rusvo;g}(mo):
Ruvee(x0) = {0507 9o — 9,07 9us }(20),
Ryuvoeso(o) = {0,0207 910 — 050507 gue } (o) -

vYop

We refer to Atiyah, Bott, and Patodi [7] for the proof of the following result
which shows that all the jets of the metric are expressible in terms of the
covariant derivatives of the curvature tensor in geodesic coordinates:

Theorem 1.1.1 Let x be a system of geodesic coordinates centered at a point
zo of a Riemannian manifold. Then g,,(xo) = 04 and 02gu.(z0) = 0. If
¢ > 2, then (05, ...07,9uv)(0) is expressible in terms of the components of R
and of the covariant derivatives of R at xg.

1.1.2 The boundary geometry

If y € OM, then let 7, (t) be the geodesic starting at y so that 4,(0) is the
inward unit normal. Since M is compact, there exists a uniform € > 0 so that
vy (t) is defined for t € [0, €) for all y € OM. The map OM x [0,€) — 7, (t) then
defines a diffeomorphism between M X [0,€) and a neighborhood of OM in
M called the collared neighborhood.

Let y = (y1,---»Ym—1) be a system of local coordinates on M. The collar-
ing induces a system of coordinates = (y1,-.-, Ym—1,Zm) on M which are
called a mormalized coordinate system where x,, is the geodesic distance to
the boundary. These coordinates are characterized by the property that the
curves T, — (Y, Z,) are unit speed geodesics which are perpendicular to the
boundary. We adopt the indexing convention that Greek indices «, 3, etc.
range from 1 through m — 1 and index the associated coordinate frames {92}
and {dz®} for the tangent bundles and cotangent bundles of the boundary.

Near the boundary, we normalize the orthonormal frame for TM so that
em = 0% is the inward unit geodesic normal vector field. We shall let Roman
indices a, b, etc. range from 1 through m—1 and index the induced orthonormal
frame {ey, ....,e,—1} for the tangent and cotangent bundles of the boundary.

The second fundamental form L is the tensor field whose components rela-
tive to a normalized coordinate frame are given by

Lap = 9(Vo:05,0m,) = Lagm - (1.1.e)

For example, if D? is the unit disk in R?, then we may introduce polar co-
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ordinates T'(r,6) := (rcos@,rsinf); —0, is the inward geodesic normal on
OM = S*. Since g(9y, ) = r?, the second fundamental form of the disk is

L(0p,00)|r=1 = 20,(r*)|r=1 = +1.

More generally, the second fundamental form of the boundary of the ball of
radius p in R™ is given by p~'6ap.
The normalized mean curvature k can be defined either with relation to an
orthonormal frame or with respect to a coordinate frame by setting
K:= Lgg = go‘BLag .
We refer to Section 1.7 for further details concerning the construction of scalar
invariants by contracting indices.

Lemma 1.1.2 Let y = (y1,...,ym—1) be local coordinates on OM . Let x,, be
the geodesic distance to the boundary and let © = (y1, ..., Ym—1,Tm) give local
coordinates on M. Then

1. ds%; = gap(z)dy® o dyP + dz™ o dz™.
2. Lag = —%8,%1,9(8&,83).
3. Let g := \/det go3. Then k = —0% Ing.

Proof: Since the curves ¢ — (y,t) are unit speed geodesics which are per-
pendicular to the boundary,

Vo: 05, =0, gam(y,0) =0, and gmm(y,0)=1.
We may therefore compute
05,905, 0) = 29(Voz, 05, 0,) = 0
Since g(0%,,0%) =1 when z,,, = 0, g(0%,,0%) = 1. We may also compute

opg(0r,0%) = g(Vee 0r,0%) + (05, Vs 0F)
= 0+4g(05,Vo:0) = 5059(0%,,08,)
0.

Since g(0%,0%) = 0 when z,, = 0, we see ¢g(0%,0%) = 0. This establishes
Assertion (1).
We may derive Assertion (2) from Assertion (1) by computing
LozB - g(vag ag;az@) = FozBm
51029(05,07,) + 039(05, 07,) — 05,9(0%,05)}
—501m9(04,05) -

Making a constant linear change of coordinates in the y variables affects
neither x nor 9,, In g. Consequently, in proving Assertion (3), we may assume
9a3(Y0,0) = dap at the point yo € M in question. We compute

gaﬁ(y();xm) = 6(16 + amgaﬁ(y[))mm + O(l’?n);
det(gaﬁ)(y(); xm) =1+ 6mgaa(y0)xm + O(ﬂffn),
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9o, Tm) == \/ det(gas) (Yo, Tm) = 1 + %6mgaa(y0)xm + O(l‘?n),
{05 0.9} (Yo, £m) = {97979} Y0, 2m) = $0maa(y0) + O(am),
k(yo) = —3{9°79%,9a5}(40,0) = =595, 9aa(¥0) -
Assertion (3) now follows as the point yo of the boundary was arbitrary. 0O
Let Vs and Vyar be the Levi-Civita connections of the metrics on M and
on OM, respectively. Let Ry and Rgps be the associated curvature tensors.
Let L be the second fundamental form. We may express Rgps in terms of Ry,
and L; we refer to Lemma 1.1.4 below. We use Vs to covariantly differentiate
Rj; and we use Vg to covariantly differentiate L tangentially. Let ds;"3 v be

the restriction of the metric on M to OM. Theorem 1.1.1 generalizes to this
setting to become:

Theorem 1.1.3 Let y be a system of geodesic coordinates on OM for the
metric ds3,, which are centered at a point yo € OM. Let x = (y,x,,) where
T 1S the geodesic distance to the boundary. Then

Jam = 07 Imm = ]-7 gaﬁ(yo) = 6&6;

awgozﬁ(yo) =0, and 6mga6(y0) = _2La6-
If € > 2, then (9%, ...0%,)(9uv) (Yo) is expressible in terms of the components of
the following tensors at yo

{Rar, VR, VasRasy ooy L,V orsr L, V30, L, .}

1.1.83 Covariant Differentiation

We will often have an auxiliary connection which is given on the auxiliary
vector bundle V. We use this connection and the Levi-Civita connection to
covariantly differentiate tensor fields ¢ of all types; we shall denote the compo-
nents of multiple covariant differentiation relative to a local frame {ey, ..., en }
by ¢.i,i,.... Thus, for example, if ¢ is a section to V, then V¢ is a section to
T*M ® V. Consequently,

biij = Ve; Ve, — V{Vej e} @ (1.1.£)

We can commute covariant derivatives by introducing additional terms in-
volving curvature. Suppose that f is a scalar function. Then V f is a section
to T*M. Thus Equation (1.1.f) implies that

Fiige = Fiij = Rjrafo - (1.1.g)
Similarly we may derive the identity:
Rijivigisijijs = Rivisigisijojs + Rjrjoisk Rhinisis
+  RjijuiskRiskigia + Ry jisk Ririokia (1.1.h)
+  RjijoiskRirinisk -
If ¢ is a tensor field which is defined only on the boundary, then we shall
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use the connection on V' and the Levi-Civita connection of the boundary to
tangentially covariantly differentiate ¢ and denote the components of multiple
tangential differentiation by ¢.4,q4,.... We shall omit the proof of the following
Lemma in the interest of brevity as it is well known.

Lemma 1.1.4
1. RM,abcm = Lypc:a — Lacp-
2. (V3 —V3M)0% = Lap0s,.
3. If f is a scalar function, then f.op = fiab — Labfim-
4. We have Rarapea = Ronrabed — LaaLve — LacLipa-

Let r be the rank of the vector bundle V. Let § = (s1,...,s,) be a local
frame for V. If A € End (V'), then we may expand

As, = AuwSy -
The matrix A% := (A,,) expresses the action of A relative to the local frame
§. If V is a connection on V', then we may expand
vei Su = WiuvSv -
Let wf = (wi,uw) be the connection 1 form of V relative to §
w'i=e; @wi € T*M @ End (V).

This depends on the local frame; w? is not tensorial.

1.1.4 Clifford Algebras

Let V be a finite dimensional real vector space which is equipped with a
positive definite inner product (-,-). The Clifford Algebra, Clif (V'), is the uni-
versal unital real algebra generated by V' subject to the Clifford commutation
relations

v x Uy + vy x v = —2(vy,v2) - Id.
A Clifford module for V' is an auxiliary real, complex, or quaternionic vector
space W together with a linear map + from V to Hom (W) so that the Clifford
commutation relations are preserved. This means that

Y(v1)y(v2) +y(v2)y(v1) = —2(vy,v2) - Idw forall wvi,v2 €V .

The map v then extends to a unital algebra homomorphism from Clif (V') to
Hom (W). If {ey, ..., e, } is an orthonormal basis for V', then + is specified by
giving elements v; := y(e;) € Hom (W) so that

Yivi + ViV = —2(51']' Idw .
We can now determine the complex Clifford modules. We first suppose dim V'
to be even.

Lemma 1.1.5 Let m := dim(V) = 2m be even. There exists a unique irre-
ducible complex Clifford module S for V. with dim S = 2™ so that if W is any
complex Clifford module for V, then W = £ - S.
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Proof: We follow the discussion in Atiyah, Bott, and Shapiro [8]; we shall use
a similar argument in our discussion of bag boundary conditions in Section
1.6.5 presently. Let {ey, ..., e} be an orthonormal basis for V. Let v give W
a Clif (V') module structure. Set y; := v(e;). We define

Ti =V —1v_172 € End (W) .
The elements {7y, ..., ;5 } are a commuting family of linear endomorphisms of
W satisfying 72 = Idw. Let @ = (01,..., 0m) Where g; = +1; there are 2™
possible such collections of signs. We decompose
W =@;Wz; where Wy:={weW:nw=w}
are the simultaneous eigenspaces. We have
ey it =20 1,2, .
Vit = { 7;7y; otherwise. (1.1.1)
Let g; be the collection of signs obtained from g by changing the i*" sign
where i = 2j or i = 2j — 1. We may then use Equation (1.1.i) to see that
v;Wgz = Wy,. Since we can pass from any given collection of signs ¢’ to any
other collection of signs & by changing entries sequentially,
dim WQ* = dim Wg
for any collection of signs ¢ and £. This shows that
dim(W) = 2™ dim(Wj) .

Consequently, the dimension of any Clifford module must be divisible by 2.
This shows that W is irreducible if dim (W) = 2™.

Let {wy,...,w¢} be a basis for Wi,...1). We consider tuples of odd integers
J = (1, Jp) for 1 <ji <... <jp < m. Define

wi =Yy eYiwe for 1< <L

We may then express
Wz = Spanu{wi"} where Jz;:={2j—1:0; =-1}.
Thus {wj },, is a basis for W. We may now decompose
W = @ileu where W, := SpanJ{wi}. (1.1))

Clearly v;W, C W, for j odd. Furthermore, since 72; = v/ —17y2;_17;, we also
have v;W,, C W, for j = 2i even. The W, are Clif (V') modules of dimension
2™ and thus, as noted above, must be irreducible. We have

viwy =e(f, HwEPD for 1< p<y,

where £(j,J) = %1 is an appropriately chosen sign and where K(j,J) is an
appropriately chosen multi-index. Thus the actions of the endomorphisms ;
on these spaces are all isomorphic and equivalent. The Lemma now follows
from Equation (1.1.j). O
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If dim(V) is odd, then there are two inequivalent complex representations

of Clif (V).

Lemma 1.1.6 Let m := dim(V) = 2m + 1 be odd. There ezist two inequiva-
lent irreducible complex Clifford modules S+ for V' so that if W is any complex
Clifford module for V, then W = £,S; & L_S_.

Proof: Let v define a Clif (V) module structure on W. Fix an orientation
for V and let {ey,...,en} be an oriented orthonormal basis for V. Let

vi :=(e;) € End (V).
Define the normalized orientation class by setting
oen = (v/—1)""le; x ... xe,, € Clif (V).
We then have
otnxotn=1 and e;xotmm=otnxe; for 1 <i¢<m.
We use y(otn) to decompose W = W+ @& W~ where
W= {weW : y(otn)w = +w}.

Since
7i - y(otn) = y(e; x otn) = y(otn * €;) = y(orn) - ;,
~; preserves the eigenspaces of otn and hence

'yiT/VjE:T/VjE for 1<i<m.
Therefore W+ and W~ are also Clif (V') modules. Let
Vo := Span{ey,...,eam} .
By Lemma 1.1.5 we may decompose
Wt =W and W~ =a,W,

as the direct sum of irreducible Clif (V) modules. We then have

mt1 —Id on W7F
= = — . n
Yomtr = V=L Ym { +Id on W .
This implies that
YomaW,F CW and  yom W, C W, .

Consequently these subspaces are also irreducible Clif (V') modules. They are
inequivalent as y(otn) = +1 on W, and y(otn) = —1 on W, . This gives the
decomposition described in the Lemma. 0O

Lemmas 1.1.5 and 1.1.6 give the structure of the complex Clifford modules;
this structure is periodic mod 2 and follows from the isomorphism

My (C) if dim(V) = 2im,

Clif (V) ®r C~ { Maym ((C) © Mom ((C) if dlm(V) =2m+1.

© 2004 by CRC Press LLC



The corresponding structure of the real Clifford modules and of the quater-
nionic Clifford modules is periodic mod 8 and is a bit more complicated to
describe. We refer to Karoubi [252] for further details.

1.1.5 Clifford bundles

Let (M, g) be a Riemannian manifold. Let W be an auxiliary complex vector
bundle over M. We say that

v:TM — End (W)
defines a Clifford module structure on W if the Clifford commutation relations

Y(@)v(y) +v()y(z) = —29(z,y)ldw Vz,y € TM

are satisfied. We can also regard v as defining a map from T*M to End (W)
as well. We say that v is a unitary Clifford module structure if W is equipped
with a Hermitian inner product (-,-) and if

(v(x)wy,ws) + (w1, y(x)we) =0 Vo € TM, wi € W, wy € W.
If V is a connection on W, we say that V is a unitary connection if
(Vewr,ws) + (wr, Vews) = z(wy,wz) Vo € TM, w; €W, ws € W .
Define Vy : TM @ TM — End (W) by setting

(Ve (@)w := Va{y(y)w} = 7(Vey)w — () Vew.
We say that V is a compatible connection if Vv = 0.

Lemma 1.1.7 Let (M, g) be a Riemannian manifold. Let W be a vector bun-
dle over M. Let vy be a Clifford module structure on W.

1. Let {e1,...,em} be a local orthonormal frame for TM over a contractible
open subset U of M. Then there exists a local frame § for W over U so the
matrices y(e;)® are constant.

2. There exists a Hermitian inner product (-,-) on W so that «y is unitary.

3. There exists a compatible unitary connection V on W.

Proof: To prove the first assertion, we suppose m is even; the argument is
similar if m is odd. The given orthonormal frame {ej, ..., e, } for T M identifies

TM|y =R™ xU and Clif (M) = Clif (R™) x U.

Let the joint eigenspaces Wy be defined as in the proof of Lemma 1.1.5. Since
these eigenspaces have constant rank, they patch together to define smooth
vector bundles over U. Since U is contractible, W, i) is trivial. Thus we
can choose local frames {wy,...,wy} for this bundle. The proof of Lemma
1.1.5 then shows the Clifford module structure is locally a product

Wiy =10-8xU.
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Assertion (1) now follows. Since the matrices in question are skew-symmetric
with respect to the given basis, Hermitian inner products exist locally on W
for which ~ will be unitary. Since v will be unitary with respect to a convex
combination of such inner products, we can use a partition of unity to establish
Assertion (2).
Let w® be the connection 1 form of V relative to a local frame for W
constructed above. Let ;;; be the components of V+y. Then
Vi = €iv; +wivj — YW — Lijrys - (1.1k)
Thus the convex combination of compatible unitary connections is again a
compatible unitary connection. Consequently it suffices to work locally in
order to establish the third assertion.
We choose the frame so that ;7] = 0. Define the spin connection by setting
wi == i -
The relation I';j;, = —I'j;; and the Clifford commutation rules imply
Wi = Tiwvk = 1T (YT — vivirf) — Dol
1Tk (=26057% + 2617F) — Tijuviy
= Tyivf =T = 0.
s

Consequently, V is compatible. Furthermore, as + is unitary, w; is skew-

symmetric so V is unitary as well. This establishes Assertion (3). 0O

Let v give W a Clif (M) module structure. We define a tangential Clifford
module structure on Wap by setting

'Yg = —Tm%a - (1.1.1)
This satisfies the Clifford commutation rules since
VoA + Y Yo = YmYaYm Vs + W YmVaVm = YoV + VoYVa = —20ap1d .

This structure will play a central role in our discussion of spectral boundary
conditions subsequently. If V is a connection on W, then

’yg:b = Ve, YmYa + YTm¥aVe, + Lave¥mYe -
Suppose that VM~ =0 so V.,7; — 7;Ve; — [ijrer, = 0. Consequently,
Yhs = —Tomi¥iYe — ToaiYmYi + DoacYm Ve (1.1.m)
= _Fbmc’)/c')/a - Fbam’)/m’)/m = Lbc’Yc'Ya + LabId .
Thus V?¥ 4T is non-zero in general. We do, however, have that

L. =0. (1.1.n)

1.1.6 Duality

We shall let V* denote the dual vector bundle. In studying the heat content
asymptotics, it is natural to regard the initial temperature ¢ as a section
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to V and to regard the specific heat p as a section to V*. The local heat
energy density is then given by the dual pairing between V and V*; we shall
denote this pairing by (¢, p). If V is a connection on V, let V be the dual
connection on V*. Similarly, if E is an endomorphism of V, let E be the dual
endomorphism of V*. Then V and E are characterized by the identities

(Vo,p) + (6, Vp) = d(d,p) and (Es,p) = (¢, Ep). (1.1.0)

We clear the previous notation. Let w® be the connection 1 form for V
relative to a local frame 5 for V. Then the connection 1 form for V on V*
relative to the dual frame § for W is —@%. This means that

and Ve = 0% — @f.

Vaﬁzaﬁ-i—w "

=y

v

If V admits an inner product (+,-), then the inner product defines a conjugate
linear isomorphism ¢ between V' and V* so that

(¢,p) = (&,p). (1.1.p)

It is convenient for the most part, except in discussing questions of self-
adjointness, not to introduce the auxiliary structure (-,-) and to work instead
with V'*.

We say that a connection V on V is a wnitary connection and that an
endomorphism F of V' is self-adjoint if and only if

(Vor,¢2) + (¢1,V2) = d(d1,¢2) and (E¢i,pa) = (¢1, E¢a),

respectively. For example, we use Equation (1.1.a) to see that the Levi-Civita
connection is unitary.

If P is a partial differential operator on C®(V), we let P be the dual
operator on C'*°(V*). This operator is characterized by the relation

[ oo = [ (@ Ppis voecEWpecEr).  (Lla)
M M

1.1.7 Volume of spheres

In Sections 1.9, 3.8, and 3.9, we will express certain universal coefficients in
terms of the wolume of spheres. We therefore recall the following classical
formulae.

Lemma 1.1.8 vol (§%/) = % and vol (§%~1) = %

Proof: We use polar coordinates and integrate by parts to see:

o0
Wjﬁ:/ e‘mzdm:/ / 2 =" dfdr
R24+1 0o Js2
. RN > o ] e 2
= VOI(S2J)/0 r¥e " dr:vol(S%)ﬂ@...%/ e "dr.
r

2
=0
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We may solve this equation to determine vol (S%7). Similarly, we compute:

o0
. _ 2 . 2
! :/ e~ 1l dm:/ / r2 e " dodr
R2J r=0.J52i-1

= v01(52j_1)/ r2i=te="" dr = vol (S¥71)(j —1)!/ re=" dr
0 0
= Lvol (S~ (i —-1!.

We solve for vol (S27=1) to complete the proof. O

1.2 The geometry of operators of Laplace type
1.2.1 The symbol of an operator

Let V be a smooth vector bundle over a compact Riemannian manifold M.
Let @ = (a1, ..., a;m) be an m-tuple of non-negative integers, let e = (eq, ..., €
be a local orthonormal frame for TM, let z = (xy, ..., x,,) be a system of local
coordinates on M, and let £ = (&1, ...,&n) € R™. We fix a connection V on V
and define

V= (Ve, ). (Ve )0m, 02 := (9)™...(02,)m,
@ = a1 + ... + am, €0 = £ gom

Let P : C®°(V) — C*°(V) be a partial differential operator on V' of order d.
We shall always assume d > 0. We may expand

P .= Z pa(z)Ve
|

a|<d

where the p; are smooth sections to the bundle of endomorphisms of V. The
leading symbol o1, (P)(€) is defined by replacing V., by v/—1¢; and suppressing
the lower order terms. More precisely,

oL (P)(©) = (VD) 3 pala)et.
\

il=d

In principle, we should also include the order d in the notation as if P
is an operator of order d, and if we were to think of P as an operator of
order d+ 1, then the leading symbol would vanish. In practice, this ambiguity
causes no confusion and we shall suppress d from the notation in the interest
of simplicity.

If w € T*M, then we may expand w = ;(w)e’. The association which sends
w to o, (P)(&(w)) induces a well-defined map

oL(P): T*M — End (V)

which is independent of both the choice of the local orthonormal frame e and
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of the choice of the connection V. We have the symbol composition rule

or(PoQ)=or(P)oor(Q).

If V is equipped with a positive definite Hermitian metric, let P* be the formal
adjoint. The adjoint symbol is then

o (P*) =05 (P)*.
We can also define the leading symbol more directly. If ¢ is a cotangent

vector at zg, choose f € C°(M) so that f(zo) =0 and so that df (xo) = €. If
vo € Vg, choose v € C*° (V) so that v(zp) = vo. We then have

o1 (P)(€)vo = Jim {71 P(e¥ T 0)} (o)

This is independent of the particular function f and of the particular section
v which were chosen and is invariantly defined on the cotangent bundle.

Recall that a second order partial differential operator D on C*°(V') is said
to be of Laplace type if locally D has the form

D = —(¢g"'1d 9,0, +a"0; +b). (1.2.a)
It is then immediate from the definition that D is of Laplace type if and only
if 01, (D)(§) = ¢°1d .
A first order operator A = v*0,, + ¢ is said to be of Dirac type if and only
if A? is of Laplace type, i.e. y*7” 4+ y¥~v* = —2g*¥Id so «y defines a Clifford
module structure on the vector bundle in question.

1.2.2 An invariant representation of an operator of Laplace type

Let V be a smooth vector bundle over M and let D be an operator of Laplace
type on C*° (V). The coordinate formalism of Equation (1.2.a) is not invariant
and it is useful to express D in terms of geometric objects. Let V be a con-
nection on V. We use this connection and the Levi-Civita connection of M to
covariantly differentiate tensors of all types; let “;” denote the components of
multiple covariant differentiation. Let E be an endomorphism of V. We define
the associated operator D(V, E) of Laplace type by setting

D(V>E)¢ = _(¢;ii + EQS) y (12b)
where the tensor ¢, is defined by Equation (1.1.f). This is also denoted
symbolically by

D(V,E)p = —(Tr (V?)¢ + Eg).
In terms of a coordinate frame, this takes the form
D=—(g""Vo:Vor = 9" T Voz + E).

Lemma 1.2.1 Let D be an operator of Laplace type on a Riemannian mani-
fold (M, g). There exists a unique connection V on V and a unique endomor-
phism E onV so that D = D(V,E). If D locally has the form

D = —(¢""1d 9,0, + a"0;; +b),
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then the connection 1 form w of V and the endomorphism E are given by
wy = (guuat + g7 Tye 1d)
E = b—g""(Ojwy+wywy —weIW,7).
Proof: Fix a local frame for V. We have dually by Equation (1.1.a) that
V(dx") = =T, dz" @ dx” .
We expand the covariant derivative operator in the form
V =ds" @ (0, +w,) so
V? =da" @ dz” @ {~T,," (0% +w,) + (0 +wu) (05 +ws)}-
Thus, using Equation (1.2.b), we have that
D(V,E) = —g"{0;0; +2w,0; —T'.,"0;
+6ff(w(,) +wywe —Lpo’wy} — E.
Consequently D = D(V, E) precisely when we have the identities
a” = 2¢"Mw, —¢"°TL"1d, and (1.2.c)
b = ¢"(Fws + wuwe — Duo’wy) + E.

We solve for w and E to establish the uniqueness assertion of the Lemma.

Using Equation (1.2.c) as the definition then permits us to establish a local
existence result simply by reversing the steps in the computation; the unique-
ness assertion then implies the connections and endomorphisms which are
defined locally using Equation (1.2.c) patch together properly. O

1.2.3 The Dual Operator

Let V be a smooth vector bundle over a Riemannian manifold M and let
(-,-) denote the pairing between V' and the dual bundle V*. Let dz be the
Riemannian measure. If ¢ € C°(V) and if p € C*°(V*), then we define

(¢,p)r2 = /M(gb,p)(m)dm.

We say that V' is Hermitian if V' is equipped with a positive definite Hermitian
innerproduct (-,-); in this setting, we shall define

(¢1,P2) 2 = /M(gzﬁl,gzﬁg)(m)dm for ¢; € C(V).

Let C§° (V') be the space of smooth sections to V' which are compactly sup-
ported in the interior of M this means that ¢ vanishes on some neighborhood
of OM. Let D be an operator of Laplace type on C*° (V). The dual operator
D is the operator of Laplace type on C'* (V*) characterized by the identity

(D¢, pyrz = (¢, Dp)r= ¥ ¢ €C5°(V) and pe (V7).
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The connection and endomorphism which are associated to D are the dual
endomorphism of D and the dual connection of D, i.e.

Lemma 1.2.2 Let D = D(V,E) be an operator Laplace type on a vector
bundle V. Let V be the dual connection on V* and let E be the dual endo-
morphism on V*. Then D = D(V, E).

Proof: Since the support of ¢ and p is disjoint from the boundary, there are
no boundary correction terms. By Lemma 1.4.17,

($,Dp)r> = (Do, p)r2 = —/M(¢;ii + B¢, p)dx

= —/ (¢, pii + Ep)dz .
M

This implies that Dp = —(p.;; + Ep); note that we are using V to covariantly
differentiate p. The Lemma now follows from the uniqueness assertions in
Lemma 1.2.1. O

Suppose that V' has a Hermitian inner product. We use the conjugate linear
isomorphism ¢ discussed in Equation (1.1.p) to identify V' and V*. Then V
is unitary if and only if V = V, E is self-adjoint if and only if E = E, and
D is formally self-adjoint if and only if D = D. The following observation is
then immediate from Lemmas 1.2.1 and 1.2.2:

Lemma 1.2.3 Let D be an operator Laplace type on a Hermitian vector bun-
dle V. Then D = D(V,E) is formally self-adjoint if and only if V is unitary
and E is self-adjoint.

1.2.4 The form valued Laplacian

Let A(M) be exterior algebra bundle on the cotangent bundle of M. Choose
a local system of coordinates x = (z1, ..., ) on M. If we have a multi-index
I={1<p <..<pp,<m},set

dr! = dxtt A . A date .
The exterior derivative d : C°(A(M)) — C*°(A(M)) is defined by

d< > f[da:[> = Op(fr)da" Nda' . (1.2.d)
I w1

Let § : C*®(A(M)) — C*(A(M)) be the adjoint operator; this is the interior

derivative. Let

A:=dj+dd

be the form valued Laplacian. We may use the grading on the exterior algebra
to decompose

A = dpAP
where AP acts on C°°(AP(M)). We will also use the notation Ay and AL,
occasionally if it is necessary to include the underlying manifold M explicitly
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in the notation. We will also occasionally delete the superscript “0” and let
A = A° be the scalar Laplacian when the context is clear.

The Hodge-de Rham isomorphism shows that ker A has topological signifi-
cance. Let H?(M;R) denote the real cohomology groups of M.

Theorem 1.2.4 (Hodge-de Rham) Let M be a closed Riemannian mani-
fold. There is a natural isomorphism ker AP = HP(M; R).

We may use the Weitzenbick formula to express A in the form given in
Lemma 1.2.1. Let ¢(§) denote (left) exterior multiplication by a cotangent
vector ¢ acting on the bundle A(M). This means that

e(Qw:=E6NAw.
Let i(§) := e(£)* be the dual map (left) interior multiplication, and let
7(§) :=e(§) —i(E).

We use the metric to identify the tangent and cotangent spaces. If {e;} is
a local orthonormal frame for TM = T*M, we set

¢; ==e(e;), 1i:=1i(e;)), and 7 :=~(ei)-
If1 <4 < ... <ip <m, then we compute

et Ney N Ne; if 1<,

erfei, Ao Aei} = { 0 " K otherwise
1 (1.2.e)

) iy N\ .. N €; 1 =1

i{en NoNe} = { OlZ N otherwise,.

It is now clear that v defines a (left) Clifford module structure on the exterior
algebra since the Clifford commutation relations are satisfied, i.e.

¥y + v = —20i1d so y(§)* = —[¢"Id .
By Equation (1.2.d), the leading symbol of d is given by
or(d)(§) = V-1e(€).
Dually, the leading sybol of § is given by
o (9)(€) = —V~=1i(¢) .

Consequently, the leading symbol of d+ 6 is given by /—1v. Because we have
v(€)? = —|€]21d, A is an operator of Laplace type and d + J is an operator of
Dirac type.

Let Q;; be the curvature of the Levi-Civita connection acting on the exterior
algebra. We refer to [189] Section 4.1 for the proof of the following result
which gives the endomorphism and the connection defined by the form valued
Laplacian.

Lemma 1.2.5 Let A :=d§ + dd be the form valued Laplacian.
1. d=¢V,, and 6 = —;V,,.
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2. We have A = D(V, E) where
(a) V is the Levi-Civita connection.
(b) B = =577 ;-

We use the decomposition of A(M) = &,AP(M) to decompose A = G,AP
where AP is the p form wvalued Laplacian on C*°(AP(M)). The following is
then an immediate consequence of Lemma 1.2.5.

Lemma 1.2.6 Let E, be the endomorphism and let ), be the curvature de-
fined by the p form valued Laplacian AP, respectively. Then

1. We have Ey = 0 and Qg = 0.
2. We have El(ei) = —Rijjkek and Qujek = Rijklel.

1.2.5 The Hodge * operator

Let A?(M) be the bundle of smooth p forms over a compact oriented Rieman-
nian manifold. Let orn be the orientation form. The Hodge * operator is the
linear map

*x: AP(M) — A™P(M)
which is characterized by the identity
(wp, Bp)orn = wy, Axf, forall w,,8, € AP(M).
For example, if {eq, ..., e } is a local oriented orthonormal basis for M, then
*fer N ANept =epr1i Ao Nep .

We refer to [189] for the proof of the following result:
Lemma 1.2.7 1. «"7PxP = (—1)p(m=p)
2. xmPdm TP Lyl — (_q)mpElge,

9. xM-PAM—PAP = (~1)P(mP) AP,

The Hodge x operator can be expressed in terms of the Clifford module
structure 7 := ¢ — i discussed previously. Let {ey,...,e} be a local oriented
orthonormal frame for T'M. Set

*:=epy(er)..v(en) € End (A(M)) (1.2.f)
where the 4" root of unity

- (vV/—=1)m/? if m is even,
" (v=1)(m*tD/2 if m is odd,

has been chosen to ensure that
¥ =1d.
We then have

* =g %P on AP(M) and *e = (—1)™i%
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where €, is a suitably chosen 4" root of unity. Since Vx = 0, Lemma 1.2.5
yields the intertwining relations

*d=(—=1)""15% and *A, = A,_,x. (1.2.g)

1.2.6 The Witten Laplacian

Let ¢ € C°°(M) be an auxiliary smooth function which is called the dilaton.
The Witten Laplacian is a generalization of the standard Laplacian. One twists
the exterior derivative and the coderivative to define the Witten derivative and
the Witten co-derivative by setting

dy = e ®de® and 0g = e?de 9.
The associated second order operator is then defined by setting
A¢ = d¢5¢ + 5¢d¢ on COO(A(M)) .

We shall also sometimes use the notation Ay , when it is necessary to include
the metric g explicitly in the notation. Since

UL(d¢):UL(d) and UL(5¢):UL(5),

we see that Ay is an operator of Laplace type as or,(Ay) = or.(A).

This operator was introduced by Witten [362] in the context of Morse the-
ory. This operator has been used to study quantum form valued fields which
interact with the background dilaton in [204, 358]. It has also been used in
supersymmetric quantum mechanics [6].

The Witten Laplacian is a 0t* order perturbation of the ordinary Laplacian.
The endomorphism and connection of the Witten Laplacian are given by:

Lemma 1.2.8
1. Ay = A+ ¢y - Id + @i(esi; — ijeg).
2. The Levi-Clivita connection is the connection associated to Ag.
3. By = —377;Qij — biyi — byji(eii; — ije;) is the endomorphism for Ag.
4. Let * be as defined in Equation (1.2.f). Then Ay = A_4*.
Proof: Lemma 1.2.5 (1) extends to the twisted setting to yield
dy =¢;Ve, +¢;0,;, and 6y = —1;Ve, +1;0, .

We use the commutation rules e;i; 4 1ije; = d;5, the fact that Ve = 0, and the
fact that Vi =0 to prove Assertion (1) by computing

Apg = Ag+eiVeijo; +ijd eiVe, —iiVe, e
—ejd,jii Ve, + (eilj +1j¢:) P05
= Ay + (eilj +ijei —iiej —ejii) by Ve, + (eilj — liej)dyji + dichii
= A+ (eilj —1i¢j) 50 + Pty

This shows that the associated connection does not depend on ¢ and hence
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is the Levi-Civita connection by Lemma 1.2.5. Assertion (3) now follows from
Lemma 1.2.5 (2b).
To prove Assertion (4), we must generalize Equation (1.2.g). Since

dy =d+e(dp) and 04 =09+ i(de),
Equation (1.2.g) shows
xdy = Fd+*e(dp) = (=1)" (6 —i(dg))x = (=1)" " 5_sx.
This shows that
*(dg +0p)% = (=1)P"H{d_y +6_4}, sO
*Apk = A_g;

Assertion (4) now follows. O

1.2.7 Operators and Elliptic Complezes of Dirac Type

Recall that a first order partial differential operator A on C*°(V) is of Dirac
type if the corresponding second order operator A2 is of Laplace type. More
generally, let V; be smooth vector bundles over M which are equipped with
Hermitian structures. Let

A:C®(V1) = C (V) (1.2.h)
be a first order partial differential operator. Let
AT C%(Ve) = CF(V1)
be the formal adjoint and let
D, :=A%A and D, := AA*

be the associated second order operators. We say that Display (1.2.h) is an
elliptic complex of Dirac type if the associated second order operators D; are
of Laplace type.

Let A¢(M) (resp. A°(M)) be the bundle of differential forms of even (resp.
odd) degrees over a Riemannian manifold M. The de Rham complex

(d+6): C®(A*(M)) — C*(A°(M))

is an elliptic complex of Dirac type. Other elliptic complexes of Dirac type
include the signature, spin, Yang-Mills, and Dolbeault complexes. We refer to
[189] for further details.

1.2.8 Singular Structures

Let M := (My,M_) be a pair of compact smooth manifolds which have a
common smooth boundary

S=0M, =0M_.
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A structure & over M is a pair of corresponding structures & := (64,6_)
over the manifolds M. Let v be the inward unit geodesic normal vector field
near the boundary;
vils = —v_|s.
A Riemannian metric g on M is a pair g := (¢4, ¢g—) of Riemannian metrics
g+ on M. We shall always assume

g+ |E =9- |Ea
but do not assume any matching condition on the normal derivatives.

A smooth vector bundle V over M is a pair of vector bundles Vi over My;
we do not assume any relationship between Vi |y and V_|y; in particular, we
can consider the situation when we have dim V; # dimV_. An operator of
Laplace type D over M is a pair DL of operators of Laplace type on C* (V).
We use Lemma 1.2.1 to express

D, =D(V,,Ey) and D_=D(V_,E_).

1.2.9 The evolution equation for scalar heat flow

We motivate the heat equation we shall be considering subsequently by re-
viewing the usual heat transport equations for a Riemannian manifold (M, g).
Let u € C®(M x [0,00)) be the temperature of the manifold. Heat flows
from hotter to colder areas. Since the direction of maximal increase is given
by grad ,(f), the heat flow across the boundary of an infinitesimal region R
is given by —u,, where v is the inward unit normal vector field. Thus, after
integrating by parts, we see that the infinitesimal change in the total heat

content of R is given by
—/ U, dy = —/ Audz . (1.2.1)
oR R

On the other hand, the change in the total heat energy content is given by

(9t/ udw:/ Orudz (1.2.))
R R

Since R is arbitrary, we use Equations (1.2.1) and (1.2.j) to see that the evo-
lution equation for heat transport has the form

8tu =-Au.
We refer to the discussion in Pinsky [309] for further details.

1.3 Interior ellipticity

In this section, we discuss the theory of elliptic operators on closed Riemannian
manifolds. We introduce the heat trace and the heat content asymptotics.
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Let V be a smooth vector bundle over a closed Riemannian manifold M.
Fix a connection V on V. If ¢ € C*°(V), then the C* norm of ¢ is defined
invariantly by setting

6llooe = sup {wa}.

rEM <k
Changing the connection replaces this norm by an equivalent norm so the role
of the connection is inessential.

1.8.1 Elliptic operators

We now recall some basic results concerning elliptic operators and refer to [189]
for further details. Let oy (P) be the leading symbol of a d*® order partial
differential operator P as defined previously in Section 1.2.1. The symbolic
spectrum Spec, P is the union of the spectra of or(P)(§) for € # 0. More
formally, one defines

Spec, (P) :={A € C:30# & € T*M : det{o(P)(§) —A-1d} = 0}.

We emphasize that it is crucial in this definition that we are studying non-
zero cotangent vectors. We say that P is elliptic if 0 ¢ Spec,(P), i.e. if
o1 (P)(§) is invertible for every 0 # & € T* M. We have by homogeneity that

o1 (P)(t§) = t'o1(P)(€), so
t?Spec, (P) = Spec, (P) for any t#0.

Thus, in particular, if Spec, (P) = (0, 00), then necessarily d is even.
The following assertion is immediate from the definition:
Lemma 1.3.1
1. If D is an operator of Laplace type, Spec, (D) = (0,00) and D is elliptic.
2. If A is an operator of Dirac type, Spec,(A) = R — {0} and A is elliptic.

1.8.2 Elliptic regqularity

Let P be a partial differential operator on a bundle V' over a closed manifold
M. Let ¢ € L*>(V). Let P be the formal adjoint on V* as defined in Equation
(1.1.q). We say that P¢ = 0 in the distributional sense on an open subset U
of M if [, (¢, Pp)dz = 0 for every p € C3°(V|y). One has the following result
concerning elliptic regularity:

Theorem 1.3.2 Let P be a d*" order elliptic partial differential operator on
a bundle V' over a smooth manifold M. Let U be an open subset of M. If
P¢ =0 in the distributional sense on U, then ¢ is smooth on U.

We suppose P elliptic henceforth. If ¢ is an eigenfunction of P corresponding
to the eigenvalue A, then we have (P — A)¢ = 0. Since P — )\ is again elliptic,
Theorem 1.3.2 implies that ¢ is smooth on the interior of M. The following
result provides the spectral theory of self-adjoint elliptic operators.
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Theorem 1.3.3 Let P be a self-adjoint elliptic partial differential operator
on a bundle V over a closed Riemannian manifold M. Then:
1. There ezists a complete orthonormal basis {¢;} for L*(V') so that
¢i € C*°(V) and so that Po; = \i¢h;.
2. Order the eigenvalues so |Ai| < |Az].... There exists € > 0 and ig > 0 so
|>\z| Z 1€ fOTi Z io.
3. If Spec, (P) = (0,00), then only a finite number of the \; can be negative.

4. For every k > 0, there exists a constant Cy and an integer ny so that
|@illoo,k < Cr|i|™ fori > g,

Remark. The collection {¢;, \;} is called a discrete spectral resolution.

By Theorem 1.3.3, if P is self-adjoint and if the leading symbol of P has
only positive eigenvalues, then all but a finite number of eigenvalues of P are
also positive. Furthermore, the estimate of Assertion (2) shows the eigenvalues
grow relatively rapidly. Thus the symbolic spectrum of P controls the actual
spectrum of P asymptotically as A — oo. The same observation is true even in
the non-self-adjoint setting. The following is a special case of a more general
result. For any € > 0 and n > 0, let R, , be the closed subset of C which is
characterized in polar coordinates by

Repn :={A=r(cosf ++/—1sinf): 6 € (—e,e) or r <n}. (1.3.a)
This is the union of a large ball around the origin with a small wedge around
the real axis which contains the set [0, c0) in its interior.

Theorem 1.3.4 Let P be a d* order partial differential operator on a closed
Riemannian manifold M with Spec,(P) = (0,00). Then given € > 0, there
ezists n = n(e) so that the L? spectrum of P is contained in the region R .

If the hypotheses of Theorem 1.3.4 are satisfied, then necessarily d > 2 is
even. We may apply the L? functional calculus to define the operator

1

—tP —tA -1
= P—X)""d\
€ 27(\/—_]. ORe.n € ( )

for ¢ > 0, where we orient the boundary suitably. This is now a bounded
operator on L?. If u(z;t) = e tF¢ for ¢ € C*°(V), then u is characterized by
the two properties

(0 + P)u=0 for ¢t>0 (evolution equation)

Ult=p = ¢ (initial condition).

1.3.3 Heat trace asymptotics

We summarize the relevant analytic facts which we shall need as follows; they
can be derived using the Seeley calculus [339]. We shall omit the proofs in the
interest of brevity. Let Try, denote the fiber trace and let Tr ;2 denote the
trace in the L? sense. We refer to [189] for further details.
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Theorem 1.3.5 Let P be a d** order partial differential operator on a closed
Riemannian manifold M with Spec,(P) = (0,00). Then:

1. If t > 0, then the operator e~t* is an infinitely smoothing operator which
is of trace class on L?. There exists a smooth kernel function K (t,z,z;, P)
defining a linear map from V,, to V so that for ¢t > 0,

e owit) = [ K(t,00, PYolan)dos.
M
2. Let F € C*(End (V)) be an auziliary smooth endomorphism. Then

Tr 2 {Fe '} = /M Try, {F(a:)K(t, z,z, P) }dm )

Ast ] 0, there is a complete asymptotic expansion of the form

Tr po{Fe P}~ Y tnmm/dg, (B, P).

n=0

3. The heat trace asymptotics a,(F, P) vanish for n odd. If n is even, there
exist local endomorphism valued invariants e, (z, P) so that

an(F,P) = /M Try, {F(m)en(z’, P) }da: .

Let V be a vector bundle of rank r over M. Fix a local frame § = (s1, ..., s,)
for V. If H is an endomorphism of V', we expand

H(sy) = Hypso

to express H = (Hy,) as a matrix relative to the frame §. Let x = (21, ..., Tm)
be a system of local coordinates on M. If P is a d*® order partial differential
operator on V', we may expand

P=>" pa(z,€d
la|<d

where p; = (pauy) is matrix valued. We define the weight by setting
weight (8% pa.uo) == d — |a@) + |b] (1.3.b)

We can motivate this definition by considering the form valued Laplacian.
If p = 0, then we may express the scalar Laplacian in the form

A= —g19,99"" 0, .

Thus the leading symbol p,,, = —g"" is homogeneous of total weight 2—2 =0
in the jets of the metric. The first order part p, := —gd,{gg""} is homoge-
neous of total weight 2 —1 = 1 in the jets of the metric. The zeroth order part
vanishes in this example. But if one considers the form valued Laplacian, the
zeroth order part is linear in the 2 jets of the metric and quadratic in the 1
jets of the metric with coefficients which are smooth functions of the metric
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tensor. It is thus homogeneous of total weight 2 — 0 = 2. Thus in particular,
if D = AP is the Laplacian on p forms, then the symbol pg is homogeneous of
weight 2 — |@| in the jets of the metric. Additional derivatives 8% increase the
homogeneity by |5| Thus in this instance, the weight simply counts the total
number of derivatives of the metric which appear.

This definition of weight is also motivated by the Seeley calculus [339] which
gives explicit combinatorial formulae for the endomorphism valued invariants
en(x, P) which were defined above in Theorem 1.3.5. The following observation
is then an immediate consequence of these formulae. We refer to the discussion
in [189] for further details.

Lemma 1.3.6 Let P be a d™ order partial differential operator on a vector
bundle V over a closed Riemannian manifold M. Assume Spec, (P) = (0, c0).
Let § be a local frame for the bundle V and let x be a system of local coordinates
on M. Then ep yy(x, P) can be expressed universally as a polynomial of total

weight n in the variables 85;05,“1”1 of positive weight with coefficients which
are smooth functions of the leading symbol of P.

If P is an operator of Laplace type, then the situation simplifies considerably
as we shall see in Section 1.7.3. We shall discuss the weight further at that
point in the context of dimensional analysis.

We define scalar valued invariants a,(z, P) by setting

an(z, P) := Try, {en(z, P)}. (1.3.¢)

If f is a scalar valued function, set
01, P) = an(f 1,P) = [ f(@an(e, Pyds.
M

In particular,

o0
Tr2{e P} ~ Zt(”*m)/d/ an(z, P)dzx .
n=0 M

1.3.4 The Mellin transform

We follow the discussion in [189]. Let ®(\) and J(A) be the real and imaginary
parts, respectively, of a complex number . Let P be an elliptic d*" order
partial differential operator on a vector bundle V' over a closed Riemannian
manifold M. We suppose that P is self-adjoint and positive. We define the
zeta function by
((s,F,P):=Tr={FP%}.

This is well defined for R(s) >> 0 and has a meromorphic extension to C
with isolated simple poles. Let

o0
[(s) ::/ t* e tat
0
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be the Gamma function. The integral converges for s > 0. We use the func-
tional relation

sI'(s) =T(s+1)

to construct a meromorphic extension of I' to C with isolated simple poles at
s = 0,—1,.... There is an infinite product formula that can be used to show
['(s) never vanishes.

The zeta function and the heat trace are related by the Mellin transform.
Let A > 0. We then have

(oo} (oo}
AT (s) = /\_3/ (At)F e MdXt = / t5=te Mt . (1.3.d)
0 0
We sum over the individual eigenspaces to see
[ee]
T'(s)((s, F, P) :/ t5 71 Tr 2 (FetP)dt .
0

We have

1 1o no 1
W(F P A=ty =N~ (F P).
| > enrr) Y e (FP)

n=0 n=0 d

Since P is assumed to be a positive operator, the heat trace decays expo-
nentially as t — oo so only the behavior near ¢t = 0 contributes to the pole
structure. Thus

s PP =Y H%;man(ﬂ P) + Ra(s)
n=0 d

where the remainder R, is holomorphic for ®(s) > ™="2. This establishes
the following Lemma which relates the residues of the poles of the function
['(s)((s, F, P) and the heat trace coefficients:

Lemma 1.3.7 Let P be an elliptic d™ order positive self-adjoint partial dif-
ferential operator on a closed Riemannian manifold M. Then

an(F,P) =165 s {F(S)C(s, F, P)} .

Let A be a self-adjoint operator of Dirac type with ker(A) = {0}; the
associated operator A? is of Laplace type. There is an asymptotic expansion

o0
Tr 2 {FAe "} ~ Y all(F, Ayn-m-1/2,

n=0

The indexing convention is chosen so that the al! is given by integrating a
local invariant over M which is homogeneous of weight n in the derivatives of
the symbol of A. The eta function is defined by setting

(s, F, A) i= Tr 2 (FA(A?) - (+D/2)

© 2004 by CRC Press LLC



Equation (1.3.d) implies that

D(=EHAN)~

o0 +1 2
:/ AT Tle A gt
0

and consequently, by summing over the eigenspaces,

T2t )n(s, F, A) = / ¢ {FAe‘tA2}dt.
0

Again, expanding
1 no . s+1 no
/ E G,n F A _ldt E CLZ(F, A) m%m ylelds

T(stlyn(s, F, A) Za F,A)-

— + RJl(s)

where R!(s) is holomorphic for (s) > m — n. This proves:

Lemma 1.3.8 Let A be a self-adjoint partial differential operator of Dirac
type on a closed manifold M with ker(A) = {0}. Then

al (F, A) = ires s (2 )n(s, F, A) .

We have assumed ker(P) = {0} and ker(A4) = {0} to simplify the discus-
sion. There are appropriate extensions of Lemmas 1.3.7 and 1.3.8 to the more
general situation after adjusting for the effect of the kernels involved.

1.8.5 Index Theory
The invariants a,(z,-) play a central role in index theory. Let
A:C*(V1) = C™ (V)

be a partial differential operator over a closed Riemannian manifold M. We
assume the bundles V; and V5 have Hermitian structures. We say that this
is an elliptic complex if or(A)(§) € End (V1,V3) is an isomorphism for all
& # 0 or, equivalently, if the operators A*A and AA* are elliptic; the symbolic
spectrum of these operators is then (0, 00). The index of A is given by setting

index (A) : = dimker(A*A) — dim ker(A4A™)
= dimker(A) — dimker(A¥).
For example, let
d+ 6 : C®(A™ (M) — C°°(A° (M)
be the de Rham complex and let
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be the Euler-Poincaré characteristic of the manifold M. Then we may use
Theorem 1.2.4 to see that

index (d + §) = x(M) .
We define the supertrace heat asymptotics by
an(z,A) = ap(z, A" A) — ap(z, AA").

Theorem 1.3.9 Let A : C°(Vy) — C°°(Va) be an elliptic complex over a
closed m dimensional Riemannian manifold M. Then

[ index(A) if n=m,
/Man(a:,A)dm—{ 0 if n#£m.

Proof: We use an observation due to Bott in the proof; this observation is
the foundation of heat equation proofs of the index theorem. Let D := A*A
and Dy := AA* be the associated self-adjoint elliptic operators on C*°(V7)
and C*(V4), respectively. Let

Bl :={p€C®(V;): Dip = \p}.

Since AD; = Dy A, A intertwines these eigenspaces. Since A*4 = X on Ej
and AA* = X on E3,

A:E} - E}
is an isomorphism for A # 0. Thus dim E} = dim E¥ for X # 0. We have

Tr /2 {etDl } —Tr e {etDz }
> et)‘{ dim(E}) — dim(Ei)}
A

= dim(E}) — dim(E3) = index (A) .

The Theorem now follows by equating terms in the associated asymptotic
series; only the constant term can be non-zero. 0O

We can apply this result to the Witten Laplacian of Section 1.2.6 to get a
local formula for the Euler-Poincaré characteristic x of a closed Riemannian
manifold.

Lemma 1.3.10 Let (M,g) be a closed Riemannian manifold. Let ¢ be a
smooth function on M which defines the Witten Laplacian Ag. Define the local

supertrace heat asymptotics by setting alt? (¢, g)(x) = >, (=DPay(z, AL).

Then
[0 if n #m,
[ astoowa={ 0, Anrm
Proof: Let

U, g) :=index (d + &)y : C (A" (M)) — C™° (A4 (M)).
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By Theorem 1.3.9,

[ p,g9) if n=m,
[t ={ (&9 L2

Since the left hand side is given by a local formula, we see (¢, g) is a continuous
integer valued invariant and hence constant under perturbations of ¢ and g.
We may therefore set ¢ = 0 and use Theorem 1.2.4 to see

U, g) =1(0,9) = >_,(=1)P dim H?(M; R) = x(M). O

Remark 1.3.11 We will generalize this result if ¢ satisfies Neumann bound-
ary conditions to the context of manifolds with boundary subsequently in
Lemma 1.5.10. This will lead to a heat equation proof of the classical Chern-
Gauss-Bonnet theorem for manifolds with boundary in Theorem 1.9.2.

1.3.6 Heat content asymptotics

The heat content asymptotics provide another family of local invariants.

Theorem 1.3.12 Let P be a d™™ order partial differential operator on a
closed Riemannian manifold with Spec, (P) = (0,00). If ¢ € C°°(V) and
if p € C®(V*), then we define

B(¢,p, P)(t) = [y e, p)da.
1. Ast |0, there is a complete asymptotic series
6(¢7 Py P)(t) ~ EnZO tn/d/Bn(¢7 Py P) .
2. If j = dk, then B;(¢,p, P) = (=1)* 57 [, (P*¢, p)dz.
3. If j is not divisible by d, then (¢, p, P) = 0.

Proof: Assertion (1) can be established using the Seeley calculus [339]. Let
u := e~ tF$. Then we have

oo

Z %t(n—d)/dﬁn((b,p,P) ~ 8tﬁ(¢, P, P) = / <8tu,p>d;g
n=0 M
= [ (Puids == [ (0. Pode ~ =3 t4500.Pp. ).

k=0

We equate the coefficients of corresponding powers of ¢ to obtain the recursion
relation

%/Bn(¢a P P) = _6n7d(¢; pP,P) (138)
Since ui—o = ¢, Bo(p,p) = [,,(¢, p)dz. We now use induction to see
Bdk(¢7 P P) = _%Bdkfd((i); pp: P) = e = (_l)k%BO(Qb)pkp)P)

(_1)k%<¢>Pkp>L2 = (_1)k%<Pk¢)p>L2 .
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Assertion (1) now follows. If n is not divisible by d, we argue similarly to see
Bn(¢,p,P) = _%Bn—d(¢7ﬁ)p7 P) = .-
= (D g5t 7 Pnra(¢, Pip, P).

Assertion (2) now follows since S,—xq =0 forn — kd < 0. O

1.4 Boundary ellipticity

If OM is non-empty, then we must impose suitable boundary conditions. We
begin by introducing the classical Lopatinskij-Shapiro condition. We refer to
Grubb [228] for further details concerning the material of this section.

Rather than working with the symbolic spectrum, it is convenient to work
with a complementary subset. We suppose that U is a conical subset of C.
This means that if A € U, then tA € U for any ¢ > 0. Thus necessarily 0 € U.

If P is an operator of Laplace type, respectively of Dirac type, then we shall
take U = C, respectively U = K, where

C:=C-(0,00) and K:=C-(0,00) — (—00,0). (1.4.a)

Let P be an elliptic operator of order d > 0 on C*° (V). Fix a connection V
on V; if P is an operator of Laplace type, then we shall take the connection of
Lemma 1.2.1; if P is an operator of Dirac type, then we shall take a compatible
connection. To simplify the notation, we set

W =Wy®..®Wy_1 where W;:= V|3M .

Let V¥ ¢ denote the " covariant derivative of ¢ with respect to the inward
unit geodesic normal vectorfield e,,. If ¢ € C*°(V), then the Cauchy data
map 7 : C*° (V) — C>°(W) is defined by setting

76 = lorr @ (Ve, O)lomr @ .. & (VI @)|onr € CF(W).
One can use a partition of unity to see that
Lemma 1.4.1 The Cauchy data map 7 : C°(V) — C®(W) is surjective.

Let W =Wy ® ... ® W;_1 be an auxiliary vector bundle defined over OM;
it is permissible to take W; to be empty for certain values of i if d > 2. We
assume that

dim(W) = 4 dim(V) .
We let
B:C®(W)—= C>®(W)
be a smooth tangential partial differential operator which is defined on dM.
We decompose B = (Bj;) for
Bj; : C®(W;) = C*=(W;).

This is a slight notational change from the convention employed in [189]. We
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shall regard a section to W; as having order 7 since it will be thought of as
arising from the i** normal covariant derivative of a section to V. Thus we
shall assume that
order (B]Z) S ] —1.
In particular, we shall set B;; = 0 for j < <.
Our boundary operator is then defined by setting B := B o7, i.e.

Bp = ®;{Bjo(d|orr) + Bj1(Ve,, dlonr) + .. + Bj; (VL dlonr)} .

In the context of the singular structures defined in Section 1.2.8, we modify
this definition slightly by replacing M by the brane ¥ and by replacing ¢
by (¢4, d—). We suppress this additional technical fuss for the present in the
interest of notational simplicity; we shall return to this point in Sections 1.6.1
and 1.6.3 when we discuss transmission and transfer boundary conditions.

Both W and W are examples of graded vector bundles. We take the grading
into affect when considering the symbol. Let ¢ be a cotangent vector on 0M.
We define the graded leading symbol of B by setting

or(B;i)(y, if order(Bj;) = j — i,
o (Bia)(y, ) o= 4 THP O Horder(Bi) ==
0 if order(Bj;) < j — 1.
This is invariantly defined as a map
of :T*(0M) — Hom (W, W).
We can now state the Lopatinskij-Shapiro condition. Let P be an elliptic
dt" order partial differential operator. Let
0 € U C Spec, (P)°

be a conical subset of C which is contained in the complement of the symbolic
spectrum of P. Let @ = (ay, ..., am—1) be a collection of non-negative integers.
Let B

0 = (0)"" (0% )"
denote multiple tangential partial differentiation and let J,. be the inward unit
normal vector field. Express P in the form

P =Y az,050).
@k

We formally replace 85 by (v/—1)%¢% and suppress the lower order terms to
define the following equations for a function f = f(r):

{ & wranco-abio o (1.41)

|&|=d—k

lim f(r) =0. (1.4.c)

r—00

Equation (1.4.b) arises from taking a partial Fourier transform in the tangen-
tial variables only. Equation (1.4.c) is a growth condition.
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Definition 1.4.2 We say that (P, B) is elliptic with respect to a coneld C C
if the following two conditions are satisfied:
1. Spec,(P) C U°.

2. For any (0,0) # (¢,\) € T*(0M) x U and for any w € WV, there exists a
unique solution to Equations (1.4.b) and (1.4.c) such that

o7.(B)(y, Ovf =w.
Theorem 1.3.2 generalizes to yield the following elliptic reqularity result:

Theorem 1.4.3 Let P be a d** order partial differential operator on compact
Riemannian manifold M with smooth boundary OM . If (P,B) is elliptic with
respect to the cone {0} and if P¢ = 0 in the distributional sense on M, then
¢ is smooth on M.

1.4.1 The heat equation

Let (P, B) be elliptic with respect to the cone C. Let ¢ € C*° (V). There is a
unique solution u = u(x;t) to the equations

(0 +P)u=0 for t>0 (evolution equation)
Bu=0 for t>0 (boundary condition) (1.4.d)
Ulp—o = ¢ (initial condition).

We shall let the operator ¢ — u be denoted by e~t"5; this is the fundamental
solution of the heat equation.

If ¢ € L?, then u(x;t) is smooth in (x;t) for ¢ > 0 so the evolution equation
and boundary condition are to be understood in the usual sense. However, a
bit of care is needed with the initial condition. Even if ¢ is smooth, it need
not satisfy the boundary condition. We adopt the convention that the initial
condition u(z;t) = ¢(z) means that limsou(-;t) = ¢ in the distributional
sense. This means that

ltiﬁ)l M(u(m;t),p(m))dm = /M((b(a:),p(m))dm forall pe C®(V").

We adopt this convention henceforth in the interest of brevity and clarity
whenever writing such an initial condition for a manifold with boundary.

It is worth digressing briefly to provide an example of this phenomena. We
will return to this example subsequently in Section 2.3.

Example 1.4.4 Let M = [0, 7] be the interval, let D = —02, and let ¢ = 1.
We will show presently in Example 1.5.12 that the spectral resolution of the
Laplacian with Neumann boundary conditions on the interval is given by

Q sinnz,n? )
ﬁ )

n=1
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Consequently, the associated Fourier coefficients on the interval are

__Q Trsinm: x—é 2 ifnis odd,

0 if nis even.

Separation of variables now yields

22
u(z;t) = Z e tn’ n\\;; sin(nz) .
n—odd

This series converges in the C'* topology for ¢ > 0. If z € (0,7) and if
t = 0, then the series converges conditionally, but not absolutely, to ¢(z) = 1.
Finally, we note that

u(0;0) = u(m;0) =0 while ¢(0) =¢(r)=1.

1.4.2 Heat trace asymptotics

Let Pg be the closure of the operator P on the space of smooth sections to V'
satisfying the boundary condition B¢ = 0. Theorem 1.3.5 generalizes to this
setting to give the heat trace asymptotics.

Theorem 1.4.5 Let P be a d* order partial differential operator on a com-
pact Riemannian manifold M with smooth boundary OM . Assume that (P, B)
is elliptic with respect to the cone C.

1. Ift > 0, then the operator e"tT% is an infinitely smoothing operator which is
of trace class on L?. There exists a smooth kernel function K (t,z,z1, P, B)
defining a linear map from V,, to V, so that for ¢t > 0,

e B p(x;t) = S Ktz 21, P, B)¢(xy)dx .
2. Let F € C*(End (V) be an auziliary smooth endomorphism. Then
Trr2{Fe "#} = [, Try, {F(2)K(t,z,z, P, B)}dz .
Ast ] 0, there is a complete asymptotic expansion of the form

Trpe{Fe 8}~ S tn=m)/dq, (F, P,B).

3. Let the interior invariants en(x, P) be as described in Theorem 1.3.5. Let
V be an auziliary connection on V. There exist local endomorphism valued
invariants ey, defined on the boundary of M so that

an(F,P,B) = [, Try, {F(z)en(z, P)}dx
+ Zk<n ff)MTer{vI:mF(y) 'en,k(y;P) B)}dy

As for the case of manifolds without boundary, it is convenient to introduce
the corresponding scalar invariants. Let

ank(y, P,B) :=Try, {emk(y,P, B)} . (1.4.e)
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We then have that if f is a scalar function, then

an(f -1d, P, B) :/ f(@)an(z, P)dx
M
n—1
+1; BMV'émf(y)-an,k(y,P,B)dy S0

TrLz{e_tPB} ~ Zt(”_m)/d {/ an(z, P)dx —l—/ ano(y, P, B)dy} .
e M oM

If B denotes spectral boundary conditions (see Section 1.6.6), then the situa-
tion is considerably more complicated. The asymptotic series here can contain
non-local terms and also log terms. However, these terms do not appear until
the constant term and thus play no role in our analysis. In the interest of sim-
plicity, we omit a fuller discussion of this context and refer instead to Grubb
[226, 227, 229] and to Grubb and Seeley [233, 234, 235]. We shall content our-
selves with the following result which is sufficient to the task at hand giving
the heat trace asymptotics for spectral boundary conditions.

Theorem 1.4.6 Let P : C*° (V1) — C*°(V,) be an elliptic complex of Dirac
type. Let D = P*P be the associated operator of Laplace type. Impose spectral
boundary conditions B. Let F' be an auziliary smooth endomorphism of Vi.
Then there is an asymptotic series ast | O of the form

Trpe (Fe_tDB) ~ ZOSkSmfl ak(F’D’B)t(k_m)/Q + O(t_l/s) .

1.4.83 Heat content asymptotics

The heat content asymptotics are not discussed explicitly by Greiner [224] or
by Seeley [341]. However the calculations of the parametrix discussed there
generalize immediately to establish the existence of the appropriate asymp-
totics for the heat content function; we refer to Grubb [228] for an excellent
discussion of the heat equation in the context of elliptic boundary value prob-
lems. We also note that work of Kozlov [262] provides an alternative approach
to the matter at hand.

Theorem 1.4.7 Let M be a compact m dimensional Riemannian manifold
with smooth boundary OM . Let P be a d*" order partial differential operator
on M. Assume (P,B) is elliptic with respect to the cone C. Let ¢ € C(V)
and p € C*(V*).

1. Ast |0, there exists a complete asymptotic expansion of the form
B(9,p, P,B)(t) := [y, (™ b, p)(, t)dx ~ 32, 5 t"/ B, (9, p, P, B) .

2. There exist local invariants M and 9™ which are bilinear in the jets of
¢ and of p so that

Buld,p, P,B) = [3; B3 (6,0, P)(@)dx + [5, B2 (6,0, P, B)(y)dy -



The interior invariants 3 are described by Assertions (2) and (3) of The-
orem 1.3.12 as we can take

M o0 if d does not divide n,
/Bn (gb,p,P)—{ (_1) %(qub’ > if n=dk.

The interior invariants are not unique. Thus by using an appropriate Green’s
formula we could also take

at the cost of changing the boundary integrand ﬂc‘%‘/f appropriately.

(1.4.5)

1.4.4 Operators of Laplace type

Let B define a boundary condition for an operator D of Laplace type. Then

_ b()[) 0
B = < bio + b3, Ve, by ) )
boo 0
g —
UL(B)(C) - ( \/__]-blll[)Ca bll ) )

Bé = ( boo® >
bio¢ + b4 Ve, @ +b11Ve, & ) |ous
If P is an operator of Laplace type, then Equation (1.4.b) becomes
(=07 +1¢I> =N f(r) =0. (L4.g)
Since 0 # (¢, \) € T*OM % C,
IC1* = A ¢ (—00,0].
Choose the branch of the square root function so that

RVICE =X > 0.

The solutions to Equation (1.4.g) are exponentials of the form
f(r) =e VIR g eV Ag,
The solutions decaying as r — oo have ¢, = 0so f(r) = e~ "V I<"=A¢_ . Thus

Vf=¢- & -VI(P = Ao

The following operator will play a crucial role in our subsequent analysis. It
will be used to express the Lopatinskij-Shapiro condition on the symbolic level
when considering boundary conditions for operators of Laplace type. Set

boo®
PGA): < V=1b§0Cad — bii/IC]2 — A ) (1.4.h)

The following Lemma, is now immediate:
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Lemma 1.4.8 Let D be an operator of Laplace type. Let B be as above. Then
(D, B) is elliptic with respect to the cone C if and only if 6(,\) is an isomor-
phism from V0gar to W for any (0,0) # ({,\) € T*(0M) x C.

1.4.5 Operators of Dirac type

Let d =1 and let P = v;V., + ¥p be an operator of Dirac type. By Lemma
1.3.1, P is elliptic with respect to the cone

K :=C—(—00,0) — (0,00).
A boundary condition is then an endomorphism
B:V|pp = W where dimW = 2dim V.
If (0,0) # (¢, A) € T*(OM) x K, then
¢ = A ¢ (—00,0].
We choose the branch of the square root function so

RVICP =A%) > 0.

We will use the following operator in our discussion of the Lopatinskij-Shapiro
condition. Set

E(GA) = V=1ymYala — TmA (1.4.1)
The Clifford commutation rules show
2(6,A)? = (I¢PP = A*)1d . (1.4.)

Let V4 (¢, A) be the associated eigenspaces. They are defined by
VL((,A) i={v e Vl]am : E((, N)v = £/[C]> — A2v}. (1.4.k)

Lemma 1.4.9 Let P be an operator of Dirac type and let B be a linear map
from V0ay to W. Then (P, B) is elliptic with respect to the cone K if and
only if B : Vi ((,A)—=W for all (0,0) # ((,A) € T*(OM) x K.

Proof: Equation (1.4.b) takes the form
(Ym0 +V=174Ca = N f(r) = 0.
As 42, = —1Id, we multiply by —v,, to see equivalently that
(0 —Z(¢N)F(r) =0. (L41)

We use Equations (1.4.j) and (1.4.k). Decompose f(0) = vy + v— where we
have vy € V. The solutions to Equation (1.4.1) are then given by

fr)y = e VP2 y, 4 e VI3 for vy € V.

Since e” ‘<‘2’>‘2v+ increases exponentially as » — 0o, we must have v, = 0.
Thus (P, B) is elliptic with respect to K if and only if

B:V.—>W
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is an isomorphism for

(0,0) # (¢, A) € T*(OM) x K
The same condition holds for V4 since Vi (¢,A) = V_(—=(,—A). O

In discussing spectral boundary conditions in Section 1.6.6, we will permit
B to be a 0t" order pseudo-differential operator, but we suppress this technical
complication for the moment in the interest of notational simplicity. At that
point, the relevant sign conventions will be crucial.

1.4.6 Induced second order boundary conditions

Let P = +;V,, +1¥p be an operator of Dirac type. Let D = P2 be the associ-
ated operator of Laplace type. Let B; define a 0t order boundary condition;
let By := By ® B1 P be the induced boundary operator for D. Let ( € T*OM
and let A\, u € C. Adopt the notation of Equations (1.4.h) and (1.4.1). Let

( ) \/_’Ym '70, Ca m

i VIR,
U(C)N) = \/__]-'YaCa — YmM, and

b2((, \?) = ( 8101?2,#) ) '

We use the Clifford commutation relations to compute that
E(GA)? = (2 =) and  o(¢p)? = ([¢)* = p*)Id .
Lemma 1.4.10 Let (0,0) # (¢, \) € T*(OM) x K. Let = \/|(]2 — \2.
2(¢, Nv = —pv if and only if o(C, p)v = M.
2. Let A\ = 0 and p = |(|. Then ker{o(¢,un)} = V_((,0) and o((,p) is an
isomorphism from V,.((,0) onto V_((,0).

Proof: Assertion (1) follows from the following chain of equivalent equations

2N =~y & (V=11mYala = YmA)v = —pv
& V-1l =N =ymp & (V—17a = vmu)v = v
& o pv =M.
If A =0, then kero((,u) = V_((,0) by Assertion (1). As dimV; = dim V_
and as o(C, pu)? = 0, Assertion (2) now follows. O
We have the following result relating ellipticity conditions:

Theorem 1.4.11 Let P be an operator of Dirac type. Let By : Vg — W
define a 0" order boundary condition for P where dimWW = %dim V. Let
D := P? be the associated operator of Laplace type and let

BQ¢ = Bl¢ ©® Blp¢

be the associated boundary condition for D. Then the following assertions are
equivalent:
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1. (P,By) is elliptic with respect to the cone K.
2. (D, B2) is elliptic with respect to the cone C.

Proof: We apply Lemmas 1.4.8, 1.4.9 and 1.4.10. Let P = v;V,, +¢p be an
operator of Dirac type and let D = P? be the associated operator of Laplace
type. If (0,0) # (¢, \) € T*(OM) x K, then

626X = (gt ) for n= VRE= R,

To prove that Assertion (1) implies Assertion (2), we suppose that (P, By) is
elliptic with respect to the cone K but that (D, Bs) is not elliptic with respect
to the cone C and argue for a contradiction. Choose

(0,0) # ((,A) €eT*(OM) x K and 0#w
SO
b2(¢, A% =0.
Suppose that A # 0. Decompose

v=vqy +v_ for o((,u)vy = tAvy.
Since b((, A?)v = 0, we have that
Bi(vy +v-)=0 and Bi(Avy —Av_)=0.
Because A # 0, this implies Biv; = 0 and Byv— = 0 separately. One has

o((pve = Ay = E(GANv = —pvpe = v €VL(GA),

o, =—=d- = Z((,~ANv—- = —pv— = v_ € V_({,—A).
Since Bivy = 0, since Biv_ = 0, and since B is elliptic with respect to the
cone K, we have v; = 0 and v— = 0 so v = 0 which is false.

Suppose that A = 0 so p = |¢|]. By Lemma 1.4.10, kero (¢, ) = V_(¢,0).
This controls the Jordan normal form of ¢((, ). Decompose v = vy + v_
where Z((,0)vy = tpvy. As o((, p)v— =0, Bio((, u)v4 = 0. Since

O'(C,,u,)’l}+ € kero—((’u) =V_ (Cv 0)

o(¢,p)vy =0 as (P, By) is elliptic with respect to K. Consequently v = 0 so
v = v_. Since Byv_ = 0, v_ = 0 and thus v = 0. This contradiction shows
Assertion (1) implies Assertion (2).

Conversely, suppose that (D, Bs) is elliptic with respect to the cone C. Let
(0,0) # (¢,\) € T*(OM) x K. Suppose v_ € V_((,A) Nker(B;). By Lemma
1.4.10, we have o({, ) = Av—. Thus bov_ =0sov_=0. O

1.4.7 The dual operator and the dual boundary condition
Recall that the dual operator P on V* is defined by the identity
(P¢,p)r> = (¢, Pp)> forall ¢ e C5o(V), pe Cg°(VF).
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If D is an operator of Laplace type, then we use Lemma 1.2.1 to express
D = D(V, E). We then have D = D(V, E) where, by Lemma 1.2.2, V is the
dual connection on V* and E is the dual endomorphism on V*.

Definition 1.4.12 We say that an operator B on V* defines the dual or
adjoint boundary condition if the following properties are satisfied:

1. If ¢ € C®(V), if p € C°(V*), if B¢ =0, and if Bp = 0, then
<P¢)p>L2 = <¢7 pp>L2 .

2. Let p € C°(V*). Suppose that (P¢, p)r> = (¢, Pp) 2 for every ¢ € C(V)
with B¢ = 0. Then Bp = 0.

Definition 1.4.13 Let P be a d"* order partial differential operator. Let B
be a boundary condition so that (P, B) is elliptic with respect to either the
cone C or the cone K. Let P be the associated operator on V* and let B
define the adjoint boundary condition. Let V' have a Hermitian innerproduct.
We say that (P,B) is self-adjoint if P = P and if B = B under the natural
conjugate linear identification of V' with V*.

1.4.8 Green’s formula

We shall need the Green’s formula in our discussion of the dual operator
subsequently. Although the proofs are elementary, the formulae are central to
the subject. We begin by establishing a basic identity. Let w = w;e; be a 1
form. Note that

Wiy = ei(wi) — Fiijw]' . (14[11)

We use Stoke’s theorem and Lemma 1.2.7 to see:

/wi;ida: = —/ (bw)dx
M M

= (—l)m/(*md*lw Ydz = ( /d*lw (1.4.n)
M

= (—l)m/ *w = —/ Wi dy .
oM oM

The proper signs involved are always a bit tricky as there are several different

normalizations involved. The proper sign can be determined by making a

computation on the half space in R™; we always use the inward unit normal.
We can now derive the Green’s formula for an operator of Dirac type:

Lemma 1.4.14 Let M be a compact Riemannian manifold. Let v be a Clif-
ford module structure on a vector bundle V over M. Use Lemma 1.1.7 to
choose a compatible connection V. Let P = v;V., + ¢¥p be an operator of
Dirac type on' V. Set P := —5;V,, +p on C®(V*). Then

S l(Po,p) = (&, Pp) Y = =[5, (Ym, p)dy .
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Proof: Let ¢ € C®°(V) and p € C®°(V*). Let w := (y;0, pye; € C°(T*M).
Since Vy =0,

0=Ve; v =7 Ve = Ly -
We use Equations (1.4.m) and (1.4.n) to compute

/a Ym®, p)dy = /M wiide = /M {6i(%¢>,p> - Fiijwj}dx

(
{ Ve, v, p) + (%(bﬁeim—Fiij<w¢,p>}dw

'sz QS’ (¢7 ;Yl@elp>}d1'

= /M {<P¢, p) — <¢>,15p>}d93- O

It will be useful to have a similar Green’s formula on the boundary for
use in studying spectral boundary conditions in Section 1.6.6. Recall that we
defined the tangential Clifford module structure in Equation (1.1.1) by setting

Ta = —TmYa-
Lemma 1.4.15 Let M be a compact Riemannian manifold. Let v be a Clif-
ford module structure on a vector bundle V' over M and let V be a compatible

connection. Let A := 7m%vea + 4 be a operator of Dirac type on V|aon .
Set A := —ym%vea + a4 on V*|on. Then

Jon{(Ad,p) — (6, Ap)}dy = 0.

Proof: Lemma 1.4.14 may not be applied directly as VO™ ~7 is in general non-

zero; see Equation (1.1.m). Set w := (ymYa®, pYea € C®(T*0OM). We apply
Equation (1.4.n), replacing M by 0M; the boundary correction term vanishes
as OM is closed. Note that LycvaYe = —Laq. We use Equation (1.4.m) to see

0 = —Imfa®¥> :ad
/8 M( YmYa®s P):ady
= / { <_7m7a¢) P> + Faac(’)/m’)/céb, p> }dy
oM
= /aM {<_Vea7m7a¢a P) + (= YmYa®, Ve, p) + (TaaeymYed, p>}dy
— /E)M {<_'Ym7avea o, P> + <_Famc7c')/a¢a p> + <_Faac')/m')/c¢, p)
—(TaamYm¥m®, p) + (CaacYmVed; p) + ($, FmFa Ve, p>}dy
- /BM{ A, p) + Lac(YcVa®, p) + Laa(d, p) — (¢, Am}dy

(Ad, p)
(A9, p)

= ot
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The Green’s formula for exterior differentiation d and the formal adjoint,
interior differentiation, §, is derived similarly.

Lemma 1.4.16 Let ¢ and p be smooth p forms on a compact Riemannian
manifold. Then

Jarl(dd, p) = (6, 0p) bz = — [5,,(4,i(em)p)dy .

Proof: Let {e;} be a local orthonormal frame. Let ¢; := e(e;) and i; := i(e;)
denote left exterior and left interior multiplication by e;, respectively. Let V
be the Levi-Civita connection. By Lemma 1.2.5, d = ¢;V,, and § = —i;V,,.
Since Ve = 0 and Vi =0,

Vel. € — ejVei — Fijkek =0 and Veiij — ijVei — Fijkik =0.
Let w := (e;¢, p)e; € C°(T*M). Equations (1.4.m) and (1.4.n) yield

- /BM(eméb,P)dy = /M {%(%%P) - Fiij(ejéb,/))}dﬂf

/M {((Vei ei — Liijej) o, p) + (eih, Vel-p)}da:

- /M {(eivm,p) + (¢, iiveip)}dm = /M {(d¢,p) — (¢, 5p)}dw_ -

There is a similar formula for operators of Laplace type:

Lemma 1.4.17 Let D = D(V, E) be an operator of Laplace type on a smooth
vector bundle V' over a compact Riemannian manifold M. Let D = D(V,E)
be the corresponding operator of Laplace type on the dual bundle on V*. Then

[0 {(D&, p) = (¢, Dp)ydx = [5,,{{bm, p) = (¢, pom) Yy .

Proof: We compute

{Do.p) - (6.50) } s

/,
/ { (Vo Ve — Tiiy Ve, + E), p)

M

+ (¢, (Ve, Ve, — Fiij@ej + E)p)}dm

_ /M { — (Ver 6, p)si = (Verd, Ver )

+ (<¢) @ei p),z - <vei ¢; @eip» }dl’

[ - ot 6. 5un s

/aM {<ve’"¢’p> - <¢ﬁem/’>}dy- O
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1.4.9 Spectral theory of self-adjoint operators

The following result generalizes Theorem 1.3.3 to this setting; it follows from
standard elliptic operator theory, see, for example, Grubb [228].

Theorem 1.4.18 Let P be a partial differential operator on a bundle V over
a compact Riemannian manifold M. Let B be a local boundary condition.
Assume that (P,B) is elliptic with respect to the cone {0} and that Pp is
self-adjoint. Then:

1. There exists a complete orthonormal basis {¢;} for L*(V') so that
¢; € C(V), so that Pop; = \;¢i, and so that Bp; = 0.

2. Order the eigenvalues so |Ai| < |Az].... There exists € > 0 and ig > 0 so
|Ai| > i€ for i > ip.

3. If (P, B) is elliptic with respect to the cone C, then only a finite number of
the eigenvalues \; can be negative.

4. For every k > 0, there exists a constant Cy and an integer ny so that
|@illoo,k < Cr|Ai|™ fori > o,

1.5 Boundary conditions I

The choice of proper boundary conditions is crucial to our study so we present
a brief introduction here to the boundary conditions we shall employ. Through-
out this and the subsequent section, let D be an operator of Laplace type and
let V be the associated covariant derivative. If B is a boundary operator, then
the associated boundary condition is defined by B¢ = 0. The realization of
D with respect to the boundary condition B, which we shall denote by Dpg,
is D acting on the closure of the set of smooth functions ¢ which satisfy this
boundary condition, in other words, for those ¢ which satisfy B¢ = 0. We
adopt the notation of Equation (1.4.a) and let

C:=C—-(0,00) and K:=C—-(0,00) — (—00,0).

Let ¢, = V., ¢ denote the covariant derivative of ¢ with respect to the
inward unit normal along the boundary.

1.5.1 Dirichlet boundary conditions
The Dirichlet boundary operators on V' and V* are defined by setting
B¢ :=dlonr and Bp:= ploas - (1.5.a)

Solving the heat equation with Dirichlet boundary conditions corresponds
physically to keeping the boundary immersed in ice water, in other words at
0 degrees temperature (Centigrade).
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Lemma 1.5.1 Let D be an operator of Laplace type. Let B and B be the
Dirichlet boundary operators defined in Equation (1.5.a). Then:

1. (D, B) is elliptic with respect to the cone C.

2. B defines the adjoint boundary operator for D on C>(V*).

Proof: Since we are taking Dirichlet boundary conditions, the map b6(¢, \) of
Equation (1.4.h) is the identity map on V|sas. The first assertion now follows

by Lemma 1.4.8.
To prove the second assertion, we use Lemma 1.4.17 to see that

Doz = (6.5 = [ {<¢;m,z§p> - <B¢,p;m>}dy.

This vanishes if B¢ = 0 and if Bp = 0 so the first assertion of Definition 1.4.12
is satisfied. Conversely, if we have that (D¢, p)r2 — (¢, Dp)r= = 0 for all ¢
with ¢|oar = 0, we then have

/ (dm,Bp)dy = 0. (1.5.b)
oM

We use Lemma 1.4.1 to see that we can choose ¢ € C*°(V) so ¢[sar = 0 and
S0 @.m|anr is arbitrary. Thus Equation (1.5.b) implies Bp = 0 so B defines the
adjoint boundary condition. O

1.5.2 Neumann and Robin boundary conditions

The Neumann boundary operator is defined by

B = ¢.mlonr -

Solving the heat equation with Neumann boundary conditions corresponds
physically to insulating the boundary.
More generally, suppose given an auxiliary endomorphism S of V|gas. Let

B¢ = (¢,m + S¢)|8M and Bp = (p,m + Sp)|3M (15C)

define the Robin boundary operators on V and on V*. Solving the heat equa-
tion with Robin boundary conditions corresponds to ensuring that the heat
flow across the boundary is proportional to the temperature on the boundary.

Lemma 1.5.2 Let D be an operator of Laplace type. Let B and B be the
Robin boundary operators defined in Equation (1.5.c). Then:

1. (D, B) is elliptic with respect to the cone C.
2. B defines the adjoint boundary condition for D.

Proof: The map 6(¢,A) of Equation (1.4.h) is now given by

b(¢, Mo = —VICI* = Ag.

Since |¢|> — X # 0 for (0,0) # (¢,\) € T*(OM) x C, b is an isomorphism so
(D, B) is elliptic with respect to the cone C by Lemma 1.4.8.
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To prove Assertion (2), we use Lemma 1.4.17 to compute that

(Do, p) 1> — (&, Dp)12 = /

oM

= AM{(B¢,p>—<¢,Bp>}dy-

The same argument used to establish Assertion (2) of Lemma 1.5.1 completes
the proof in the present instance as well. 0O

{(¢;m +S¢,p) — (b, psm + §p>}dy

More generally, suppose given a decomposition of M = Cp LU Cg as a dis-
joint union of closed subsets of M. If we take Dirichlet boundary conditions
on Cp and Robin boundary conditions on Cg, the computations performed
above show these boundary conditions are elliptic with respect to the cone C.
Furthermore as the structures don’t interact, the dual boundary conditions
are once again Dirichlet boundary conditions on C'p and Robin boundary
conditions on Cg.

1.5.8 Mized boundary conditions

These generalize both Dirichlet and Robin boundary conditions. Assume given
an endomorphism x of V|sps so that x? = Id . We extend x to a neighbor-
hood of OM in M by requiring that x., = 0; this preserves the relation
x? =1Idy. Let Y be the dual endomorphism of V*. We compute

<¢; X,mp) = <¢; [?em ; X]P) = <¢; @em )ZP) - <X¢7 @emp>
= em(p,Xp) — (Ve,.d, XP) — em(x®, p) + (Ve,, X0, p)
= ([Ven: X0, 0) = (X;m®,p) =0

and consequently X, = 0 as well. Near the boundary, let
Iy :=
M. :=

Idy +x), Vi:=I.V,
Idy +x), Vi:=T.V*

be the associated spectral projections and eigenspaces. The pairing (-, -) from
V ® V* to R extends to pairings

():Ve@Ve >R and (,):Vo@V_ >R
with the orthogonality relation Vi L V. Since x;m =0 and x;m =0,
M.V, =V, I, and 1.V, =V, TI..

Let S be an endomorphism of V |sps. Extend S to Vs as the zero endomor-
phism of V_|sar. Then extend S to a neighborhood of M so that S.,,, = 0.
Then

SHi = HiS, Sf[i = ﬁig, and S’;m =0.
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We define the mixed boundary operators
B¢ =1 (Ve, + S)¢lom ® I_dlon,

e ) (1.5.d)
Bp =114 (Ve, + S)plom ® T_plorr -

Lemma 1.5.3 Let D be an operator of Laplace type. Let B and B be the mized
boundary operators defined in Equation (1.5.d). Then

1. (D, B) is elliptic with respect to the cone C.

2. B defines the adjoint boundary condition for D.

Proof: On the leading symbol level, the boundary conditions decouple into
pure Dirichlet on V_ and pure Neumann on V4. Thus Assertion (1) follows

from Lemma 1.5.1 and Lemma 1.5.2.
To prove Assertion (2), we use Lemma 1.4.17 to show that

. {<D¢””> - <¢”DP>}dfv -/ {<¢;m,p> - <¢,p;m>}dy
/BM {<¢+;m>l)+> +(D—im, p—) — (D+s Pim) — <¢7p;m>}dy

-/ {<B¢,ﬁ+p—ﬁp;m> - <n+¢—n¢;m,ép>}dy.
oM

Exactly the same argument as that given to study the adjoint boundary con-
ditions for Dirichlet and Robin boundary conditions now show B defines the
adjoint boundary condition in the mixed setting. O

1.5.4 Absolute boundary conditions

Absolute boundary conditions are a special case of mixed boundary conditions.
They arise in index theory [189] and also in the context of quantum gravity,
see Luckock and Moss [270]. We take normalized coordinates = (y, z,,) on
a collared neighborhood of the boundary as was discussed in Section 1.1.2.
The metric then has the form

ds® = gapdy® o dy® + dz™ o dz™ . (1.5.e)
IlI={1<ai <a<..<ap, <m-—1}is a multi-index, one defines
dy! = dy®* A Ady®r .
Let ¢ be a smooth differential form. Near OM , expand

Y= ZI/}?dyl + Zzp;dmm Ady? .
T 7

The absolute boundary operator B, is defined by setting

Bath := {Zamwﬂm : dy’} ® {szaM : dyJ} . (L5.9)
I J
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It is clear that
B,y =0 = Badp =0. (1.5.g)

We now show that B, is invariantly defined. As in Section 1.2, let ¢ be exterior
multiplication and, dually, let i be interior multiplication. Let L be the second
fundamental form.

Lemma 1.5.4 Let A = dd + dd and let B the absolute boundary operator
defined in Equation (1.5.1).

1. B =B, s where:
(a) x = —1 on A(OM)* = Span {dz™ A dy'}.
(b) x = +1 on A(OM) = Span {dy'}.
(c) S =—Ile(eq)i(ep)LapIly on A(OM).
2. X:ia = 2Lab(ebim + emib)-
3. (A, B) is elliptic with respect to the cone C.
4. (A, B) is self-adjoint.

Proof: The form of the metric tensor given in Equation (1.5.e) shows that
Tyt = 0if either 4 = m or v = m. We use Equation (1.1.a) to compute that

Ve Widy') = {0mdf +¢f T se(dy”)i(0Y)}dy’
= {0mtf — i Tomp®e(dy®)i(04) }dy'
= {9 + Lie(dy”)i(%) Y[ dy" .
We establish Assertion (1) by using this identity to express
B=T.{V., — L§e(dy")i(0%)} & 1I_ .
Let wy := e A...Ae* and w_ = e™ Awy. As xywr = *wy, we may
establish Assertion (2) by computing
(Veax - Xvea)w+ = (Fabcecib + Fabmemib - Fabcecib + I‘abmemib)w+
= 2Labemibw+,
(veaX - Xvea)w— = (_Fabcecib — Lambesim + Lapeeels — Fambebim)w—
= 2Labebimw_ .

Assertion (3) now follows from Assertion (1) and from Lemma 1.5.3. By
Assertion (1), S is self-adjoint. Assertion (4) follows from Lemma 1.5.3. O

1.5.5 Relative boundary conditions

The Hodge x operator of Section 1.2.5 is only locally defined if M is not
orientable but this minor technical difficulty plays no role in our analysis.
Relative boundary conditions are defined by dualizing with respect to * to
define

B = Ba(#1)) . (1.5.h)
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Consequently
Hp AL Sy = (—1)PMPIAYP (1.5.i)
The following reformulation of absolute and relative boundary conditions is
a useful one. Near the boundary, we may decompose any smooth form w into
a sum w = wi + dz"™ A wy where the w; are tangential differential forms and

where x,, is the geodesic distance to the boundary. Let ¢ be the inclusion of
OM into M. We define

Cow =i"i(en)w =walop and Crw =i"w = wi|on - (1.5.)
Let ¢ be an auxiliary smooth function. Let dy := e~ ?de? and d, := e?de 2.
We set ¢ =1 to recover d and 0.
Lemma 1.5.5 Assume ¢ € C°(M) satisfies Neumann boundary conditions.
1. The operator €, ® &,dy defines absolute boundary conditions.
2. The operator €, ® €,.04 defines relative boundary conditions.
3. If €p =0, then € dyyp = 0.
4. If €ap =0, then €04 = 0.
Proof: Let dr be the exterior derivative and let 7 be the Hodge operator
on OM. Decompose ¢ = ¢ dy’ + 1), dz™ A dy”. Since 0%, ¢|on = 0,

Cop © Codytp
= ¢7lomdy” ® {507 loar)dy” — e~ Pdr (e dy” |oar)} -

Assertion (1) now follows from Equation (1.5.f).
We ignore the precise signs as they play no role in defining the boundary
conditions. We have

Q:r:ﬂ:*TQ:a* and 6¢::|:*d¢*.

Assertion (2) now follows dually from Assertion (1) and from Lemma 1.2.7.

We may express €,dy = {dr + ¢(dr¢)}€,. Since the operator dr + e(dr9)
is tangential, €1 = 0 implies €,dg1p = 0. This establishes Assertion (3);
Assertion (4) then follows by duality. O

1.5.6 The de Rham complex and the Hodge decomposition theorem

We now establish a basic technical result. Let Ay := dgdy + dpds be the
Witten Laplacian.

Lemma 1.5.6 Let B denote either absolute or relative boundary conditions.
Assume ¢ satisfies Neumann boundary conditions. Let EA(AZ,B) be the asso-
ciated eigenspaces on p forms. If X # 0, then we have long exact sequences

d d d _ d
0— E,\(Agys)—"’)EA(A;’B)—¢>...—¢>EA(A$81)—¢>E>\(A$B) =0

0 Ex(AD 5) 5B (AL 5) & &8 By (Al G - Br (AT ) 0.
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Proof: We shall suppose that B defines absolute boundary conditions; the
corresponding assertion for relative boundary conditions will then follow by
duality. Let A # 0 and let ¢ € E\(Ay g); we suppress the index p to simplify
the notation. Since d¢A¢ = A¢d¢ and 5¢A¢ = A¢5¢,

A¢d¢’¢) = >\d¢’¢1 and A¢5¢I/) = )\5¢’¢J .

Furthermore, since dgdy + dgdg = A, the sequences in question will be exact.
Thus to complete the proof, we need only check the boundary conditions are
preserved.

We apply Lemma 1.5.5. Since B,y = 0, €490 = 0 and €,dy1p = 0. Since
dedsyp = 0, we also have €,dy(dy1p) = 0. Thus B,dyp = 0 as desired. As
Cp =0, €041 = 0. We may express

Cadydpt) = Co(ANY) — Codpdpt) = Codpdst) .
Since €,dyy) = 0, €64dg1p = 0. This shows €,dgds1) = 050 Bioeyp =0. O

Let M be a closed Riemannian manifold. The Hodge decomposition theorem
for a closed Riemannian manifold yields a decomposition of the form

C*(A(M)) = range (d) + range (6) + ker(A).

Let {p, A7} be a spectral resolution of the Laplacian on range (d), {p; , A; }
be a spectral resolution of the Laplacian on range (§), and {p?} be an orthonor-
mal basis for ker(A). This yields a complete orthonormal basis for L?(A(M))
so that

dépi = XfpH, dpf =0,

dp; =0, odp; = Ajp;,

5ph =0, dph = 0.
This generalizes to the setting of smooth manifolds with boundary as:

Theorem 1.5.7 Let B denote either absolute or relative boundary conditions.
There is a complete orthonormal basis {p; p; i} for L*(A(M)) so that

dspf = Xfpf, dpf =0, Bpj =0,
dp; =0, ddp; = X;jp;, Bp; =0,
5ph =0, dp) =0, Bt =0.

As for closed manifolds, the zero mode eigenspace which is spanned by the
differential forms p} has a cohomological interpretation. Let H?(M) and
HP?(M,0M) denote the absolute and relative cohomology groups, respectively,
with complex coefficients. Theorem 1.2.4 generalizes to this setting to yield
the Hodge-de Rham isomorphism

Theorem 1.5.8 (Hodge-de Rham) Suppose that M is a compact Rieman-
nian manifold with smooth boundary. Then there are natural isomorphisms
EO(A%G) ~ HP(M) and EO(A%T) ~ HP(M,0M).
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Remark 1.5.9 If M is orientable, then the Hodge % operator realizes the
Poincaré duality isomorphism

*: HP(M) = Eo(AY )5 Eo(Af 7)) = H™P(M,0M) . (1.5.%)
Lemma 1.3.10 generalizes to this setting to yield the following result.

Lemma 1.5.10 Suppose that M is a compact Riemannian manifold with
smooth boundary. Let B, (resp. B,.) denote absolute (resp. relative) bound-
ary conditions. Let ¢ satisfy Neumann boundary conditions. Then

X (M) ifn=m, B=D8,,
> (=1)Pan(1,AL,B) =< x(M,0M) ifn=m, B=5,,
p 0 ifn?ém)B:BayBr-

Proof: By Lemma 1.5.6, the same Bott cancellation argument as that used
above to establish Lemma 1.3.9 now shows that

0 if n#m
P — )
Z“n (1,4 { >, (P dimker(AZ ;) if n=m.

Thus the supertrace heat asymptotics vanish if n # m.

Suppose that n = m. Since >_ (—1)Pan (1, A%, B) is given by a local formu-
lae, it is a continuous integer valued function of ¢ and hence constant. Thus
by considering the smooth 1 parameter family ¢. := ¢, we may without
loss of generality assume ¢ = 0 in evaluating the supertrace; the value of the
supertrace for n = m can now be evaluated using Theorem 1.5.8. O

Remark 1.5.11 We will show subsequently in Section 3.8 that the supertrace

m

D (=1)Pan(1, A%, B)
p=0
is independent of ¢ for n < m and thus the assumption that ¢ satisfies Neu-

mann boundary conditions is unnecessary in studying the index contribution.
On the other hand, taking m =1 and M = , we shall show that

az(].,AO,B) ]. Al / ¢11d1‘

This can be non-zero if ¢ does not satisfy Neumann boundary conditions.
Thus the vanishing can fail for n > m for general ¢.

Example 1.5.12 Let M = [0, 7]. Then
A% = —02f and A'(f-dz)=-0f dx.

Absolute boundary conditions correspond to pure Neumann boundary con-
ditions for A® and Dirichlet boundary conditions for A!. The corresponding
spectral resolutions are then given by

{%,0} U {% cosnm,n2}:;1 for A% ,

Zsinng - de,n?} - for Al
{ﬁsmnx XL, N et or B.

(1.5.0)
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Poincaré duality interchanges the roles of absolute and relative boundary con-
ditions. Thus relative boundary conditions are Dirichlet boundary conditions
for A® and Neumann boundary conditions for A'. The corresponding spectral
resolutions take the form

(o0}
{% sin n:r,n2} for A%,
s n=1 id

{ﬁdw,O} U {% COS N - dm,n2}:):1 for A, .

(1.5.m)

Thus, in particular,

H([0,7]) = ker A} =C, H'([0,7]) =ker A =0,
HO([0,7],0[0,n]) = ker A} =0, H'([0,7],0[0,7]) =kerAy =C.
Example 1.5.13 We suppose that the metric is a product near the boundary
of a manifold M, i.e. that go3 = gas(y) is independent of the radial parameter
Zm in Equation (1.5.e¢). We may then take two copies M4 of the manifold M
and double M setting N := My Ugpyr M_. The metrics g4 then glue smoothly

together to define a Riemannian metric on N. Let Fx4 = x4 denote the flip
which interchanges the two factors. As F is an isometry, we may decompose

EA(AR) = Ex(AR)* & E(A%)™ where
E\(AR)E := {¢p € C®(AP(N)) : AR ¢ = \p and Fop = +¢} .
Let ¢ : M — My C N be the natural inclusion. We then have
1. i* is an isomorphism from Ey(AR)* to Ex(A}, 5 ).
2.i* is an isomorphism from Ey(AR)™ to Ex(A}, 5 ).
If we decompose
HP(N)= HP(N)" @ H?(N)~ where
HP(N)* :={E€ HP(N): F*Z = +Z} then
HP(M)= HP(N)" and HP(M,0M)= HP(N)~.

Example 1.5.14 If M = [0, 7] is the interval of Example 1.5.12, then the
double N = S* is the circle. The spectral resolutions of the Laplacian for N
are given by

{\/%e\/__lne,rﬂ}n:_oo for AY,,
{Leﬁ"(’dﬁ nz}oo for Al
v2r ’ n=-—o00 st

We use Example 1.5.13 to recover the spectral resolutions given in Exam-
ple 1.5.12 for the Laplacian with absolute boundary and relative boundary
conditions on M. We first note that

eV~ 4 e=V=1n0 — 9¢os(nh), and
(eV~1"0 — e=V=1n0)qp — 92/~1 sin(nf)dh
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are even in #. Thus they induce the spectral resolution of the Laplacian with
absolute boundary conditions on M given in Equation (1.5.1). Similarly as

eV=Int _ —V=Tnb _ o /77 sin(nf), and
(eV=In0 4 e=V=Ind\qo = 2 cos(nf)do

are odd in 6, they induce the spectral resolution of the Laplacian with relative
boundary conditions on M given in Equation (1.5.m).

1.6 Boundary conditions II

We continue our discussion of boundary conditions with some slightly more
exotic examples.

1.6.1 Transmission boundary conditions

These boundary conditions appear in the so-called brane-world scenario; see,

for example, [77, 286]. The perhaps somewhat perverse sign convention for U

that we shall adopt here is motivated by the notation established there.
Assume given two Riemannian manifolds (ML, g+) with common boundary

Y:=0M; =0M_ with gi|x =g_1s;

no matching condition is assumed on the normal derivatives of the metrics. Let
dy be the Riemannian measure on X. We let vy be the inward unit normals
of ¥ in My. We note that

I/+ +v_ = 0 .
Let Vi be vector bundles over M4 ; we also suppose that
VZ = V+|2 = V,|Z .

Let DL be operators of Laplace type on Vi; no compatibility conditions are
placed on these operators. We use Lemma 1.2.1 to express

Dy =DV, Ey);

in the interest of notational simplicity, we shall let V denote Vi on C*(12.).
Let U be an auxiliary endomorphism of Vx. The transmission boundary op-
erators By and B are defined for

¢ =(¢+,9-) and p=(ps,p-)
by setting
Bug :={d+|xs —od-[s} ® {Vi, d+|s + Vi ¢-|x —Ugi|s},

- - . (1.6.a)
Bpp:={p+ls —p-Is}t @ {Vi,psls +Vipls —Upyls}.
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Lemma 1.6.1 Let D = (D4, D_) be an operator of Laplace type on the man-
ifold M = My Us M_. Let By and By be the boundary operators defined in
Equation (1.6.a). Then

1. (D,By) is elliptic with respect to the cone C.
2. By defines the adjoint boundary condition for D on C(V*).

Proof: We must substitute
Grwvy = VICP =X oy and ¢_,. — V|C]2 = A po

since vy are the relevant inward unit normals. Thus the operator b of Equation
(1.4.h) becomes

b(( A) < ¢+ ) — < ¢+ B QS* > .
’ ¢ —VICP=A- (94 +¢-)
As [¢]* =\ # 0, b is an isomorphism. Consequently, Assertion (1) follows from

Lemma 1.4.8.
The Green’s formula given in Lemma 1.4.16 for this example yields

/ {<D¢,p> - <¢>,Dp>}da: (16.)

/Z {<¢+W+,p+> (G ) = (B Pt} — <¢,pw>}dy
= /E {(¢+;v+ + ¢ =~ Uy, py) + (-, p— — py)

—(P+, Ptivy T P—p_ — Up-‘r) — (- — ¢+ap—;u_>}d§‘/-

Consequently if By¢ = 0 and if Bgp = 0, then (D¢, p)r> — (¢, Dp)r2 = 0.
This establishes the first condition of Definition 1.4.12. Conversely, if Display
(1.6.b) vanishes for all ¢ with By¢ = 0, we then have only the term

/Z {(¢+,p+;u+ +pw. —Upy) + (b, p- — p+>}dy

for all such p. We may now conclude B p = 0 since, by Lemma 1.4.1, we can
specify ¢ and ¢_,, arbitrarily on ¥ subject to the condition that By¢ = 0.
This establishes the second condition of Definition 1.4.12 and shows that By
defines the adjoint boundary condition. O

Remark 1.6.2 We use the geodesic flow to identify a neighborhood of X
in M, with ¥ x [0,¢) and a neighborhood of ¥ in M_ with ¥ x (—¢,0] for
some € > 0 so that the curves t — (y,t) are unit speed geodesics normal
to the boundary ¥ := ¥ x {0}. We define a canonical smooth structure on
M = M, UM_ by glueing along ¥ x {0}. The metric then takes the form

ds®> = g1.ap(y, t)dy® o dy® + dt o dt.

We remark that this metric need not be smooth on M.
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We can use U to define a canonical C! structure on V. Let sy, be a local
frame for V'|yx;. We use parallel transport along the geodesic normals to define
a local frame s_ for V_ near ¥ so s,,_ = 0. We extend U to Vy so U,, =0
and define sy on V4 near ¥ so s; = s_ on ¥ and so s4,,, = —Us;. We
then glue s to s_ over ¥ to define a C! structure for V over M which is
characterized by the property that By¢ = 0 if and only if ¢ € C*(V).

1.6.2 Transmission boundary conditions for the de Rham complex

We now construct transmission boundary conditions for the de Rham com-
plez which are analogous to the absolute and relative boundary conditions
discussed in Section 1.5.4. We postpone until Lemma 3.2.3 a discussion of the
related index problem.

Let M = M, Uy M_. We use Remark 1.6.2 to define a canonical smooth
structure on M and to identify A(M;)|s with A(M_)|s. Let ¢ = (¢4, 0-)
where ¢4 are smooth differential forms over M. Let

Bog := il — ¢ [z € CF(A(M)]s), (1.6.)
Bi¢ := Bop @ Bo(d+ )¢
If {e;} is a local orthonormal frame for TM|s;, let
eji=e(e;), 1ij:=i(ej), and 7y, =¢; —ij
be defined by left exterior multiplication, left interior multiplication, and left
Clifford multiplication. We normalize the frame field so e, is the inward unit
normal of ¥ C M.
Lemma 1.6.3 Adopt the notation established above.
1. Letw, =V} —V_ . Then w, = (L;b + L) (emip + imep).
2. Let U := vpYawq. Then By and By define the same boundary conditions.
8. U= (L}, + L) (emimiaes + imemeais)-
Proof: Since e, is the inward unit normal of ¥ C My and the outward unit
normal of ¥ C M_, we have that

Doy = —Tamy = Ly and Tg, =-T ., =—Lg. (1.6.d)
We use Equation (1.2.e) to derive the relations
e;ej +eje; =0, 15 +eji; = (51'3', and i +151; = 0. (1.6.8)

We prove Assertion (1) by using Equations (1.6.d) and (1.6.e) to compute

we: = Vi =Vo =k —Toecis
= (Tfm = Topm)emis + (o — Tonerim
= (L} + L) (emip +imes) -
Let Bp¢p = 0. We use Lemma 1.2.5 to see

{(d+0)p1}He = {(d+0)d-}Hs = Yi{dtse

- ¢7;ei

s}
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= 7m{¢+;1/+ |Z + ¢*;l/7 |Z - 7m7awa¢|2} .

Since v,, is an isomorphism, this vanishes if and only if ¢ satisfies the trans-
mission boundary condition defined by U. Assertion (2) now follows.

We complete the proof by applying Equations (1.6.d) and (1.6.e) once again
to see that

U = (L + L) em —im)(ea — ia)(emis + imes)
= (LI, + L) (emimices + imemeais). O

1.6.3 Transfer boundary conditions

As we did when considering with transmission boundary conditions, we as-
sume given Riemannian manifolds (M4, g+ ) with g4 |s = g_|s. As before, no
matching condition is assumed on the normal derivatives of the metrics.

We assume given bundles Vi over M. We do not assume, however, an
identification of V4 |s with V_|g; indeed, we permit dim(V}) # dim(V_) for
example. Instead, we assume given a collection S of endomorphisms

Sip :Vils =2 Vile,  Si—:Vo|s = Vils,
S_+:V+|§]—)V_|§), S__:V_|§]—)V_|E.

We may then define the boundary operators Bs and Bg by setting

+
so={(" ST e s ) (80))

Bap = @Z + S++ 3 ~§L+ P+
5P S Vi +5 ) p-

Lemma 1.6.4 Let D = (D, D_) be an operator of Laplace type on the man-
ifold M = M, Us M_. Let Bs and Bg be the boundary operators defined in
Equation (1.6.f). Then

1. (D, Bs) is elliptic with respect to the cone C.

)

> (1.6.5)

X

2. Bg defines the adjoint boundary condition for D.

Proof: If Sy_ = S_, =0, then Equation (1.6.f) decouples to define Robin
boundary conditions for the operators D on the manifolds M separately.
Since the ellipticity condition does not depend upon the lower order terms,
Assertion (1) follows from Lemma 1.5.2.

We use the the Green’s formula given in Lemma 1.4.17 to compute that

<D¢7P>L2 - <¢7DP>L2
/ {<¢+;V+,p+> (b D) = (b1 prans) — <¢_,p_;u_>}dy

/Z {(mw+ +Si404 +Si—d_,py)
+<¢7;V7 + Ser(f)Jr + S,,¢7,p7>
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(4> Py +S1pr + S 1p)

(=P + Syopy + 5——p—>}dy

= /E{(Bs¢,p> —<¢,5’50>}d9-

This vanishes if Bs¢ = 0 and Bgp = 0 so Definition 1.4.12 (1) holds. Con-
versely, suppose that

<D¢7 p>L2 - <¢7 DP)LZ =0

for all ¢ with Bs¢ = 0. By Lemma 1.4.1, we can choose ¢ so Bs¢ = 0 and
so ¢|y is arbitrary. It now follows that Bzp = 0 so Definition 1.4.12 (2) is
satisfied. O

1.6.4 Heat conduction problems

The boundary conditions defined by Equations (1.6.a) and (1.6.f) can be re-
garded as living on the singular manifold M := M Uy M_ and are relevant
to heat transfer problems between the two media M, and M_. Whether to
use transfer or transmission boundary conditions depends on nature of the
separation between M, and M_.

We follow the discussion in Carslaw and Jaeger [116]. As the heat flux is
continuous over the interface ¥, the heat flowing out of (or into) M is equal
to the heat flowing into (or out of) M_. This means that

¢+;V+|E +¢—;u_|2 =0. (16g)
If the contact between M, and M_ is very close, then one has
b+ |y = ¢7|2 :

This yields the boundary condition defined by the boundary operator of Equa-
tion (1.6.a) with impedance matching term U = 0. Otherwise, if My and M_
are only pressed together lightly, then the best linear approximation yields
that the flux of heat between M, and M _ is proportional to their tempera-
ture difference. This yields the additional relation

Pyl = H(dy — ¢-)|s (1.6.h)

where H is the surface conductivity. The boundary conditions of Equations
(1.6.g) and (1.6.h) are then defined by a boundary operator of the form given
in Equation (1.6.f) where Sy =S__ =—-H and S;._ =S5_, =H.

1.6.5 Bag boundary conditions

We follow the discussion in [33]. Let A be an operator of Dirac type on a bundle
V over an oriented Riemannian manifold M of even dimension m = 2m. Let
{e1,...,em} be an oriented local orthonormal basis for the tangent bundle.

© 2004 by CRC Press LLC



We expand A = v; Ve, + 4. The chiral operator discussed in Section 1.1.4 is
defined by

Yma1 = (V=17
We note that v+1Ym+1 = Idy and that v,,41 anti-commutes with ~; for
i < m. Let @ be a real parameter. We define

Xg = 7m+1607m+1'ym = Ym+1(cosh @ + sinh 6,11 )V,

I := L(Idv £ xp), and (1.6.i)
Bog := 11} ¢lonr ® 11 Adlons -
Since Ym41Ym = —YmYm+1, We have that
Xs = Ymr1€ Y€y,
_ —7m+17m+169%"“efhm“%n%n

= Idy.
Thus Hfot is projection on the £1 eigenspace of xy. Since 7,, anti-commutes
with xo, fymHSZ (ym)~t =11 so
dim range (II§') = dimrange (Il; ) = 1 dim V' .

Since IT; are smooth 1 parameter families of projections, dim range (ITS) is
independent of # and consequently

dim range (IT5") = 1dimV forall #€R. (1.6.5)

Consequently Hg' defines an admissible 0" order boundary operator for A;
By is then the associated boundary operator for A2.

Lemma 1.6.5 Let A be an operator of Dirac type. Let H; and By be as
defined in Equation (1.6.1).

1. (A,H'e") is elliptic with respect to the cone K.

2. (A%, By) is elliptic with respect to the cone C.

3. flf(, defines the adjoint boundary condition for A on V*.

Proof: We apply Lemma 1.4.9 to prove Assertion (1). We recall some nota-
tion defined previously in Equations (1.4.i) and (1.4.k). For (0,0) # (¢, A) in
T*(OM) x K, let

2(6,A) == V=11mYala — YmA, and

V:I:(C)A) = {’U € V|<9M : E(CaA)’U ==+ |C|2 —AZ- ’U} .

To show that II} : Vi(¢,\) — range (II]) is an isomorphism, it suffices, by
Equation (1.6.j), to show that

ker ITF NVL(¢,A) = {0}.
Since, by definition, ker I} = rangeIl, , we must show
range H;t NVi(¢,A) ={0}, and
range H;t NV_(¢,A) ={0}.
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This is equivalent to showing that 1'[9i and Z(¢, A) do not have a non-trivial
joint eigenvector.

By changing coordinates, we may suppose that (ody® = (;dg'. Thus with-
out loss of generality, we may suppose (s = .... = (n—1 = 0. We change
notation slightly from that established earlier in the proof of Lemma 1.1.5
and introduce the endomorphisms

1= V—1773, - Tm—1 = V—1Vm—2Ym—1 -
For 1 <1i,7 <m — 1, one has that
nT =1, 1 =Idv,
TiY1 = MTi,  TiYm = YmTi -
Let 7:= (p1,..., pm—1) be a collection of signs p; = +£1. We decompose
V=&;V; where Vy={veV:nv=pwforl<i<m-—1}.

Since the endomorphisms Z((, A), x4, 71, and v, preserve each Vj, the prob-
lem decouples and we may study each simultaneous eigenspace V separately.
Let 77 := V—171vm. We further decompose

=yt N
Ve=VieV;
into the 1 eigenspaces of 7. Let {ui,...,us} be a basis for Vg. Then
{Ymu1, ..., Ymu¢} is a basis for V[{. Relative to the basis

{Ula')/mula "'7u37’ymuf}7

we can represent the action of v, T, Y1, Ym+1, Xo, and = as 2 x 2 blocks of
the form

(1 0 (0 -1
T - 0 _1 I 'Ym— 1 0 )
_ 1
0

1 0
Y4l = T1eeTi = O ( 0 —1 ) for 6 =p01...0m-1,

_ 0 —de’ = =G A
Xo = ( _§e—00 0 ) and Z((,\) = < _)1\ G ) .

The eigenvectors of xp and = are given as follows. For ¢ = £1,

€ €
X0 ( e—00 ) = —55< =30 ) and
= € . —e(1 + e~
= e~ 00 - —e\+ Clefde .

Thus if yp and = have any common eigenvectors, the vectors
€ —e(1 + e~
( e~ > and < —eX+ e
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must be multiples of each other. This implies

e —eG+i Y —200 | 2\ _
det < =0 _ext et ) = 2e(ye Ale +e%)=0.
If ¢4 =0, then A = 0 which is false. If (; # 0, then 0 # A € R which again is
false. Assertion (1) now follows; Assertion (2) follows from Assertion (1) by
Lemma 1.4.11.

Choose a compatible connection and express A = v; V., + 4. Note that

YmXo = —X—6Ym 50 YuIli =TTy, .

We use Lemma 1.4.14 to see

/M {<A¢,p) - <¢,Ap>}dx = - /W(vmaﬁ, p)dy
- _ /E)M {<7m119+¢,p> + (v, ¢, p>}dy

- -/ {<H9+¢>,amp> T ﬁigm}dy.
oM

The same arguments as those given previously show that the adjoint boundary
condition is Hfo. O

1.6.6 Spectral boundary conditions

Absolute and relative boundary conditions arise in the study of the de Rham
complex for manifolds with boundary. Spectral boundary conditions were in-
troduced by Atiyah, Patodi, and Singer [9, 10, 11] in their study of the sig-
nature and spin complexes as these complexes do not admit local boundary
conditions. This is closely related to the obstruction described in Lemma, 1.6.6,
with a suitable parity shift, that we shall discuss presently.

Let M be a compact Riemannian manifold with smooth boundary dM.
Let v be a Clifford module structure on a bundle V' over M and let V be a
compatible connection on V. Let

P = ’YiVEi + 'L/}P

be an operator of Dirac type on a bundle V. In our discussion of bag boundary
conditions in Section 1.6.5 for m even, we introduced an auxiliary endomor-
phism 7y, +1. We now assume m = 2m + 1 is odd and define

Ymt1 = (V=1)"" 1 9m

The normalizing factor of (v/—1)"*! is chosen so that ¥, 41¥m+1 = [dyv. In
contrast to the even dimensional setting, however, we now have that vm,41
commutes with the ~; for 1 < i < m. If M is orientable, then ~,,+1 is globally
defined. The fact that 7,41 is only locally defined if M is not orientable will
play no role in our discussion.
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There is a topological obstruction to the existence of elliptic local boundary
conditions in the odd dimensional setting;:
Lemma 1.6.6 Let P be an operator of Dirac type on a bundle V over an odd

dimensional manifold M. If Tr (y;ma1) # 0, then there exists no bundle map
B so (P, B) is elliptic with respect to the cone K.

Proof: Suppose to the contrary that (P, B) is elliptic with respect to the
cone K. We adopt the notation of Equation (1.4.i). Fix a point y € M. Let
u = (u1,...,uy) € R™. The critical ellipticity condition comes for A € K
purely imaginary. We therefore replace A by v/—1u,, and (, by u, to define

E(u) = V=1%mYala — V=1Ymlm .

We then have Z(u)? = |u[*Id y. Let Vi (u) be the £1 eigenbundles of = over
the unit sphere S™~! in R™. The boundary operator B is a linear map from
V0em to W. Since (P, B) is elliptic with respect to the cone K, by Lemma
1.4.9, B is an isomorphism from V,; to W. Thus, in particular, restricting to
the point y € M, we may conclude that the vector bundle V, is trivial over
sm-t,

Let chy, be the m*™ Chern character. We then have, see for example [189]
(Lemma 2.1.5), that

[ V) =2 " ().
Sm—1

Since V4 is a trivial vector bundle, its characteristic classes vanish. This im-
plies Tr (;,41) = 0, contrary to the hypothesis of the theorem. O

Since P need not admit local boundary conditions, it is natural to consider
non-local boundary conditions. The matrices {—v,Y1, .-y —YmYm—1} define a
Clif (T* M) module on V|gas since

YmYaYm Y + Ym Vs ¥mYa = —Ym¥m (Yoo + W7Ya) = —2¢""Id v .

We say that an auxiliary operator A of Dirac type on V|sar is admissible
with respect to P if A = —v,,7.Ve, + 14, where 14 is a suitably chosen 0"
order term, if there exists a fiber metric (-, ) on V|aar so that the operator A
is self-adjoint with respect to this metric, and if ker(A) = {0}. We then let IT}
be orthogonal projection on the span of the eigenspaces of A corresponding to
positive eigenvalues. We introduce some auxiliary notation. In what follows
1, will always be a 0" order operator. We have

= Y%Ve, + TmVe,, +¢p,
_ﬁaﬁea - ﬁ/m@em + ’QZJ}B,
= —Ym%aVe, + ¥4,
= _’?m’?a@ea + 1/1,&:
A% = ﬁ/m‘i'?m = _ﬁ/m'?a@ea +Yar -
Thus A# is admissible with respect to P and defines a structure of the same
type on the dual bundle V*.

D>z:3> 'UR'U
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Lemma 1.6.7 Let P be an operator of Dirac type on a vector bundle V over
a compact Riemannian manifold M with smooth boundary OM . Let A be ad-
missible with respect to P.

1. (P,IIY) is elliptic with respect to the cone K.
2. HX# defines the adjoint boundary condition for P.

3. We have the Green’s formula
<P2¢7 p>L2 - <¢>p2p>L2

- /E,M {mITEP, p) + (P6, 3T p) + (6, I Pp)
+<7mHX¢,I3p>} dy .

4. If ymA = — A~y and if V admits a fiber metric so that P is formally self-
adjoint, then the realization of P with respect to the boundary condition
defined by HX is self-adjoint.

5. We have ¥ = thp, ¥z = tha, and Y a# = Ymtha¥m + Laald.
Proof: Let Vi((,\) be the eigenspaces of the operator
26N = V=1rm7ala — YmA-
The argument given to prove Lemma 1.4.9 showed that if B was a bundle
map, then (P, B) is elliptic with respect to the cone K if and only if
B:V_((,\)=W forall (0,0)# ((,\) € T*(OM) x K,

the corresponding condition for V. was then deduced by replacing ({, A) by
(—¢, — ). Instead of considering a bundle map B, we are now considering a 0*"
order pseudo-differential operator II. Thus the relevant condition now is the
requirement that o, (IT{)(¢) is an isomorphism of V_((, A). We must assume
that ¢ # 0 to ensure oy, (IT})(¢) is well defined. This is a crucial point that
introduces additional technical difficulties in the analysis — see the discussion
by Grubb [231].
By assumption,

O'L(A)(C) = _\/__17m7aCa = —E(C,O).

Thus the leading symbol of the pseudo-differential operator Hj is projection
on the bundle V_ and hence, being the identity map, it is an isomorphism.
Thus

ker oy, (IL1)(C) = V4(¢,0).
The desired ellipticity now follows since

Note that projection on the negative spectrum of A would not be elliptic
with respect to the cone K.
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To prove the second assertion, we derive the corresponding Green’s formula.
By Lemma 1.4.14,

[ {won-oratic=-[ o
- -/ {wmnm,m T (i y — H:>¢,p>}dy

_ /BM {(vmﬂm,p) + (¢, Iy — ﬁj)%p)}dy.

If 7 is a suitably chosen path about the positive real axis, then

ol = ZW\I/_lfy(A—A)‘ld/\ so I = zml/_lfy(fi—)\)_ld/\: I .

Cpnsequently Idy.— ﬁjg is spectral projection on the negative eigenspaces of
A. Conjugating with 4,, yields that
() "+ (Ad v = L) Fom
is spectral projection on the negative eigenspaces of
(F) ™ A =~ A = —A*.

Consequently we have (3,,) ™" (Id v+« — IT})qm = HX# SO

(Id v = T Am = I, - (1.6.%)
The second assertion now follows as we have
| {wo.n -0 Pa}as (1.61)
M

=- / {WmHX(b,p) + (¢, ?meZ#p)} dy -
oM
We replace ¢ by P¢ in Equation (1.6.1) to see
| {ww2o0 = po.Pp)} s (1.6.m)
M

- /8M {(7mHjP¢,p> + (P¢ﬂmHj§#p>} dy .

Interchanging the roles of p and ¢ means replacing 7, by —%,. Therefore
Equation (1.6.m) implies

[ {0 - pori i (1.6:)

= [ {05 P — (L6 P Y.

We may now derive Assertion (3) from Equations (1.6.m) and (1.6.n).
If v,,A = —Ay,,, then A# = A; Assertion (4) follows. We apply Lemma
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1.4.14 to see that the formal adjoint of P over M is given by —%@ei + ¢p;
thus ¢ = ¥yp. We apply Lemma 1.4.15 to see

_ﬁ/m'?a@ea + J’A
is the adjoint of A over M. Consequently 4 = ¥ 5. Finally, we compute
A* = ’7mA~'7m = _7m'7m7a@ea7m + '7m1/~JA'7m
= YaYmVe, + YalameVe + ym¥a¥m
= —mYaVe. — YaVeLlac + ImPaTm
= —AmYaVe, + Laald + Fmtha¥m -

This completes the proof of the final assertion. O

We have assumed that A is self-adjoint and that ker(A) = {0} only to sim-
plify the exposition. Even if A is not self-adjoint, an appropriate generalization
of Theorem 1.3.4 shows the spectrum is contained near the z axis. Conse-
quently in the general setting, one could let ng be the spectral projection on
the generalized eigenspaces corresponding to () > 0; the adjoint boundary
condition H"A'# would then be the spectral projection on the eigenspaces of
A# corresponding to ®()\) > 0. We emphasize that A does not necessarily
define the adjoint boundary condition on V*.

1.6.7 Non-minimal operators
Let A and B be positive constants. Let
D=Adé+Bdd+ E on C*(AP(M)).

This operator is said to be a non-minimal operator in the physics literature
[83, 239]. It is not an operator of Laplace type for A # B. Let ¢ and i be
exterior and interior multiplication. We then have

or(D) = Ae(§)i(§) + Bi(§)e(£) -

Thus the leading symbol of D is self-adjoint. Let 0 # £ We choose an or-
thonormal basis {e;} so & = ce1. Let 1 < i1 < ... < ip < m. By Equation
(1.2.e)

Aeh VANTAN €i, if ’L.1 = 1,

. . — 2
O'L(D)(C){ezl A /\6“,} =c { Beil A ... /\eip if i1 >1.

This shows that the symbolic spectrum of D is (0,00) and thus D is elliptic
with respect to the cone C. With a bit more work, the same arguments as
those used in the discussion of Section 1.5 can be used to show that (D, B)
is elliptic with respect to the cone C when B denotes absolute or relative
boundary conditions. We omit details in the interest of brevity.
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1.6.8 Oblique boundary conditions

Let D be an operator of Laplace type on a vector bundle V' and let By be
a first order tangential partial differential operator on V]gpr. We follow the
discussion in [153, 265, 350] to define the oblique boundary operator by setting

B¢ = ¢.mlom + Br(dlon) -
We consider a slightly more general notion of ellipticity. Let
Cs :={z=r(cosf ++/—1sinh) € C:0 € (§,2r —6), r > 0}
be the complement of an open cone of angle § about the positive real axis.

Lemma 1.6.8 Let D be an operator of Laplace type on a vector bundle V
over compact Riemannian manifold with smooth boundary. Let 0 < ¢ < T.
There exists € = (8, D) so that if Br is any tangential first order operator on
V0em with |or(Br)(C)| < el for all { € T*M, then:

1. (D, B) is elliptic with respect to the cone Cs.
2. B:= (@em + Z’S’T) defines the adjoint boundary condition for D.
3. e tPs s well defined for t > 0.

Proof: By Lemma 1.3.1, D is elliptic with respect to the cone C and hence
with respect to the smaller cone Cs. Let

Br =T,V., +S5.
The operator of Equation (1.4.h) is then given by
b(C,A) :=vV—1-Tol — V[P —A-Idy .
To establish Assertion (1), we must show that b is invertible for
(0,0) # (¢, A) € T*OM % Cys .
Since b(c¢,c2\) = ¢b((, \), we can restrict to the compact domain
D:={(¢,A) € T*(OM) x C: |¢|* + |\| = 1 and arg () € [§,27 — 8]} .

Since b is invertible when I' = 0 and since D is compact, b is invertible
for small T by continuity. Assertion (1) now follows — it was to ensure this
compactness that we needed to introduce the additional parameter 6.

We determine the associated Green’s formula to prove the second assertion.
By Lemma 1.4.17,

[ {won— w0 fr= [ {6000 (6.00) pa

/8M {<¢%m +Bro, p) = (¢ pim + B’Tm}dy (1.6.0)

= /BM{<B¢,p>—(¢,l§p>}dy-
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Assertion (2) now follows from Lemma 1.4.1 and Definition 1.4.12.

As Theorem 1.3.4 generalizes to this setting, the spectrum of Dp is con-
tained in the region Rs, ., defined in Equation (1.3.a) where 0 < <&, <
and n = n(D, Br,d1). The final assertion now follows. O

1.6.9 Time-dependent heat conduction problems

Let Dy be an initial operator of Laplace type on V. Let V be the connection
defined by Dy on V using Lemma 1.2.1.

Let © := {D;}+>0 be a smooth 1 parameter family of time-dependent op-
erators of Laplace type. Let B := {B;};>0 be a smooth 1 parameter family
of time-dependent boundary conditions. We suppose (Dy, B;) is elliptic with
respect to a cone Cs for some 0 < ¢ < T and for all # in the parameter range.
If ¢ is the initial temperature distribution, then the subsequent temperature
distribution u(z;t) is characterized by the equations:

(Or + Dy)u(z;t) =0 for ¢t >0 (evolution equation),

Biu(-;t) =0 for ¢>0 (boundary condition), (1.6.p)

Ult=p = ¢ (initial condition).
The final equality is to be understood as meaning that lim; o u(-,t) = ¢ in the
distributional sense. We shall formally let u = e ¢®5¢ denote the solution to
Equation (1.6.p). This is not defined by the functional calculus.

Let p be the specific heat. Let dzo be the Riemannian metric of the initial
background metric go. The heat content

B(6,p, D, B)(t) := /M<u<w;t>,p<w>>dxo

is then well defined and, as t | 0, there is a complete asymptotic expansion

B(¢,p, D, B)(t) ~ Y Bul, p, D, B)t"/2.

n=0

More generally, of course, one could consider specific heats p(z;¢) which were
time-dependent. Expanding p in a Taylor series

p(x;t) ~ > pr(a)t”
r=0

would then lead to an asymptotic expansion

B(6,0,D,B)(t) ~ Y B(¢pr,D,B)(t) 1"
r=0

~ Z Z B, pr, D, Bt 2"

r=0n=0
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and no new information would result. Consequently, we shall assume hence-
forth that p is static; this means that p is independent of the time parameter.

We must express © tensorially. Let {ej,...,e;,} be a local frame field for
T M which is orthonormal with respect to the initial metric gop. We may then
define scalar symmetric 2 tensor fields G, ;; = G, j;, endomorphism valued
1-tensor fields F, ;, and endomorphism valued tensor fields &, by expanding
D; in a Taylor series

D¢~ Do+ Y {gr,im;ij + Fridii + m}t" :
r=1
Let {e!,...,e™} be the dual frame for T*M. Since g;(¢,€) = —or(Dy)(§),
gt(ei, ej) ~ 6” — Z gmjtr .
r=1

Thus, dually, the metric on T'M has the form
gi(ei,ej) = 8ij + Gi ijt + O(t?),

which justifies the sign convention that we have chosen.

Since our study is motivated by the ordinary heat equation in the context
of variable geometries, we must express the scalar Laplacians for a family of
time-dependent metrics in this setting. It suffices to compute G;, Fi, and &;
since the higher order terms will play no role in the computation of the heat
content asymptotics 3, or the heat trace asymptotics a, for n < 4 as we shall
see subsequently.

Lemma 1.6.9 Let g, = go + ht + O(t?) be a smooth 1 parameter family of
Riemannian metrics on M. Let D; be the associated scalar Laplacians. Then

gl = h, -7:1,i = hij;j - %hjj;i, and 81 =0.

Proof: We follow the discussion in [190] to prove this Lemma. We correct a
minor mistake in the computation which was given there. Let

Guw(t) = guw +thy, + O(t?) and G :=/detG,, .
Then the Laplacian is given by
Ay = -G 19,G" GO, .

Fix a point P € M and choose local coordinates z = (x, ..., z,,) centered at
P 50 g, (P) = 6, and 059, (P) = 0. We then have

Juv = v + thy + O(|z)?) + O(),

G =1+ Lthye + O(|z]?) + O(t?),

G" =0y — thyy, + O(|z|*) + O(t?),

00y ¢ = ¢y + O(|]),

Ouhyuw — %auhuu = hpsp — %huu;l/ + O(|z]) -
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Let hyq/, := Ophys. We may now compute:
Arp = —{(1 = 5thge)0u Oy — thuw)(1 + 5the:)y}¢ + O([z]) + O(t?)
= {AO + t(hul/aual/ + (huu/,u - %huu/u)al/)}qS + O(|m|) + O(tQ)
=Ao¢ + t(huw by + (A — %huuw)ﬁbw) +0(|z]) + O(#).
Evaluating at z = 0 then yields
gl,ul/(P) = huV(P))
Fiu(P) = (huu;u - %huu;V)(P)a
E1(P)=0.

The Lemma now follows as the point P was arbitrary. O

|
1.7 Invariance theory
1.7.1 The first and second theorems of invariance theory

Let V be an m dimensional real vector space, let g(+,-) be a positive definite
symmetric inner product on V', and let O(V) be the associated orthogonal
group, defined by

O(V):={ e GL(V) : g(&v, &v) = g(v,v)Vv € V'}.

By choosing an orthonormal basis for V', we could identify V with R™ and
thereby identify O(V') with O(m). We shall not do this as the whole point is
to work in a basis free fashion and thereby derive results which can be used
to determine local invariants of a Riemannian manifold.

Following Weyl, we shall say that a polynomial map

f:x*V SR

is an orthogonal invariant if the following identity holds for all £ in O(V') and
for all (vy,...,v;) in x*V

fl&vr, ..., &) = f(v1, .., vk) -

Let A,y be the commutative unital algebra of all such orthogonal invariants.
Introduce elements

Aij = Aji = g(vi,v5) € Agv
We then have by Weyl [361]:

Theorem 1.7.1 (First main theorem of invariants) Every orthogonal
invariant which depends on k vectors (v, ...,v1) in x*V is expressible in terms
of the k? scalar invariants g(v;,v;).
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The algebra Ay v is not a free algebra in the variables {4;;}. Let

g(vlywl) g(Uk;wl)
R (V15 ooy V3 W1, ey wg) = = det | ... (1.7.a)

g(vr,wg) ... g(vg,wy)
= g1 A e A1, w1 Ao A Wipa1) -
We also have by Weyl [361]:

Theorem 1.7.2 (Second main theorem of invariants) If dim(V) = m,
then every relation among scalar products is an algebraic consequence of the
relations Rom+2(V1, vy Ut 1; W1y wery Wipp1) = 0.

These two results can be given a slightly more algebraic flavor as follows.
We consider the free polynomial algebra Ay y := R[4;;] in 1k(k + 1) formal
variables A;; = Aj; for 1 <14, j < k. The evaluation

e(Aij)(v1, oo, v) = g(vs,v5)
induces a natural algebra homomorphism
e .,Zlky — .Ak,v

which is surjective by Theorem 1.7.1. Theorem 1.7.2 identifies the kernel of
the evaluation e with the ideal of Ay v which is generated by the determinants
described in Theorem 1.7.2.

Let Zj v be the set of all multilinear invariant maps from x*V to R. Since
we are considering the full orthogonal group and not the special orthogonal
group, the map £ : v — —w is permissible. If f is multi-linear, then

fl=v1, .y —vg) = (—l)kf(vl, ey Uk )

Thus there are no multilinear maps which are orthogonally invariant if & is
odd so we assume k is even henceforth. We apply Theorem 1.7.1 to study this
space.

Let ¥y, be the group of all permutations of the set of indices {1, ...,k}. We
define a multi-linear invariant map py, , for any permutation o € ¥, by setting

Ph,o (V155 V) = 9(Vs(1), Vo (2) * * * 9 (Vo (k—1)s Vo(k)) - (1.7.b)
Theorem 1.7.3 7} v = Span 5, {Pr,o}-
Proof: Let I = (i1, ...,42¢) for 1 <4, <m be a multi-index. Set
fr(vr, .., vr) = g(Viy, Vig) oo g(Vigy 1, Vig,) € Ak,v -
We may then use Theorem 1.7.1 to decompose p € Z, v in the form

p=>_ arfr; (1.7.c)
I

in light of Theorem 1.7.2 we note that this decomposition need not be unique
and thus we must proceed with a bit of caution.
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Let (21,...,7) € R¥. Since p is multi-linear,
p(x1v1, oy TR VE) = T1.- Tk - P(VT, o, VE) -

Let Dy := 0f...0f. Since p(vy,...,vx) = Dpp(x1v1, ..., TVk)|2=0, Equation
(1.7.c) implies

p() =Y arDi fr(@1vr, oo, 40k |2=0 - (1.7.d)
I

For 1 <i <k, let ns(2) be the number of times that the index 7 appears in I.
We then have

fl(mlvl’ ---,Z’k’l)k) = fI(Ul, -..,’Uk) Ha’;:’l(l) R
i=1

Consequently Dy fr(z1v1, ..., TV )|z=0 = 0 if n;(¢) # 1 for any index i. Thus
we may restrict the sum in Equations (1.7.c) and (1.7.d) to range over multi-
indices I which are a permutation of the indices {1,...,k}. The Lemma now
follows as these are exactly the invariants py, , which were defined in Equation
(1.7.b). O

In view of Theorem 1.7.3, one says “invariant multilinear maps are given by
contractions of indices” as, relative to an orthonormal basis, the inner products
involved correspond to contraction of indices in pairs. Invariant multi-linear
maps from x*V to R are, of course, nothing but invariant linear maps from
®*V to R. Let {ei,...,en} be an orthonormal basis for the vector space V.
Let w = w;je! ® e/ € ®2V. We then have

I,y =Span{p1} where pi:w — w;.
Ifw= wijklei el ek @el € ®V, then set
D21 W = Wigjj, P3 W — Wijij, P4 W —> Wijji -
One then has
Zsv = Span {p2,p3,ps} . (1.7.e)

Let W be a vector space of dimension m — 1. Choose an inner product pre-
serving inclusion ¢ : W C V and a corresponding embedding of the orthogonal
group O(W) C O(V'). We define a restriction map

R: Ik,V — Ik,W
which is characterized dually by the property
i)({(p)(’wla ey wk) = p(z(wl)a ey Z(wk)) .
If k> 2m and if o € ¥y, define

Thm,o (V150 Uk) 0 = G(Vs(1) A woe AVg(m) Vo (mt1) A oo A Ug(2m))

X 9(Vo2mt1)s Vo2mt2)) " 9(Vo(k=1)) Vo (k)) -
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We can also express

9o (1), Vo(m+1)) -+ (Vo (m)s Vo(2m))
Tkm,o — det
9(Vs(1), Vo(m+1)) - 9(Vs(m) Vo(2m))

Agm+1),02m+2) - - - Ac2h—1)0(2k) -
Theorem 1.7.4 Let m > 2.
1. R: Iy v — Iy,w 1s surjective.
2. R: Iy v = Ip,w is injective if k < 2m.
3. If k > 2m, then ker(R) N Ty v = Span ,ex, {Tk,m,o )

Proof: If pis given by contractions of indices which range from 1 to m, then
R(p) is given by restricting the range of summation to range from 1 to m — 1.
Consequently, by Theorem 1.7.3, the map R is surjective.

To prove Assertion (2), we use Theorem 1.7.1 to express p € 7 v in terms
of inner products. We use the second main theorem of invariants 1.7.2, after
making an appropriate dimension shift, to see that J(p) vanishes if and only if
it can be written as sums of terms each of which is divisible by an appropriate
determinant J of size m x m. The desired result now follows from Equation
(1.7.a) and from the same arguments used to prove Theorem 1.7.3. 0O

1.7.2 Local invariants of a Riemannian metric

We shall be interested in local invariants of Riemannian manifolds. In light of
Theorem 1.1.1, any local invariant of the Riemannian metric which is poly-
nomial in the jets of the derivatives of the metric with coefficients which are
smooth functions of the metric can be expressed polynomially in terms of the
curvature tensor. Such invariants can be constructed as follows. Let

P = P(Ri1i2i3i4)Ri1i2i3i4;j1)"')Ri1i2i3i4?j17~~~7]'e)

be a polynomial formula in the components of the covariant derivatives of
the Riemann curvature tensor. This is a formal object that can be evaluated
on a Riemannian metric g once a local orthonormal frame e is chosen. The
algebra of such formulae is not a free polynomial algebra as we must take into
account the symmetries of the covariant derivatives curvature tensor; see, for
example, the relations in Equations (1.1.b), (1.1.d), and (1.1.h). We say that P
is invariant if the value of P(g,€) is independent of the particular orthonormal
frame e which is chosen and depends only on the underlying metric g. Let Py,
be the space of all such invariants.

The space P, inherits a natural grading. We define the weight of R;ji; to be
2 and increase the weight by 1 for every explicit covariant derivative present;

weight (Ri1i2i3i4;jl7---7je) =2+/.

The notion of weight is well defined; the identities giving the curvature sym-
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metries are weight homogeneous; see for example the relations in Equations
(1.1.b), (1.1.d), and (1.1.h).

We can also apply dimensional analysis to see that the weight is well defined.
Let 0 # ¢ € R. We rescale the Riemannian metric to define g. := ¢~2g and

rescale the orthonormal frame by defining e. := ce. Since the Levi-Civita
connection is unchanged, we may compute
Rijkl (gc; ec) o= gc({vcei vcej - Vcej Ve, — V[cei,cej]}cek; cel)

= C4 ) 6729({V6i vej - Vej Vei - v[ei,ej]}ek; el)
< Rijr(gse) -

More generally, a similar computation shows that

Ri1i2i3i4;j1---jl (907 66) = 02+€Ri1i2i3i4;j1---jl (gv 6) - (1-7-f)
We use Equation (1.7.f) to decompose
Pm - @npn,m

where the elements of P, ,, are homogeneous of weight n. Note that if P
belongs to P, m, then P satisfies the rescaling relation

P(c™?g) = c"P(g) . (1.7.)

By taking ¢ = —1, we see that P, = {0} if n is odd.

Atiyah, Bott, and Patodi [7] used Weyl’s first theorem of invariants (The-
orem 1.7.1) to analyze these and related spaces of invariants. We follow their
approach to show:

Lemma 1.7.5 1. Py, = Span {1}.

2. P27m = Span {T = Rz“t}

8. Pam = Span{r?, |p?| := Rijjx Riuk, |R|* := Rijri Rijris AT := —Rijjiser }-
Proof: Let V be an m dimensional vector space which is equipped with a
positive definite inner product g(-,-). We say that a 4 tensor R € ®*V* is
an algebraic curvature tensor if R satisfies the curvature symmetries of the
Riemann curvature tensor given in Display (1.1.b).

Suppose that n = 2. Then P € P, is linear in the components of the
curvature tensor. Let W C ®*V* be the subspace of all algebraic curvature
tensors. We regard P as a map from W to R which is orthogonally invariant.
Extending P to be zero on W+ defines a multi-linear orthogonally invariant
map to which Theorem 1.7.3 applies. Thus by Equation (1.7.e)

P(g9) = c1Riijj + c2Rijij + c3Rijji -

Assertion (2) now follows since, after taking into account the symmetries of
Display (1.1.b), we have that

P(g) = (c3 — c2) Rijji -
Next suppose that n = 4. We now have that P € Py, is quadratic in R and
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linear in V2R. Again, P can be regarded as a map from a certain subspace
W c {@T*M} @ {®T* M}

to R which is invariant under the action of the orthogonal group; here W is
the subspace which is generated by

VZRER®R C °T*M & %T*M .

The relation of Equation (1.1.h) now enters.

As W is orthogonally invariant, extending P to be zero on W+ defines an
orthogonally invariant map to which Theorem 1.7.3 applies and Assertion (3)
follows after reducing by the appropriate curvature symmetries. O

More generally, a spanning set for P, ,, is given by contracting indices for
the Riemann curvature tensor and its covariant derivatives and then reducing
by the appropriate curvature symmetries.

On the boundary, the normal vector field plays a distinguished role and thus
the structure group is O(m — 1) and not O(m). Let P, be the space of all
boundary invariants in the derivatives of the metric which are homogeneous
of weight n.

Let y be a system of geodesic polar coordinates centered at a point P of 9 M
and let = (y, 2, ) be the induced coordinates near the boundary as described
in Section 1.1.2. We use Theorem 1.1.3 to see that any boundary invariant
in the derivatives of the metric can be expressed in terms of the covariant
derivatives of the curvature tensor R = Rjs and the tangential derivatives of
the second fundamental form L. H. Weyl’s theorem then applies. Reducing by
the appropriate relations is a bit more complicated as relations of the form
given in Lemma 1.1.4 must be taken into account. The following Lemma then
follows:

Lemma 1.7.6 1. Py, = Span {1}.
2. Pim =Span{L..}.
3. ,ﬁQ,m = Span {LaaLbba Lap Ly, Rijji: Ramma}-

In Chapter 2 and in Chapter 3, we will study more complicated spaces of
invariants, but the basic approach will be similar. We refer, for example, to
Lemmas 2.2.12 and 2.2.13 in the context of the heat content asymptotics and
to Lemmas 3.1.10 and 3.1.11 in the context of the heat trace asymptotics.

1.7.8 The heat trace asymptotics for operators of Laplace type

Lemma 1.3.6 discusses the heat trace asymptotics for quite general elliptic
operators whose symbolic spectrum is a subset of (0, c0). We can use Theorem
1.7.3 to simplify the discussion considerably for operators of Laplace type. Let
D = D(V, E) be an operator of Laplace type. Let Q be the curvature operator
of the associated connection V; relative to a local frame field we have that

Q.l“’ : = Vaﬁ V35 - V35 Vaﬁ
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= Oywy — Ojwy + wuw, — wywy, .
We introduce formal endomorphism valued invariants V¥E and V*Q. Set

weight (Ri1i2i3i4;j1---ﬁ) =2+,
welght (E§j1---j[) =2+ é,
weight (Qi1i2;j1~~~je) =2+/.
If we expand VR, VE, and V!Q in terms of the jets of the total symbol of
D, then we may use Lemma 1.2.1 to see that this definition of the weight is
compatible with the definition given previously in Equation (1.3.b). We note
that Equation (1.7.f) generalizes to this setting to yield
Ri1i2i3i4;j1~~~je (C2D) 66) = c2+lRi1i2i3i4;j1mje (D) e))
Ej j(D,e.) = *TES, (D), (1.7.h)
Virinijr g (D, ec) = T iy (D e)
We have not introduced local coordinates on M nor have we introduced a
local frame field § for V', preferring to work invariantly instead. The following
observation provides a useful restatement of Lemma 1.3.6 in an invariant
framework. As the proof is a straightforward application of the techniques we

have discussed above, we shall omit the proof. We shall return to this question
again in Section 3.1.

Lemma 1.7.7 Let D = D(V,E) be an operator of Laplace type. Then the
heat invariant e,(z, D) is given by a universal non-commutative polynomial
of total weight n in the variables

{V*R,V*E,V*Q}.
For example, it will follow from Theorem 3.3.1 that

eo(z, D) = (47)~™/%1d ,

ex(z,D) = (4m) "™/2L(6E + 71d),

ea(z,D) = (4m) "™ 1 (60 Bk, + 607E + 180E? + 127, 1d

+57%1d — 2|p|*1d + 2|R|*Id + 309;;€;) -

Lemma 1.3.6, and hence Lemma 1.7.7, follows from a detailed analysis of the
Seeley calculus. We refer to Section 3.1.8 where we will give a second proof

of Lemma 1.7.7 which uses only the fact that the invariants e,, and e, are
locally computable, the fact that

en(z,¢*D) = e, (z,D)

(see Theorem 3.1.10), and the relations of Display (1.7.h). It is convenient,
however, to postpone this analysis for a bit and to have Lemma 1.7.7 available
for use at the present moment for use in studying the supertrace asymptotics
of the Witten Laplacian in the next section.
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1.7.4 The restriction v : Ppm = Prom-1

Restricting the indices to range from 1 through m—1 instead of from 1 through
m induces a natural restriction map

r: 7Dn,m — ,Pn,mfl .

This map is surjective by Theorem 1.7.4. We can also describe the restriction
map geometrically. If (N, gy) is an m — 1 dimensional Riemannian manifold,
then we let M := N x S! and gy := gn +df?. If x € N is the point
of evaluation, we take the corresponding point (z,1) € M for evaluation;
which point on the circle chosen is, of course, irrelevant as S* has a rotational
symmetry. If P € Py, ,,,, then we have that

r(P)(gn)(z) = Pgn + db*)(z,1).

Let I = (i1, ...,1x) and J = (41, ..., jr) be collections of k indices. We define
the totally anti-symmetric tensor € by setting

el i=glei, N Neig, e Ao Nejy). (1.7.)

Clearly € vanishes if I and J are not permutations of the same set of £ distinct
indices; in particular e = 0 if £ > m. If I and J are permutations of a set of k
distinct indices, then ¢ is the sign of the permutation which sends I to J. By
Theorem 1.7.4, Py, ., Nker(r) is generated by invariants where we contract 2m
indices using the ¢ tensor and contract the remaining indices in pairs. This
observation will play a crucial role in the next section.

1.8 Applications of the second main theorem of invariance theory

In this section, we shall begin our study of the heat supertrace asymptotics of
the Witten Laplacian by using the second main theorem of invariance theory
to obtain spanning sets for the spaces of invariants which arise in this con-
text. We will conclude our study of these invariants in Section 3.8, but it is
convenient to present the formal properties of these invariants that depend
on the second main theorem of invariance theory at this time.

We follow the discussion in [202, 203, 204]. Let ¢ € C*°(M) be the dilaton.
The Witten Laplacian, introduced in Section 1.2.6, is given by

A¢ = d¢5¢ + 5¢d¢ where
dy = e ?de? and 0p = e?de 2.

d+9d

1.8.1 The invariants ay’y, for closed Riemannian manifolds

For the moment, let M be a compact smooth Riemannian manifold without
boundary. Let a,(x,-) be the local heat trace asymptotic coefficients defined
in Equation (1.3.c). If f € C°°(M) is an auxiliary scalar localizing or smearing
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function, then

Tr 2 (fe t4%) Zt(" m/2/ f(@)an(z, Al)dw

The heat supertrace asymptotics of the Witten Laplacian are defined by

m

apin(9,9)(x) ==Y _(~1)Pan(z, AF).

p=0

The metric g and the dimension m are introduced into the notation for later
convenience. Let f be a smooth scalar function on M. Then

SO (1P pa(fet4%) Zt”mm | 1@t @i,

P
We first establish a useful duality result:
Lemma 1.8.1 1. We have ay(z,A}) = a,(z, A" ).

2. We have a%3(6,9) = (~1)"al*i(,9).
3. We have a2 =0 if n is odd.

Proof: Since the invariants in question are local, global questions of ori-
entability play no role and we may without loss of generality assume that
the manifold in question is orientable. Let * be the normalized Hodge star
operator defined in Equation (1.2.f). We have #> = Id and, by Lemma 1.2.8,
*Agk = A_g. Once the grading is taken into account, we have

;Agi = Ar_nqﬁ_p .
Assertions (1) and (2) now follow. We may now use Theorem 1.3.5 to establish
Assertion (3). O

There are some additional properties of these invariants that will be useful.

Lemma 1.8.2 1. ag";f =0.

2. Let M := My x My where M; are closed Riemannian manifolds of dimen-
sions m;. Give M a product metric gpr = g1 + go- Let dar = ¢y + @2 where
¢; are smooth functions on M;. Then:

() 0n(A%) = Loy tnap=prtps O (A5, )0 (Ag3)-
() a3 ($:9) = Xy ny Gt (01, 91)001 00, (02, 92).

d+95

o0.m 18 homogeneous of weight 0 in the derivatives of ¢ and g,

Proof: Since q,

there is a universal constant so that adH((b, g) = ¢m. We use Lemma 1.3.10
to prove Assertion (1) by showing

0:/ agt,f(gzﬁ,g)da::/ Cmdx S0 ¢y =0.
M M
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If M = My x M,, then we may decompose

AP(M) = @p—p, 4p, AP (M) @ AP2(My) .

Introduce the parity operator
e:=(=1)"Id on AP*(M;).
Since M is given the product structures, we may decompose
dy =ds, @1d +e®dy, and &y =04 @Id +e®@dy, .

The presence of £ ensures the operators

{dg, ®Id, §p, ®Id, € ®dgp,, €Iy, }

anti-commute. Thus we may express
AL = Bppyip, { AR 9T +Td @ AR}

This induces a corresponding splitting of the fundamental solution of the heat
equation
P1 _tAP2
e 4% = DOp=p1+p-€ ~te ®e Bas
Let f = fifo where f; € C*°(M;). We then have
T‘I’L2 {fe_tAg} = Z ’I‘I‘Lz {fleitAgll } - ’I‘I‘L2 {fz@itA;é} .
p=p1+p2
This implies a corresponding splitting of the local heat trace integrands
an(vag) = Z Z an1(1‘1)A211) 'anz(x%AgZ)
n=ni+nz p=pi1+p2

which proves the first identity of Assertion (2). We use this identity to com-
plete the proof of Assertion (2) by computing

alt2 (6, 9)(@) = Y (~1)Pan(z, AB)
p=0
- Z Z(_l)p Z Qn,y (xlyAzll) Oy (1'2, Agz)
nitnz=n p=0 p=p1+p2
> {Z“”’“am(wh%)}-{Z(—nmamm,AZﬁ)}
n=ni+nz \(p1=0 pa=0
= 3 (b a) (@) - altl (62,92). 0
n=ni-+nz

1.8.2 Invariance theory

Let Q,, be the space of all O(m) invariant polynomials in the components of
the tensors
{R, VR, V?R, ..., V¢, V?¢,..}.
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We permit only monomials which either do not involve ¢ or which involve at
least two covariant derivatives of ¢. We define

weight (VE¢) =k and  weight (VFR) =2+ k
and let Q,, n, be the subspace of invariant polynomials of total weight n;
Onm ={Q € Qm : Q(¢,%g) = ¢ "Q(¢,9) YO # c €R}.

We use the Z, action ¢ - —¢ to decompose

Onm = Qim ® Q,,.m Where

Qe = 1{Q € Qum : Qd,9) = +Q(=0,9)}.
The restriction map r of Section 1.7.4 extends naturally to surjective maps

reQF 50, 1 0.

Lemma 1.8.3 1. If m is even, then adH(d), g9) € Qf ,, Nkerr.
2. If m is odd, then a‘”‘i(qﬁ, 9) € @, Nkerr and a‘”‘i(O g)=0.
Proof: We use Lemma 1.7.7 to see that the invariants adH(ng, g) are homoge-

neous of weight n in the jets of the metric and of ¢. Let V be the Levi-Civita
connection on A(M). By Lemma 1.2.8,

A =-Tr (V2 + E})  for
Ey = —17iviQij — byt — by (eiij — ijeq) .

Thus the undifferentiated variable d) does not play a role in these invariants.

Furthermore, either at least 2 covariant derivatives of ¢ appear or only the

curvature R appears in each Weyl monomial of a‘”‘i(qﬁ, g). This shows that

alt?($,9) € Qnum -

We use Lemma 1.8.1 to see that alt?(¢, g) is an odd function of ¢ if m
is odd and an even function of ¢ if m is even. In particular, a%}? (0, g) must
vanish if m is odd.

To complete the proof, we must show ral®® = 0. Give M = N x S* the
product metric and let ¢ = ¢n be 1ndependent of the angular parameter
f € S*. As the metric is flat on the circle and as ¢g: =0,

affl‘s(d)sl,gsl) =0 for n>0.
By Lemma 1.8.2 (1),
aO 1 (¢51,gsl) =0.
Thus Lemma 1.8.2 (2) implies al*(dar, gar) = 0 so ralt? = 0. O

Let € be the totally anti-symmetric tensor defined in Equation (1.7.i). Let
I and J be m tuples of indices indexing an orthonormal frame for T'(M). Let

It _
Rt =R

lsts41Js+17s "'Rit—litjt].t—l :
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By definition, the empty product is 1. Consequently if ¢ < s or if ¢t — s is even,
then we shall set Rgits = 1. The following Lemma will be used to study aflﬁg
forn <m+1.

Lemma 1.8.4 1. If n < m, then Qp m Nkerr = {0}.
2. If m is even, then Qp, m Nkerr = Span {ngﬂgn}
3. If m is odd, then Q

Proof: We follow the arguments given in [202, 204] which generalized pre-
vious results of [173] dealing with the case ¢ = 0. Let 0 # @ € Oy Nkerr.
Let A be a monomial of @) of the form

N ker r = Span {55¢;i1j1R§:;n :

m+1,m

A= ¢;Dé1 "'¢;au Riljlkleﬁﬁl Rlu]v kv ly;By

where «,, and 3, denote appropriate collections of indices. The weight n of A

is then given by
n=3 lou+ ) 2+I16.1).
n=1 v=1

By definition, the empty sum is 0. Thus Eu is to be ignored if u = 0. Similarly
>, is to be ignored if v = 0. Let k be total number of indices present in A.
We then have

u v
k=l + Y (A+18,]) =n+2v.
pn=1 v=1

The same argument extending Theorem 1.7.3 from the algebraic to the
geometric context can be used to extend Theorem 1.7.4 from the algebraic to
the geometric context. To ensure that r@Q) = 0, we must contract 2m indices
in A using the ¢ tensor and then contract the remaining indices of A in pairs.
Since at least 2m indices must appear in A,

u v
2m§k:n+21}:2n—2|au|—2|ﬂy|§2n. (1.8.a)
n=1

v=1

This is not possible, of course, if n < m and Assertion (1) now follows.

If n = m is even, then all of the inequalities in Display (1.8.a) must have
been equalities. Thus there are no covariant derivatives and the ¢ variables
do not appear. Furthermore, all indices are contracted using the ¢ tensor. The
first Bianchi identity given in Display (1.1.b) shows we need not alternate 3
indices in a given R variable. Thus we need consider only expressions I;, i, j,j;
or Ri jiinj, in A. By the first Bianchi identity,

Riljlizjz - Riljzizjl = _Rilizjzjl .
This implies that

L - _ 1.1 L
EJ...Ri1j1i2j2... = —§6J...R1112]2]1... .

Consequently Qy, ,n, Nkerr is spanned by the invariant ngﬂn This proves
Assertion (2).

© 2004 by CRC Press LLC



In the proof of Assertion (3), we have
m=2m+1 and n=m+1.

Thus the inequalities of Display (1.8.a), 2m < ... < 2n = 2m + 2, represent a
total increase by 2. Since 2m, n + 2v, and 2n are all even, only one of the two
inequalities given in Display (1.8.a) can be strict. As Q(—¢,9) = —Q(¢,9), u

must be odd. Thus
Z lay| >0
n=1

so the second inequality in Equation (1.8.a) is strict. Consequently
u v
k=2m and Z|au|+2|,8,,| =2.
n=1 v=1

Since u >0, >, |ay| > 0. Since ¢ appears, at least 2 covariant derivatives of
¢ appear. Thus |,| = 0 for all v, v = 1, and |a1| = 2. Since k = 2m, each
index is contracted using the e tensor. The argument given above shows we
can write R; j, i,j, in terms of R; ;,j,5,. Thus we are in fact dealing with a
multiple of £]¢.;, legzgn, which proves the final Assertion. O

A similar argument could be used to show, after a fair amount of additional
work to eliminate dependencies, that if m is even, then

Qm+2 m N kerr = Span {55¢'i1j1 ¢'i2j2 5?’ 5J¢ k¢ kRJ 10
EJRI»UI»RJ 10 6J¢ 11¢ 3J1 Rklz]szJ 3 6JRhlszJlJck,R’J 30
5JR1112J2J1,kstz4J4ys,kRJ5 vSJRknhlezzyleJ:s )

e Ritjai Riviske RS s €5 R jut Rhin ot RYS
€ Reiyjujr Rjyiyin Reisjs s Rejoiois Ry7 }- (1.8.b)

We omit certain invariants from the list if m is small.

1.8.3 Formal cohomology groups of spaces of invariants

Although Equation (1.8.b) would simplify somewhat the study of af,fflm, the
list of invariants is still rather long. Thus we use a different approach to the
matter using the observation from Lemma 1.3.10 that [, afn*fz’m((b, g)dz = 0.

Let QPF be the space of p form valued invariants in the curvature tensor,
the covariant derivatives of the curvature tensor, and the covariant derivatives
of ¢ which are even in ¢. The ordinary exterior co-derivative § induces a
natural map

6:Qhh = QL

(We do not use the Witten co-derivative at this stage.) In contrast to the case
p =0, we do not impose the requirement that ¢ does not appear. We also do
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not impose the requirement that either no covariant derivatives of ¢ appear or
at least 2 covariant derivatives of ¢ appear. This is a crucial technical point.
Let N be a Riemannian manifold of dimension m — 1. Let M := N x S*
and let
i:No>Nx{l}cM

be the natural inclusion. The restriction map
r: Q%Jrrn - Qn m—1

is defined dually by the identity:

rQ(on, gn) = i*Q(dn, g + db?) .
Lemma 1.8.5
1. The map r : Q — Qp’m | 18 surjective.
2. We have réM = 5N7“.

Proof: It is straightforward to extend Theorem 1.7.3 from the context of
scalar invariants to p form valued invariants. We refer to [7] for further details.
Including the dilaton ¢ in the discussion also poses no difficulties. Thus one
may show that all p form valued invariants are constructed by alternating p
indices and by contracting the remaining indices in pairs in monomials formed
from the covariant derivatives of R and of ¢. The invariants that belong to
Qr m are defined by letting the indices in question range from 1 to m. We
define r@ by restricting the range of summation to be from 1 to m — 1.
Assertion (1) now follows.
Let {ei,....,em} be a local orthonormal frame for the tangent bundle of

M := N x S'. Assume e,, = 0y. As the structures are flat in the S direction,

V& a(gn + db*, ¢n) =0,

i"Vesalgn + 6%, 6n) = V2, i*q(gn + db?, o),

i*i(eq) = i(eq)i”
Consequently

Nr(g) (g, on) = —ilea) VELi"a(gn + d8°, on)
= —i"{i(ea) V2l +ilem) Ve Yalgn + d6%, o)
= "M q(gn + d6%, ¢n) = (6™ @) (9N, ON) -
This establishes Assertion (2). O
If P € P, m, then the evaluation J(P)(g) € R is defined by setting

/ P(4,9)

The analysis of the formal cohomology groups of the spaces of invariants of
Riemannian manifolds, which was given in [172], then extends immediately to
this more general setting to yield:
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Lemma 1.8.6

1. If Q € Qf,, NkerJ and if n # m, then there exists Q" € QLT
Q" = Q.
2. IfQ' € Qn L, if 6Q =0, and if n # m —1, then there exists Q* € Q>
so that Q' = 6Q>.

Assertion (1) shows that any scalar invariant which always integrates to
zero is canonically a divergence. Assertion (2) implies that any 1 form valued
invariant which is co-closed is canonically co-exact. The restriction on the
weight n is a technical one which causes no difficulty as we shall be taking
n =m+ 2 in Assertion (1) and we shall be taking n = m + 1 in Assertion (2).

so that

n—1,m

n—1,m

We use this result to show

Lemma 1.8.7 If m is even, then there exists a 1 form wvalued invariant

d+§
Qm+1m mn Qmﬂmr‘lkerr S0 thatéQmHm Ayt m -

Proof: By Lemma 1.3.10, ﬁ(ag;tflm((j), g)) = 0. Thus Lemma 1.8.6 (1), im-
plies that there exists

A d+6
m+1 m € Qm+1 m SO 6Q%n+l,m(¢7 g) = am++2,m(¢7 g) .

Unfortunately, rQ!

d+6
m—+2,m

m+1,m heed not be zero and we must correct for this. Since

ra =0, we use Lemma 1.8.5 (2) to see

0 - r(st+1 m 6TQ:n+1,m .
Thus by Lemma 1.8.6 (2), there exists

A1
-1 € Qm m—1 SO er+1,m 6Qm m—1 "

Since by Lemma 1.8.5 r is surjective, there exists

; ,m € Q%?f_m SO TQ?n, Qm m—1-*
We complete the proof by setting Qm+1 m = Qm+1 m 6Q . Then
6Qm+1 m = 6Qm+1 m 66Qm, = 6Qm+1 m am+f2,m
er+1 m = er+1,m - T6Q2 m,m Qm+1 m (57“an m

A1
- er+1,m 6Qmm 1 —

Thus Qm+1 m has the required properties. 0O
For m even, we define elements of Qm+1 m Nkerr by setting:

:1,[ . 4
HmZ‘Lm = 5J¢ Biir 1 &5 zzR 5 el (£ even),
=2, —
:‘mz-l,m = Ejd) RZ112]2]1;]€7?}J73 6 ([ even),
=3, NN Y ,m i
“mz-l,m =ey¢ RZlZQ];]hkRJ’:g e’? (£ even),
=4, — V4 m k
“mz-l,m =elolo Ry Ter, (£ odd),
=5,
:‘m+1,m - 5J¢ ¢ i1 12kk]2R 6]1 ([ Odd)
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Lemma 1.8.8 Let m = 2m. Then Q

Proof: Let 0 # Qm+1,m € QL+
Expand

Nkerr = Span; , Hmle mt

m—+1,m

mt1,m Nkerr. Let A be a monomial of Qmt1,m-

A =¢' 0y bia, Rivjikatyior - Risjohot,i8,€"
where |, | > 1 and £ + v is even. The weight n of A is given by

Z Jevu] + Z (1] +2).
p=1
To ensure that r@) = 0, we must use the € tensor to contract 2m indices
in A and contract the remaining indices in pairs using the inner product. Let
k be the total number of indices appearing in A. As in the proof of Lemma
1.8.4, the following estimate is critical:
u v
E=Y la+ > (4+8,)+1=n+20+1  (18¢)

n=1 v=1

m+1- o= B <2n+1 (1.8.d)

n=1 v=1

2m

IN

We set n = m + 1. These inequalities, 2m < ... < 2n + 1 = 2m + 3, represent
a total increase by 3. Since 2m and n + 2v + 1 are both even, the inequality
in Display (1.8.d) must be strict and represent an increase either of 1 or of 3.
We distinguish two cases:

Case 1: Suppose that Display (1.8.c) is an equality. Then all the 2m indices
present in A are contracted using the £ tensor. We can commute covariant
derivatives at the cost of introducing additional curvature terms. Thus since
all indices are to be contracted using the ¢ tensor, we do not alternate two
indices in ¢, .. This means that we may assume without loss of generality that
the variables

¢“zz and ¢;...j1

are not present. This implies that |a,| < 2 for all u. Furthermore, by the first
and second Bianchi identity, at most 2 indices can be alternated in R;j;3-
Thus |8,| = 0 for all v. Since the inequality in Display (1.8.d) represents an

increase of 3, we have 25:1 || = 3. This leads to the invariants which have

=1,
—m+1,m"

Case 2 Suppose that Display (1.8.c) is not an equality. Then there are
2m + 2 indices and one explicit covariant derivative present in A; 2m indices
are contracted using the e tensor and two indices are contracted as a pair. This
yields the invariants =it for i = 2,3,4,5 and the additional invariants:

m+1,m
®m+1 m l Odd)a

(
®m+1 m 5J¢ ¢11 zzk]2]1R§3 e (é Odd),
®m+1 m = EJQS ¢l1 zzk]3]2R7,37,4J4kRJ5 6]1 (é Odd),
@ = €J¢ Rhlszz Rl3l4.7433,kR ’meh (é even)'

the form =

. 4 I,m
= 5J¢ ¢le112]2kR el
k

m—+1,m
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Note that the invariants Ofnlﬂ m (resp. 9m+1 m) are to be set to 0 if m < 3
(resp. m < 4).

To complete the proof, we must show the invariants ot m+1,m Play no role.
At this stage, we use the vanishing

g(vlawl) Q(Uz,wl) g(vm+1,w1)
V1, W Vo, W v w
0 = det g( 1y 2) g( 2, 2) g( m+1) 2) ’
g1, wmi1)  gU2, Wmt1) o G(Vmt1, Wint1)

which played a central role in Theorem 1.7.2, to derive some “unexpected
relationships”. Similar arguments were employed to establish Equation (1.8.b)
and will be used subsequently in the proof of Lemma 1.8.10.

Let U = (u1, -, Umt1) and let V' = (vq,...,0m41) be collections of m + 1
indices. Since i} = 0, we have

0= €V¢Z¢ K Um+1 Ul: (188)

where we sum over all possible pairs of m + 1 tuples U and V.

We shall expand the determinant i in minors around various rows and
columns. Let uy = k and let I = (i1,...,0m) = (U2,...,Um41). We expand
around row 1 and column 1 setting

v = k and J= (]1,,]m) = (’UQ,...,’Um+1) .
This yields the invariant
5J¢£¢ le i
Then we set vo = k and J = (j1,...,jm) := (v1,03, .., Um+1) tO obtain, after

taking into account the fact that the relevant sign is —1 when expanding a
determinant in minors around row 1 and column 2, the invariant

I ¢ Im 4
—e50 ¢;kRi1i2]'2kRJ,3 et
Then we set v3 = k and J = (j1, ..., Jm) := (V1,V2,04, ..., Umt1). Since we are

expanding in minors using the row 1 and column 3, the relevant sign is +.
This creates the invariant

I 0 Im _ I 0 I,m
+eh0 bk Riyinkjn Ry5 € = —e50 0 Riyinjak Ry 5 e

We continue in this fashion until finally we have that vp,+1 = k and we have
that J = (J1, -, jm) := (v1, ..., Uy ) Which creates the invariant

. I
+e50" O Risinjsjo e Riny inekjon € = =50 Gk Riyinjuk RS €71
We sum these invariants to expand Equation (1.8.e) around row 1 to show
I,
0 = SJ(be(b kR T k - m5J¢ ¢ lellzjsz 6]1 (lgf)
=4,
= ‘:‘m+1,m m®m+1 m*

Next, we expand about row 2. We set us = k and argue as above to see

0 = eh0'bis Rikjjs RS €" — 2656 605, Risrjuk RS (1.8.9)
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- ( - 2)5J¢ ¢ i1 R12k3332R1314J4kRJ5 el
= O, +2E0 L — (m—2)0%

m+1,m —m+1,m m+1,m -

Now we change the procedure slightly. We expand about column 1 by setting
vy = k. A similar expansion by taking u; = k for row 1, us = k for row 2, and
so forth then yields the identity

0 = eho'ouRlT e +melol b, Rijrjuss Ry e (1.8.h)
—4,0
= :‘m+1,m+m®m+1m

We use Equations (1.8.f), (1.8.g), and (1.8.h) to conclude therefore
2,6 3,0 =it
{®m+1 m>’ ®m+1,m7 eerl m} C Spa“n i,l{:‘in+1,m} -
Finally, consider the identity
0= 5g¢lRU2U3vsvz;U1RgT+l v

We expand around the first row. We set u; = k and then set v; = k, v = k,
., Un+1 = k in turn to derive the identity

_ Il Im _k I L Im j
0 = &0 Ri1i2j2jl§kRJ,3 e’ —2e;¢ Ri1i2j2k;kRJ,3 et
I L oL L. I,m Ji
_(m - 2)5J¢ Rz1£2]3]2;le3l4J4kRJ,S e
=20 =3, 4,0
- “m+lm ~ “—“m+l,m + (m - 2)Gm—i-l,m .

This establishes the lemma. 0O

1.8.4 Ezpressing the supertrace invariants in terms of a Weyl basis

We use the results of the previous Section to show
Lemma 1.8.9 There exist universal constants so that
1. If n <m orifn is odd, thena‘”‘i =0.

2. If m is even, then al%tl = cm,msJRJ:;n.

. d+é8 _ 1 I,m
3. If m is odd, then Uit ,m = cm+1,m6J¢;i1j1RJ’2 .
: d+6 S | 1 I,m
4. If m is even, then Ao = cm_,_Q,m(ngzS;iljl ¢;i2RJ73 )ija

2 Iplm 3 Ip . . I,my
+Crt2m(ETRIT ik + Cogo (€7 Rivinkju ik Riy3 )i

Proof: Assertions (1), (2), and (3) follow directly from Lemmas 1.8.1, 1.8.2,
1.8.3, and 1.8.4. To prove Assertion (4), let m be even. We apply Lemma 1.8.7
and Lemma 1.8.8 to see there exist universal constants so

d+4d =il :
am+2m Z Z cm+1m —“m+1,m (181)

i=1 {—even

=i,
+ Z Z cm+1m “m+1lm

i=4 {—odd
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We consider various contributions to affjfzm We shall eliminate some

monomials using the fact that the undifferentiated variable ¢ does not ap-
pear in any monomial of afn++‘i27m. We will also use the fact that if a monomial
of am +2 n involves the jets of ¢, then the weight of that monomial in ¢ is at
least 2 to eliminate other monomials.

We first study terms which are linear in the 2 jets of ¢ and which have
total weight 2 in ¢. Such terms can arise only when ¢ = 4 or when 7 = 5 in

Equation (1.8.1). We indicate the remaining terms by + ... to express

ad+e Z z 4 5

Um+2, m ¢ m+1 mYm+2,m + cm—i—l m m+2,m) + ... for
{—odd

4 N | I,m 5 T I,m

m+2,m " 5J¢;kkRJ,1 and Qm+2,m = 6J¢;i1j1 RizkkaRm

Since £ > 0, such terms do not appear in afni‘iz’m. Consequently

— 4 5
0= cm+1 m&@mi2m T Cm+1 m@mt2,m for ¢ odd.

We show that Q7,5 ,, and Q5 ., . are linearly independent by expanding

4
m+2,m =*- Am+1 m +0- Am+1 m + ..

5 — 5
m+2,m — * - Am—i—l,m +x- Am+1,m + .... where
4 ._

Ai1,m = ¢ Ri221 Ragaz . Ron 1, mm,m—1  and

5 —
Am+1 m " ¢;12R1332R3443---Rmfl,mm,mfl

and where x denotes a suitably chosen non-zero coefficient. This shows Q%, +2.m
¢ 5,0

s
- cm+1,m

and Q5, +2,m are linearly independent so ek = 0. Consequently

m+1,m

ad+e =il
m+2 m cm+1 m”—m+1l,m "

i=1 {—even

We may now argue that

alto =— > gt lzcm+1%+z,m+--- where

{—even (>0

1 —
m+1lm 5J¢]2¢ llJ1¢l2 J3 ’

2
m+1,m

3 ,_ >
m+1,m = 5J¢;j2Ri1i2kjl;kRJ,3 :

= 5J¢ kRzuszJLkRJ 3

We show that these 3 invariants are linearly independent by computing
Q:n+1,m - *Am+1 m + 0Am+1 m + 0Am+1 m + ...
3n+1,m = 0Am+1 m + *Am—i-l m + *Am+1 m +...
3
m1,m :0Am+1m+*Am+1m+0Am+1m+... where

Am+1 m = ¢;11¢;2R3443---Rm71,mm,m71;
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2 -

Am+17m = ¢;1R1221;1R3443---Rmfl,mm,mfly and
3 -

Astt,m = 03 R1221,3 R343R —1,mm,m—1 -

: 1,6 _ 2.0 _ 34
This shows that ¢,,, ,, =¢ = Cot1m

mtl,m =0 for £ > 0 and £ even. Lemma
1.8.9 now follows. 0O

Remark. It is by no means obvious that the invariants {an+2’m}?:1 form a
linearly independent set. The proof of Lemma 1.8.8 shows that there are “un-
expected relations”. The use of the “classifying monomials” A%, ., . shows,
fortunately, that this is not the case; there are no unexpected relations among
the invariants {Q, 15 }-

1.8.5 Supertrace invariants for manifolds with boundary

Let M be a compact m dimensional Riemannian manifold with smooth bound-
ary OM. Let a, i be the heat trace invariants defined in Equation (1.4.e). Let
B = B, or B = B, define either absolute or relative boundary conditions. Set

alt (6,9 B)(y) =Y (=1)Pan(y, AL, B).
p=0
If f e C>(M), then
i(—l)pTr r2(fe tAos)
p=0
~ Zt(n m/Z/ f d+t5 )(Z’)dl’
- t‘" m”/@ W) - a3 (6,9 B)(0)dy.

M k<n

The same argument given to establish Lemma 1.8.4 then shows
Gt k(893 Ba) = (=)™ a4 (6,6 Br)
We therefore restrict to absolute boundary conditions and set
a o 1(6,9) = ag’ (6,95 Ba)-

Let V be the Levi-Civita connection of the boundary. On the boundary,
consider polynomials in the components of the tensors

{R, VR, V?R, ..., L, VL, V’L, ..., V¢, V?¢,..}.
We do not introduce the variable ¢. We let
weight (VFR) := 2 + k,
weight (VFL) := 1 + k,
weight (V*¢) = k
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Let Qn,m be the space of all O(m — 1) invariant polynomials of total weight n

where we admit monomials which either do not involve the covariant deriva-

tives of ¢ at all or which involve at least two covariant derivatives of ¢.
Lemma 1.8.3 extends immediately to this situation to show

adt® € Q, 1 Nkerr. (1.8.)

nmk

Let 75n7m C Qn,m be the subspace of invariants that do not involve the
covariant derivatives of ¢. Setting ¢ = 0 defines a natural map from Q,, ,,, to
Pom. If P € Py m, then the evaluation J(P)(g) € R is defined by setting

By Lemma 1.5.10,
0= /M aZH, | (0,g)(@)da + /8 alo(0.0) 0y

We apply Lemma 1.8.9. The interior integrand a®;" +1 . vanishes if m is even.
It is divisible by V?2¢ if m is odd. Consequently it vanishes if ¢ = 0, for either
parity of m. This implies the boundary integral is zero and therefore

Jag ) molg) = 0. (1.8.K)

Let A and B be m — 1 tuples of indices indexing an orthonormal frame for
T(OM). Let “” be covariant differentiation with respect to the Levi-Civita
connection of 9M. We define

At
RB s Ra as+1bs+1bs"'Rat—latbtbt—l’ (181)
[’B )8 = Las bs Laib“

k A2k pAm—1
Fm—1 m o= 5BR 1 LB 2k+17

1,k ._ A, 2k Am—1
fm, . BR ¢ a2k+1b2k+1‘cB 2k+2>
2,k . A 2k Am—1
fm’ = ¢ a2k+1¢ b2k+1‘cB 2k+2
3.k . A 2k A,m—1
fm, : B{R Ra2k+1a2k+2b2k+2m‘cB 2k+3}:b2k+1 '

By definition, the empty product is 1. Consequently if t < s, then we shall set
Rg:g =1 and Eg’fq = 1. We shall also set Rg:g =1if ¢t — s is even. Thus

e5(Rarazmb £B3 )b2 ifm>4.
We extend previous results for the interior invariants to this setting as:
Lemma 1.8.10
1. We have Q,  Nkerr = {0} if n < m — 1.

2. We have Q°M. Nkerr = Span AFE i)

m—1,m
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3. We have Q. m Nkerr = Span , { FL* Frk 3+ {757‘?1% Nkerr}.

m,m?
4. If P e 755,% Nkerr and if J(P) =0, then P € Span  {F3* 1.
Proof: Let 0 #Q € Qmm Nkerr. Let A be a monomial of @) of weight n for

= ¢-a1 : ¢au ivjikilaiBr 'Rz’vjvk toiBoLarbiv ** Labyiva s

Zlau|+2 18,1 +2) +Z el +1).
v=1 o=1

p=1

To ensure that r@Q = 0, we contract 2(m — 1) tangential indices in A using
the e tensor; the remaining tangential indices must be contracted in pairs.
Since the structure group is O(m — 1), the normal index “m” can stand alone
and unchanged. Let k7 be the total number of tangential indices in A, and
let k,, be the total number of times the normal index m appears in A. Then

2m — 2 < kr < kr + kn, (1.8.m)
=Y ol + Y B+ + D (1] +2)

p=1 v=1 o=1
=n+2v+w

u v w
=203l = Y18 = 3 ol <20
pn=1 v=1 o=1

Assertion (1) of the Lemma follows as this is not possible if n < m — 1.

We set n = m — 1 to prove Assertion (2). All the inequalities of Display
(1.8.m) must have been equalities so there are no covariant derivatives and
thus the ¢ variables do not appear. All the indices are tangential and are
contracted using the € tensor. After using the first Bianchi identity, we see
that this leads to the invariants 7% . which proves Assertion (2).

Let n = m. Display (1.8.m) involves a total increase of 2. Thus at most 2
explicit covariant derivatives are present. However, unless at least 2 covariant
derivatives are present, ¢ is not involved and this leads to invariants which
belong to 75m,m N kerr. Thus we may suppose exactly 2 explicit covariant
derivatives are present, and that all of them appear on ¢. Consequently

u
kr=2m=—2, kn=0, Y |a,|=2

v w
Z|Bu|:07 and Z|’YU|:O'
v=1 o=1
Since every index is tangential and all are contracted using the tensor e, after
applying the Bianchi identities, we obtain the invariants F4*  and F2% .
This completes the proof of Assertion (3).

To prove Assertion (4), we set ¢ = 0 and consider only metric invariants.
Let 75£7m be the space of p form valued invariants which are homogeneous of
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degree n in the derivatives of the metric; P, ,, = 7527m. Let

5 75£7m — ’ﬁg;}m
be induced by the coderivative of the boundary. Lemma 1.8.6 extends to this
setting to become

L. ris a surjective map from PE  to P? | with ro?M = Ny
2. Ifn#m—1,then PY, NkerJ=6PL_, ..
3. If n #m — 1, then 75,1L_17m Nkerd = 575%_27”1.

Let Ppm € 75m,m Nkerr N ker J. Choose

1 51 <51 _
P im €Pm_1m SO 6Pm_17m =Pum -

Unfortunately, P, ,, need not vanish and we must adjust P,, ,,, in ex-
actly the same fashion as was done previously. Since
Srpg%lym = TSPrlnfl,m = Tpm,m =0,
we may choose
2 52 3 p2 1
Pm72,m71 € ,Pm72,m71 SO 6Pm72,m71 = Tpmfl,m .
Since r is surjective, we may choose
2 52 2 2
Pm—2,m € Pm—Q,m SO er—2,m = m—2,m—1 -
We then have
S{Pr}z—l,m - S‘Pr2n—2,m} = gPrln—l,m = PmJn:
1 3 p2 1 3 p2
T{Pm—l,m - 6Pm—2,m} = Tpm—l,m - 6er—2,m
= rPrlnfl,m - SPTanZ,mfl =0.
Consequently
Prm Nkerr NkerJ = 5{75,1”_17,,1 Nkerr}. (1.8.n)

We clear the previous notation. Let 0 # Py, _; . € 7571n_17m Nkerr and let

c
A= Ri1j1k1l1;ﬁ1 "'Rivjv kv lyiBy Lﬂ1b1W1 "'Lﬂwbwi“rw €

be a monomial of P,,_, . Since rP,,_, . = 0, we must contract 2(m — 1)
indices in A using the € tensor and contract the remaining indices in pairs.
We estimate

v w

20m—1) <kp <kr+kn =Y (1B]+4)+> (el +2) +1

v=1 o=1

=n+20tw+1=2m-> |B]=) |y/+1<2n+1. (18.0)
v=1

= o=1

As n = m — 1, this sequence of inequalities represents a total increase of 1.
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Thus k7 = 2(m — 1) and every tangential index is contracted using the e
tensor. By Lemma 1.1.4,
chcgzcl - Lclcgzcz = chgc;;m .

This permits us to assume |y,| = 0 and consequently there are no tangential
derivatives of L present. If k,,, = 0, then every index is contracted using the
¢ tensor. Thus the Bianchi identities show |3, = 0 for all v. This means
that every inequality in Display (1.8.0) is an equality which is impossible.
Consequently &k, =1 and ), |8,| = 0. This leads to the invariants

k ._ ~BpA2k Am—=1 _bog4o
gm—l,m = 5ARB,1 Ra2k+1a2k+2mbzk+1[’B,2k+3e :

Assertion (4) now follows from Equation (1.8.n) as
Sgrljz—l,m = _fr?;i,km .
This completes the proof. 0O

The following Lemma is now an immediate consequence of Lemma 1.8.10,
Equation (1.8.j), and Equation (1.8.k). We adopt the notation of Display
(1.8.1).

Lemma 1.8.11 There exist constants so that:

d+6 k k

1. am,m,O - Ek Cm,m,()]:mfl,m
d+6 _ k k

2. R R Ek Cm+1,m,1‘7:m—1,m'
d+48 _ i,k ik

3 Q1 mo = Ei,k Con1,m,0F mm -

1.9 Chern-Gauss-Bonnet Theorem

We adopt the notational conventions established in Section 1.8. Let M be a
compact Riemannian manifold of dimension m with smooth boundary and let
B, define absolute boundary conditions. We set ¢ = 0 to define

m

an,m(g)(x) := Z(—l)pan(w,A”) and
an7myk(g) (y) = (_l)pan,k(ya Ap, Ba) .
p=0

If M is closed, then the following result follows from the pioneering work of
Patodi [301]; it had been conjectured by McKean and Singer [278] who had
established it in the special case that m = 2. Subsequently, additional proofs
were given by Atiyah, Bott, and Patodi [7] and by Gilkey [173]. The extension
to manifolds with boundary was established later in [175]. We will discuss
similar results subsequently in Section 3.8 for the Witten Laplacian if ¢ # 0.
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Theorem 1.9.1 Adopt the notation given above.

_ . Im
1. If m = 2m is even, then alt? (9) = —gmmic i Ry -
2. If m = 2m + 1 is odd, then a%? (9) = 0.

3. Impose absolute boundary conditions. Then

d+6 _ 1 ApA2k pA;m—1
Urm,0(D5 9) = 2 oA —Taoe =T=m €8 KBt LB 2k41 -

We can use Lemma 1.5.10 to prove the Chern-Gauss-Bonnet Theorem [122,
123]; this result expresses the Euler-Poincaré characteristic x (M) in terms of
curvature.

Theorem 1.9.2 Let M be a compact Riemannian manifold which has smooth
boundary OM .

1. If m = 2m is even, then
I,
X(M) = [y s R
A,?kEA,m—l

1 A
+ S 2k TSR =T 2R ol (ST EB R B)1 LBakt1 -

2. If m =2m + 1 is odd, then

_ 1 Ap A2k pA;m—1
X(M) = o0 2k RT3 el S TR E 8RB LBkt -

Subsequently, the local index density for the classical elliptic complexes
was identified by Atiyah, Bott, and Patodi [7] who used this to give a heat
equation proof of the Atiyah-Singer index theorem in complete generality.
The case of manifolds with boundary was studied in [175]. We also refer to
[61, 63, 189, 279] for other treatments of the local index theorem.

Patodi’s approach involved a direct calculation analyzing cancellation for-
mulae for the fundamental solution of the heat equation. Atiyah, Bott, and
Patodi used invariance theory to identify the local index density for the twisted
signature and twisted spin complexes. By expressing the de Rham complex,
at least locally, in terms of the twisted spin complex, they gave a second proof
of Patodi’s result for the de Rham complex.

Proof: We first analyze the interior invariants. Suppose m = 2m. We set
¢ = 0 and apply Lemma 1.8.9 to see there is a universal constant ¢, ,, so

a’;inffn (9)(z) = cm,mggRgﬁn :
Let M,, := S? x ... x S? with the standard metric. We then have that
2" = (M) = [ alil()a)de
My,
= 4"mlepm mvol (M) = 4™mlcy, m(4m)™ .

We use this relation to establish Assertion (1) of Theorem 1.9.1.
Assertion (2) of Theorem 1.9.1 follows from Lemma 1.8.9.
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We apply Lemma 1.8.11 to express
k A A2k pAm—1
Am,m,0 = Z cm,m,OSBRB,l ‘CB,;H-I :
k
We let My, := 5% x ... x $2 x D™ 2% where 0 < 2k < m — 2. Then

2 = x(Muu)
4kl (m — 1 = 2k)!ef, 1 ovol (Mo k)

(167)*E!(m — 1 — 2k)!vol (S™ 172k,

We solve this equation for Cfn,m,o to complete the proof of Theorem 1.9.1.
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Chapter 2

Heat Content Asymptotics

2.0 Introduction

In Chapter 2, we discuss the heat content asymptotics. We adopt the following
notational conventions throughout. Let M be a compact Riemannian manifold
of dimension m with smooth boundary OM. Let V' be a smooth vector bundle
over M and let D be an operator of Laplace type on C*(V'). Let Dp be
the realization of D with respect to the boundary conditions defined by a
suitable boundary operator B. We shall always assume that (D, B) is elliptic
with respect to a cone Cs for 0 < ¢ < 7; we refer to the discussion in Sections
1.4 and 1.5 for further details. Let Dg be the associated realization.

Let D be the adjoint operator on the dual bundle V* and let B be the
adjoint boundary operator; the operator B will be an operator of the same
type which is defined by the dual structures on V* and hence (D,B) will
also be elliptic with respect to the cone Cs. Let V and E be the canonical
connection and endomorphism determined by D as discussed in Lemma 1.2.1.
Let V and E be the dual structures on V*. By Lemma 1.2.2,

D¢ = —(¢yii + E¢) and D = —(p.i + Ep).

Let ¢ € C*(V) be the initial temperature distribution. Let u = e~*P5 ¢ be
the subsequent temperature; u is characterized by Display (1.4.d)

(0 +D)u=0 for t>0 (evolution equation)
Bu=0 for t>0 (boundary condition)
Ult=0 = ¢ (initial condition).

The initial condition is to be understood in the distributional sense if OM is
non-empty. This means that

tim [ (u(ai0). @i = [ (@) s forall peC=(7),
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Let p € C*°(V*) be the specific heat. The total heat energy content of the
manifold is defined to be

5(6.0.D,B)(0) = [ (ulait), o).

M

By Theorem 1.4.7, there is a complete asymptotic expansion as ¢ | 0 of the

form
o0

B(¢,p, D, B)(t) ~ > t"/*Bu(¢,p, D, B),
n=0

where the heat content asymptotic coefficients (3, are locally computable

Bu(d,p, D, B) = /Mﬂm,p,m(x)dﬂ /8 B 0. D.B) )y

The interior invariants are completely determined by Equation (1.4.f);

0 if nisodd,
B! (¢, p, D) () :{ (—1)* L (D*¢, p)(x) if n=2k.

Thus we shall focus on computing the boundary integrands for various bound-
ary conditions. We will often replace the interior integrand %(D2¢, p) by the
more symmetric integrand 1 (D, Dp) in discussing 4. This requires changing
the formula for 87™ to include the appropriate correction term in the Green’s
formula. This change is motivated by preserving the symmetry, established in
Lemma 2.1.3, between the roles of ¢ and p

Bu(d,p, D, B) = Bu(p, ¢, D, B).

In Sections 2.1 and 2.2 we review the functorial properties which these
invariants have for quite general boundary conditions. There are many func-
torial properties which are independent of the particular boundary condition
studied. The symmetry property of Lemma 2.1.3 and the product formula of
Lemmas 2.1.8, 2.1.9, and 2.1.10 are true quite generally. There are also rela-
tions between the heat content asymptotics for various boundary conditions.
For example Lemma 2.1.15 relates heat content asymptotics for Dirichlet and
Robin boundary conditions, Lemma 2.2.1 and Lemma 2.2.5 relate transmis-
sion and transfer boundary conditions to Dirichlet and Robin boundary con-
ditions, and Lemma 2.2.16 relates heat content asymptotics for mixed and
spectral boundary conditions. There are also many results which are specific
to the particular boundary condition studied.

In subsequent sections, we treat various boundary conditions separately. In
Section 2.3 we study the heat content asymptotics for Dirichlet boundary con-
ditions. In Theorems 2.3.1 and 2.3.2, we discuss the heat content asymptotics
in the special case that ¢ = p = 1 and D is the scalar Laplacian for the unit
disk or the upper hemisphere, respectively. In Theorem 2.3.3, we determine
Bn(d, p, D, B) for general ¢ and p and for general operators of Laplace type
for n < 4. In Theorem 2.3.4, we return to the special case in which D is the
scalar Laplacian and ¢ = p = 1 to give 5. We shall follow the discussion in
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[46] for the proof of Theorems 2.3.1 and 2.3.3; we shall not prove Theorems
2.3.2 or 2.3.4 but instead refer to [37, 47] and [49], respectively, for further
details.

In Section 2.4, we discuss the heat content asymptotics for Robin boundary
conditions; these boundary conditions are defined by the operator

B¢ := (¢p;m + Sé)|om

where ¢.,, denotes the covariant derivative of ¢ with respect to the inward
unit normal vector field and where S is an auxiliary endomorphism of V' |g,.
In Theorem 2.4.1, we follow the discussion of [45, 132] to give the heat content
asymptotics for n < 6. The results of Section 2.3 play an important role in this
discussion as Lemma 2.1.15 relates the Dirichlet and the Robin heat content
asymptotics. In Section 2.5, we combine the results of Sections 2.3 and 2.4 to
treat the invariants S3,(¢, p, D, B) where B is the mixed boundary operator

Bo =T (p.m + S)|ors ®I_Ploms

introduced in Section 1.5.3. In addition to terms that arise from decoupling the
problem as a direct sum of Dirichlet and Robin boundary conditions, there
are new contributions which reflect the failure of the problem to decouple.
These terms arise both from the endomorphism E which can intertwine the
Dirichlet and Neumann bundles V_ and V, as well as from the failure of the
splitting V|sp = V4 @ V_ to be parallel with respect to the connection V. In
Theorem 2.5.1, we present results of [132] giving the heat content asymptotics
in this setting for n < 3. In principle, 84 could be computed, but the essential
new features are already manifest at the 83 level.

In Sections 2.6 and 2.7, we follow the discussion in [194] to discuss trans-
mission and transfer boundary conditions. Much of the computation relies
upon the functorial properties which relate the heat content asymptotics with
these boundary conditions to the corresponding heat content asymptotics with
Dirichlet and Robin boundary conditions. There are, however, significant new
phenomena which relate to the singular structures involved and which relate
to the results in Lemmas 2.2.2 and 2.2.3 discussed in Section 2.2. We give in
Theorems 2.6.1 and 2.7.1 the heat content asymptotics for n < 3 for transmis-
sion boundary conditions and for transfer boundary conditions, respectively.

In Section 2.8, we study oblique boundary conditions

B¢ := (Ve, + Br)dlom

where B is a suitably chosen tangential operator. The ellipticity condition is
not automatic in this setting, but it does follow for small tangential operators
by Lemma 1.6.8. It is somewhat surprising that the heat content asymptotics
in this setting are not sensitive to the loss of ellipticity; the formulae of The-
orem 2.8.1, which summarizes work of [196], remains valid for all tangential
operators By. By contrast, the formulae for the heat trace asymptotics given
in [25, 146] become singular when the ellipticity condition breaks down.

In Section 2.9, we study time-dependent phenomena where the operators D;
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in question are operators of Laplace type for a smooth 1 parameter family of
time-dependent Riemannian metrics. We consider either Dirichlet boundary
conditions or a smooth 1 parameter family of Robin boundary conditions.
Theorem 2.9.1 generalizes results of [190] and computes §,, for n < 4 in this
setting.

In Section 2.10, we return to the discussion of static operators; these are
operators whose coefficients are independent of ¢t. We follow the discussion of
[49, 51] and consider the inhomogeneous problem

(Or + D)u(z;t) = p(z;t) t>0 (evolution equation),
Bu(y;t) = ¢(y;t) t >0,y € M (boundary condition),
ult=0 = ¢ (initial condition).

Here p is a smooth time-dependent potential function describing heat sources
and sinks in the interior and v is a smooth time-dependent function giving the
heat flow on the boundary. The problems decouple; we can consider the effect
of p, of ¥, and of a time-dependent specific heat p separately. In Theorem
2.10.1, we deal with time-dependent specific heats p(z;t) and in Theorem
2.10.3 we study the potential p(x;t). Both theorems relate the resulting heat
content asymptotics to previously computed invariants. The most interesting
phenomena relate to the heat transfer defined by . Expand

)~ >t
i=0

in a Taylor series. Assuming one can find harmonic functions h; so Bh; = 1,
Theorem 2.10.6 relates the heat content asymptotics defined by the boundary
heat pump 9 to the heat content asymptotics with initial conditions h;. In
Theorem 2.10.10, we show that the heat content asymptotics 3, (hi, p, D, B)
for n > 1 are in fact determined by ;, and thus the formulae of Theorem
2.10.6 are local in ;. In the proof of Theorem 2.10.9, we add a fictitious Dirich-
let boundary to facilitate finding such harmonic functions h; and thereby solve
the problem of a boundary heat pump without any additional assumptions.
In Section 2.11 we discuss non-minimal operators of the form

D:=Adé+Béd—FE on C*(T*M).

These are not operators of Laplace type. We follow the discussion of [188] to
determine the invariants £y, 51, and - in this setting for relative and absolute
boundary conditions.

In Section 2.12, we generalize the discussion in [197] to present some pre-
liminary work concerning the invariants gy, 81, and 2 for spectral boundary
conditions.

In our study of the boundary invariants for various boundary conditions,
we shall have to introduce various universal constants. We clear the previous
notation in each new Section; thus the constants ¢; of Section 2.3 have no
relation to the constants of Section 2.4.
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2.1 Functorial properties I

The heat content asymptotics have a number of functorial or naturality prop-
erties that will be essential to our study of these invariants. Until much later
in this section, we work in great generality. We suppose M is a compact Rie-
mannian manifold with smooth boundary M. We fix 0 < § < 7; we shall
take = 0 except when considering oblique boundary conditions.

Let D be a second order partial differential operator and let B be a boundary
operator. Let (D,B) be the dual structures on V*. We say that (D,B) is
admissible if (D, B) and (D, B) are elliptic with respect to the cone Cs for some
0 <6 < §.If D is an operator of Laplace type and if B is one of the boundary
operators discussed in Sections 1.5 and 1.6, then (D, B) is admissible.

We shall implicitly assume a linkage between the operator D and the Rie-
mann metric. If D is an operator of Laplace type, then the leading symbol
of D is given by the metric tensor. Similarly, if D = Adé + Bdd — E is a
non-minimal operator on C*°(T*M), then again the linkage is clear. In the
general setting, the linkage must be imposed externally to make sense of the
results concerning product formulae and dimensional analysis given in Sec-
tions 2.1.7 and 2.1.8; we shall not bother to discuss the nature of this linkage
in the general setting as the two examples cited above are the only ones we
shall be interested in.

It is sometimes not safe to commute a spectral invariant function, such as
the heat content asymptotics or the heat trace asymptotics, with a variation.
For example, the eta invariant is not continuous as an R valued invariant,
although it is continuous when regarded as a R/Z valued invariant. However
as we shall be dealing for the most part with invariants which are given by a
local formula, the methods described in [189] Lemma 1.9.3 (d) apply and can
be extended to the class of manifolds with boundary as long as the boundary
condition is not varied. We shall therefore not belabor the point unduly but
shall simply commute the two processes as needed henceforth.

In Section 2.9, we will study variable geometries. Let © = {D;} be a smooth
1 parameter family of second order operators and let 8 = {B5;} be a smooth
1 parameter family of boundary operators. We say that (D,B) is admissible
if (Dy, B;) is admissible for all ¢ in the parameter range. Many, but not all, of
our results hold true in this slightly greater generality. We shall formally let
u = e~ 2 ¢ denote the solution to Equation (1.6.p). This is not defined by
the functional calculus.

2.1.1 The interior integrands

If (D, B) is admissible, then the heat content asymptotics are well defined.
The following observation will be fundamental to our study.

Lemma 2.1.1 If (D, B) is admissible, then:
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1 /30(¢:P:D:B) = fM(QS)p)dx
2. If k > 1, then we may take B} _, (¢, p, D, B)(z) = 0.

8. If k > 1, then we may take B (¢, p, D, B)(z) = (—1)’“%(Dk¢,p)(m).
Proof: Let u:=e~tP5¢. Since lim; o u(-;t) = ¢ in the distributional sense,
tim [ (ulait), pla)ds = [ (6(0),pla))de.

t40 Jar M

Assertion (1) now follows. Furthermore, Assertions (2) and (3) follow from
Equation (1.4.f). O

2.1.2 Shifting the spectrum

The following Lemma is useful in studying the dependence of ,, upon the
auxiliary endomorphism F.

Lemma 2.1.2 Let (D,B) be admissible.
1. B(¢,p,D —eld,B)(t) = e B(4,p,D,B)(1).
2. Oc|e=0Bn(¢, p,D —eld,B) = B,2(4, p, D,B).
Proof: Let u=e"t®5¢. Let D;. := D; —eld define the 1 parameter family
D.. Let u-(z;t) := eu(x;t). We show that
Ue = 6_t©6'3¢;
the assertions of the Lemma will then follow. We compute
(0t + Dt ue = Oyue + Dy cue = € (0pu + cu) + € (Diu — eu) = 0,
Biu. = e*Byu =0,

Ucli—o = Ult—0 = ¢. DO

2.1.3 A duality relationship

We relate the heat content asymptotics of (D, B) and of (D, B); this lemma
does not generalize to the time-dependent setting.

Lemma 2.1.3 Let (D, B) be admissible. Then:

L. B(9,p, D, B)(t) = B(p, &, D, B)(1)-

2. Bu(#:p, D, B) = Bulp, ¢, D, B).

Proof: Let u(z;t) := e 'P5¢ and let d(x;t) := e P5p. Let dyu and 8,

denote the derivatives of u and of @, respectively, with respect to the temporal
parameter ¢t. By the defining equation,

Ot =—Du and Oyt =—-Du.
Fix t > 0. For 0 < s < t, we define
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We may then use the chain rule and the product rule to compute

00) = [ {(@uutais)itest — ) = (ulai). dviait - 9)

= /M { — (Du(z; s),a(z;t — s)) + (u(z;s), Du(z;t — s))}dm

Since Bu = 0 and Ba = 0, the boundary terms vanish in the Green’s formula
and consequently we have that

/ { — (Du(z; ), ii(z;t — 8)) + (u(z; s), Du(x;t — s))}da: =0.
M
This implies 05 f(s) = 0 so f(s) is constant. Thus

0 = J0-10= [ {<u<x;t>,a<m;o>> - <u<m;o>,a<w;t>>}dw

/ {<u<w;t),p<w>> - <¢<x>,a<x;t»}dm
M
= /B(QS;P,D;B)(t)_ﬂ(P:@D;B)(t)

This establishes the first assertion; the second then follows from the first. O

2.1.4 A recursion relation

We can generalize the recursion relation of Equation (1.3.e) to the case of
manifolds with boundary if ¢ satisfies the boundary condition under consid-
eration.

Lemma 2.1.4 Let (D, B) be admissible. If B¢ =0, then:

1. 0:B(9, p, D, B)(t) = —=B(Dg, p, D, B)(t).

2. Bu(d,p, D,B) = =2B,-2(D¢,p, D, B).

Proof: We shall use the same argument as that given in the proof of Asser-
tions (2) and (3) of Theorem 1.3.12 to establish Equation (1.3.e). Let

a(z;t) = e*tf)l?p.

Since Bii = 0 and B¢ = 0, we can integrate by parts to conclude

/M(f?ﬂ(w;t),@dw:/ (@(xz;t), Dp)da .

M
We apply Lemma 2.1.3 to prove the first assertion by computing

8:8(¢, p, D, B)(t) = 8:B(p, &, D, B)(t)
= [ @) o@ide == [ (Ditei),o(e)ds
=~ [ {aai).Dota))ds = ~B(p. D6, D, B)(®)
—B(Dg, p, D, B)(t).
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We equate the coefficients of corresponding powers of ¢ in the asymptotic
expansions to derive the second assertion from the first. 0O

We can draw a useful consequence from Lemmas 2.1.1 and 2.1.4 that we
shall need subsequently in Section 2.10.

Lemma 2.1.5 Let (D, B) be admissible. Normalize the interior integrands for
Br as in Lemma 2.1.1. Then there exist natural partial differential operators
Tpn so that

/32M(¢; p, D, B) = faM ZP(BDPQS, Tp,np>dy .
Proof: Choose a complementary boundary condition By so the Cauchy data

dlom B buml|om

is determined by B¢ @ Bi¢. For example, if B defines Dirichlet boundary
conditions, then we can let B; be the Robin boundary operator for any S;
if B defines Robin boundary conditions, then we can let B; be the Dirichlet
boundary operator. The Cauchy data of all orders is then specified by

©,{BDP$ ® BiD"$} .

We integrate by parts tangentially to see there exist natural partial differ-
ential operators Tj ,, and Up , so that

BaM (¢, p, D, B) = /8 y {Z(BD%, Typnp) + Y _(BiD", Up,np>} dy .

p

Choose & € C*(V) so that

BDP® =0 for 2p <mn, and
B1D?® = By DP¢ for 2p < n.

By Lemmas 2.1.1 and 2.1.4,

0 if n is odd,

n(I)a 7DaB = A .
On(®: 0 ) { (-Dk & [, (D*®, p)dz  if n is even.

It now follows that 39 (®, p, D, B) = 0 and hence

0= /m {Z(BlDP(}, U,,,np>} dy .

p

The Lemma now follows as

/BM {Z(BIDP¢7 Up,np>} dy = /BM {%:(Bleq):Ume)} dy. O

p
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2.1.5 Heat content asymptotics for self-adjoint operators

Assume that V is equipped with a positive definite Hermitian inner product
(-,). Set u := e tPs¢p. If p € C°(V), then we define

B(6,p, D, B)(t) = /M<u<m;t>,p<x>>da:.

Note that this is conjugate linear in p.

We assume further that Dp is self-adjoint. Let {¢;, A;} be a discrete spectral
resolution of Dg as discussed in Theorem 1.4.18. We define the associated
Fourier coefficients for ¢ € C*° (V') by setting

0i(9) = (6, 6i)1= = /M<¢(x>,¢i<x>>dx

Lemma 2.1.6 Let (D, B) be admissible. If Dg is self-adjoint, then:
L 09 = Ty o0
2. B(d,p,D,B)(t) = X, e~ ai(¢)ai(p).

Proof: The Fourier coefficients o;(¢) are uniformly bounded since

> 0i(¢)” =10l7= < oo.

i

The estimates of Theorem 1.4.18 show the series
Z e~ oi(9) i,

converges uniformly in the C*¥ norm for any k for ¢ > 0; it also converges in
the L? norm for ¢t = 0. Assertion (1) is now immediate since u satisfies the
defining relations given in Display (1.4.d):

(6t+D)u = Zal 8t+D —tAi i
= Zai (=i + Xi)e Mgy =0,
Bu = 3 oi(@)e B =0,

Zgi(¢)¢i:¢ in L.

The series in question converge uniformly. Consequently, we can interchange
summation and integration to prove Assertion (2) by computing

B(6,p, D, B)(t) = / (u(:t), ple))da
M
/M Z e~ oi(9)(di(x), p(x))dx

u(+;0)
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= e*”‘iai i(z), p(z))dz
= S0 [ il plaa
= Ze Nig i 5'1' ) O

We use Lemma 2.1.6 to see

ﬂ(‘f):P:D B Ze iai 51' ))
B(pvd)vD B Ze i i 7' )7 S0
B(¢,p, D, B)(t) = /3(1),425,17,5)( )-

Thus we recover Lemma 2.1.3 in this setting; the complex conjugate is in-
troduced as the identification of V' with V* is conjugate linear. Similarly, if
B¢ = 0, we may integrate by parts to see

0:(D§) = /M<D¢<m>,¢i<w>>dw - /M<¢<w>,D¢i(x>>dw
~ n / (6(2), 61(2)) = Aios(6) .
M

Consequently, we may give another derivation of Lemma 2.1.4 in this setting
by computing

3(Dé, p, D, B)( Ze i N0i(0)Fi(p)

= —0. ¢ Mou0ailo) = =048 (6. D))

2.1.6 Direct sums

The heat content asymptotics are additive with respect to direct sums.
Lemma 2.1.7 Fori=1,2, let (D;,B;) be admissible. Let

D=9y and B:=B1 6B on C®ViaW).
Let ¢ := ¢1 @ ¢ and p := p; ® pa for ¢; € C(V;) and p; € C>(V;*). Then:
1. B(¢,p,D,B)(t) = B(d1,p1,D1,B1)(t) + B(d2, p2, D2, Ba)(1).
2. Bn(0,0,D,B) = Bn(d1,p1,D1,B1) + Bn(d2, p2, D2, B2).
Proof: It is immediate that (D,9) is admissible. Let
w(z;t) := uy (w;t) ® ua(a;t) where u;(z;t) = e HP)Bi g,
We check that u = e~ #®% ¢ by verifying that the defining relations are satisfied
(0r + Di)u = (8¢ + Dya)ur ® (O + Dy 2)us =0,
Bu = Btius & Bipus =0,
Ult=0 = U1|t=0 D Uz|t=0 = ¢1 D P2 = ¢.
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Assertion (1) now follows from the computation

B(6, p, D, B)(1) /M<u<m;t>,p<m>>dm

- {<u1(x;t>,pl(m>>+<u2<m;t>,pz<m2»}dm
M
= /8(¢17p1>%1)©1)(t)+B(¢2>p27©2>%2)(t)'

Assertion (2) follows from Assertion (1) by equating terms in the asymptotic
expansions. 0O

2.1.7 Products

There are a number of product formulae that are important to our investiga-
tion. We begin by studying Cartesian product structures:

Lemma 2.1.8 For i = 1,2, let (9;,B;) be admissible on vector bundles V;
over compact Riemannian manifolds (M;, g;). Let My be closed so no boundary
condition is needed for ©1. Let (M,g) := (M1,g91) X (M2, g2) be the product
Riemannian manifold and let V := 77V, @ 75V be the tensor product bundle
over M. Define ® and B by setting

D; .= Dt,l ®RIdy +1d; ® Dtyg and By :=1d ® Bt’2 on COO(V) .

Let ¢(x) := ¢1(x1) @ d2(22) and p(x) := p1(x1) @ p2(2) for ¢y € C°(V;) and
pi € C°(V.*) over M;. Then:

(2

1. B(,p,D,B)(t) = B(1,p1,D1)(t) - B(@2, p2, D2, B2)(2).
2. Bn(8,0,D,B) =31 1=n Bp(d1,01,D1)B4(02, p2, D2, B2).

Proof: It is immediate that (D,9) is admissible. Let
i (1;1) := e Py,
uz(x2;t) == e~ t(D2)m, b2, and
u(z;t) = up(x1;t) @ ua(z2;t).
We show that u = e~'®% ¢ by checking that the defining relations are satisfied

(Or + Di)u = (0 + Dy 1)ur ® ug + ug ® (0r + Dy 2)us =0,
Biu=u; ® Bt’2/u/2 =0,
ult=0 = u1lt=0 ®@ uali=0 = ¢1 @ 2 = ¢.

Consequently, we may establish Assertion (1) by computing

86,0, D, B)(1) = /M<u(m;t>,p(m>>dm

/ (un (2138), 1 (1)) - (n(2; ), po(2) ey - ey
M
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- /Ml<u1(m1;t>,m<x1>>dm1- / (s (225 1), pa(2)) s

Mo

= B(d1,p1,D1)(t) - B2, p2, D2, B2)(1) -

Assertion (2) follows from Assertion (1) by equating terms in the asymptotic
expansions. 0O

Lemma 2.1.8 can be generalized to study certain warped products:

Lemma 2.1.9 For i = 1,2, let (9;,%B;) be admissible on vector bundles V;
over compact Riemannian manifolds (M;,g;) of dimension m;. Let M; be
closed so no boundary condition is needed for ©1. Let 0 € C*°(M>). Let

M := M; x My, ds3y := e*7ds3,, +dsi,,

D= 2D, @ldy +1d; ©Dy, B:=1d, © By,

¢ =1 ® ¢z for pi € C*(Vi),  p:=p1L @ py for pi€ C=(V).
If Di1g1 =0 for all t, then

1. /B(QS;P;D;%)(':) = (¢1:Pl>L2ﬂ(¢2:emlaP2:©2;%2)('5)-
2. Bn(¢a pvgv%) = <¢1:PI>L25n(¢2:€mNP2:©2a%2)-

Proof: It is clear (D,B) is again admissible. Let
Uz = e P800 and  w(x;t) := ¢ (21) @ ua(wa;t) .

We show that u = e t®= ¢ by computing

(Or + Dy)u = 6720Dt,1¢1 Q@ uz + ¢1 ® (0r + Dy 2)us =0,

Biu = ¢1 ® By ouz =0,

Ult=0 = Ut|t=0 ® P2 = p1 ® P2 = .
The Riemannian measure dz for the warped product metric on M is given by

dr = ™ dxdxs

where dz; are the Riemannian measures on the factors M; for i = 1,2. Thus

B(¢7 p7©7 %)(t)
- /M<¢1<m1>,p1<:c1>><u(w2;t>,p2<w2>>em”dm1dm2

- / (61(21), p1 (1)) das - / (u(s: 1), €™ po(2))das
M, Mo
= (¢17p1>L26(¢27emlap%@%%?)(t)'

The first assertion now follows; the second follows from the first by equating
terms in the asymptotic expansions. O

A similar argument can also be used to warp the lower order terms. We
introduce some notational conventions. Let (61, ..., 0,—1) be the usual periodic
parameters on the torus T™ ! := §! x xS*,
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Lemma 2.1.10 Let M := T™ ' x M with ds3; = guv(x2)d8" o df” + ds3,, .
Let A be the associated scalar Laplacian; the associated connection is the flat
connection. Let B define Dirichlet or Robin boundary conditions. Let &, , be
smooth vector fields on M. Set Dy := A+Y", o {G¥4020Y +¢&,,,00 + Frol}t".
Let ¢ = ¢(x2) and let p = p(0,z3). Then:

1' B(¢7p7©78)(t) = B(¢7p7 A7B)(t)'

2. Bn(d)a »,9, B) = Bn((b: P A, B)

Proof: Clearly (9, B) is admissible on M. We may decompose A = P; + P
where P; is a tangential operator on My whose coefficients depend only on x5

and P; is a tangential operator on T™~! whose coefficients depend on both
72 and on #; there are no mixed 079 terms. Set

Uy 1= eft(P”)qS on My and w(f,x2;t) :=u(x2;t) on M.
We show u = e~t®5 ¢ by verifying the defining relations are satisfied
(Bt + Dt)u = (8t + PQ)UQ = 0,
Bu = Bus =0,
U|t=0 = U2|t:0 =9¢.
It now follows that
5(6.0.2.B)(0) = [ (uslowit), plo, 0.
M
Setting G =0, £ =0, and F = 0 then yields as a special case that
56,0 M B)0 = [ (uslowit), plos, ).
M
The Lemma now follows from these two identities. 0O

We will use the following variant of Lemma 2.1.10 in Section 2.8 in our
analysis of oblique boundary conditions.

Lemma 2.1.11 Let M := T™ ! x [0,1] with ds%; = gas(r)df® o d§° + dr?.
Let A be the associated scalar Laplacian. Let V := M x Ct. Let

D:=A®Id + A%(0,r)d’ and B:=8,1d + B(,r)d’ + S

where S € My(C) is constant and where A*, B* € C*(End (V)) are ar-
bitrary. Assume (D,B) is admissible. Let ¢ = ¢(r) and p = p(6,r). Then
B(¢,p,D,B)(t) and B, (¢, p,D,B) are independent of {A*, B*}.

Proof: Decompose D = P; + P, where P, is a tangential operator on M; and
P, is a tangential operator on [0, 1] and where D¢ = Py. Set ug := #2580 ¢
where By = 0, ®1Id +S. The same argument as that given to establish Lemma
2.1.10 then shows e~ P8¢ = ug as well. Thus

B(¢,p,D,B) :/ (up(r;t), p(8,7))dx . |

M
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2.1.8 Dimensional Analysis

One of the fundamental properties of the heat content coefficients derives from
their behavior under rescaling, or, in other words, from dimensional analysis.
We use Theorem 1.4.7 to express

&A¢u%l%3)==A?Bﬁ“¢ﬁ%lntwdw4—%;53M(¢prD,Bﬂyﬁ@-

It then follows from the Greiner-Seeley calculus [224, 341] that:
Theorem 2.1.12 Let D, := c*D where ¢ be a positive constant. Then:
1. B¢, p, De)(z) = "B (6, p, D) ().

2. BIM(¢,p, De, B)(y) = "' B7M (¢, p, D, B)(y).

As Theorem 2.1.12 is central to our investigation, it is giving a second
proof rather than simply appealing to the Greiner-Seeley calculus. By Lemma
2.1.1, we have, trivially, M (¢, p, D.) = c"BM(¢,p,D). We can investigate
B9M using only the formal properties of this invariant as follows:

Lemma 2.1.13 Let ¢ be a positive constant. Let D, := c2D. Then:

1. B(¢,p, De, B)(t) = c ™ B(, p, D, B)(c*t).

2. Pu(@,p, De, B) = "™ Bn(o, p, D, B).

3. [ons BEM (6, p, Do, B)dy = 1 [, BEM (¢, p, D, B)dy.

Proof: The operator D, is of Laplace type with respect to the Riemannian
metric g. := ¢~2g. Furthermore, (D,.,B) is admissible. Therefore, the heat
content asymptotics 8, (@, p, D¢, B) are well-defined.

Let = (z1,...,oy) and let y = (y1,...,ym—1) be local coordinates for M
and for the boundary of M, respectively. We let indices u,v range from 1

through m and indices «, 8 range from 1 through m — 1. The Riemannian
measures dx on M and dy on M which are defined by g are then given by

de := \/det(gu) - dz1...dzy, and dy :=4/det(gag) - dyi..dYm—1 .
Consequently the Riemannian measures determined by g. = ¢~2g are
de. =c ™dr and dy.=c'"™dy. (2.1.a)

Let u(z;t) := e tP5¢ and let u.(z;t) := u(x;c*t). In order to show that
u. = e tPeBp we must verify that defining relations are satisfied

(0 + Do)ue(z;t) = ?doul(x; *t) + ¢ Dulx; c*t) =0,
Bu, = Bu =0,
Uc|t=0 = U|t=0 =0¢.

We prove Assertion (1) by computing

meﬂmmwz/kwmwmwm%

M

= o [ (e, pla))ds = ¢ 66,0, D,B)(E).
M
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We equate coefficients in the asymptotic expansion to derive Assertion (2)
from Assertion (1). By Equation (2.1.a) and Assertion (2),

& Bn ¢aPaDmB)
/ BM(6,p, Do) () + ¢ / B9M (6, p, D, B)(y)dy
oM
= "Bn(¢,p,D,B)
- / BM (6, p, D) (z)da + " / 82M (6, p, D, B) (y)dy
oM

Assertion (3) now follows since

By (¢, p, De)(x) = c" By (¢, p, D)(2). o

Remark 2.1.14
1. By replacing 83 (¢, p, D, B)(y) by

BM (9,0, D, B)(y) = lim =B (g, p, De, B)(y) (2.1.b)

if necessary, and by using Lemma 2.1.13, we may ensure the desired point-
wise equality of Theorem 2.1.12 (2).

2. In Section 2.2.4, we will use the “weight” to define a grading on the space
of invariants; the limit taken in Equation (2.1.b) is just projection on the
part of weight n — 1.

3. If ® and B are a time-dependent family, then we must rescale the parameter
to set D, = {D.;} and B, = {B.2;}. Exactly the same argument then
yields

B(¢,p,Dc, Be)(t) = ¢ ™B(¢,p,D,B)(c*t).

2.1.9 Relating Dirichlet and Robin boundary conditions
There is a useful relationship between the heat content invariants for Robin
and Dirichlet boundary conditions on the interval.
Lemma 2.1.15 Let M :=[0,1] and let b € C*°(M) be real. Define
A:=0, +b, Dy :=A*A, Bi¢p= Adlom,
A* = -0, + b, Dy := AA* BQ¢ = ¢|8M .
1. 0:8(¢, p, D1,B1) = —B(A¢, Ap, D2, Bs).
2. Bn(¢a P Dy, Bl) = _%BH—Q(A¢7 AP: D, BQ)

Proof: The operators D, and D are formally self-adjoint. The inward unit
normal is 0, when z = 0 and —3, when z = 1. Consequently, the boundary
condition defined by the operator B; is the Robin boundary condition where

S(0) = b(0) and S(1) = —b(1).

The operator Bs defines Dirichlet boundary conditions. Thus the discussion in
Sections 1.5.1 and 1.5.2 shows that D; and D, are self-adjoint, non-negative
operators and that (D, B1) and (D2, Bs) are admissible.
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Let {¢,, A\, } be the discrete spectral resolution of (Dy,B;) as described in
Theorem 1.4.18. We restrict to A\, > 0 as the zero spectrum plays no role. Let

(UVRES \/%—VAQSV

Then {¢,, A, } comprises a discrete spectral resolution of (D5, B2) on the space
ker(Ds)L := Range (A). Let 01, and 02, be the associated Fourier coefficients
of (D1,B1) and (Ds, Bs), respectively. Let f € C*(M). Since A¢,|om = 0,
we may integrate by parts to see

1
oo(Af) = /M(Af,zbu)dw:\/—A—y /M<Af,A¢V>dm

1 * —
= \/x/M(f,A Ag,)dx = \/E/M(f,m)

= \/E'UI,V(JC)-

Assertion (1) now follows from Lemma 2.1.6 since

0:B(, p, D1,B1) 6tze Ulu Ul,u(ﬂ)

= —Zefw“’k,,m,u Ulu Ze 02:/ A¢ U2 V(AP)

= —B(Ap, Ap, Da, Bs)(t).

Assertion (2) follows from Assertion (1) by equating coefficients in the asso-
ciated asymptotic expansions. O

2.1.10 Shuffle formulae for non-minimal operators
As discussed in Section 1.6.7, let
D := Add + Béd

where A and B are positive constants. This is a non-minimal operator on
C>(A(M)); if A # B, then D is not of Laplace type but D is still elliptic
with respect to the cone C.

Lemma 2.1.16 Let D := Add + Bdd, where A and B are positive constants,
and let A = dé + éd on C°(A(M)). Let ¢,p € C*(A(M)).

1. If B defines absolute boundary conditions, then
B(d¢, p, D, B)(t) = B(de, p, A, B)(At) and
Bn(dd,p, D,B) = A28, (d¢, p, A, B).

2. If B defines relative boundary conditions, then
B¢, p, D, B)(t) = B(0¢, p, A, B)(At) and
Bn(6¢,p, D, B) = BB, (8¢, p, A, B).
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Proof: Let B define absolute boundary conditions. By Theorem 1.5.7, there
is a complete orthonormal basis {p; p; »pp} for L*(A(M)) so that

dop =X pi, dpf = Bpf =0,
dp; =0, ddp; = Xjp;, Bp; =0,
dph =0, dp) =0, Bp} =0.

Let o := (d¢,p; )1> be the Fourier coefficients. We have dp; = 0 and
dpp = 0. Since Bp; = 0 and Bp), = 0, i(em)p; = 0 and i(en)pp =0 on M.
Thus, by Lemma 1.4.16, the remaining Fourier coefficients of d¢ vanish as

| @iz = [ @05de— [ (G.itenro iy =0,
| oz = [ @.0dds = [ (@iten)pidy =0,
M M oM

Consequently,
dp =7 o pf
in the distributional sense. Let Z
= Z e t>‘z+a oi .
i
Since Apf = Xfpf, Dpf = AXFpf, and Bp} = 0, one may verify
u(z;t) = e 28dg and  u(x; At) = e tPBdg
by computing that
(8 + db + dd)u Ze Mo (=AF + A1)t =0,

(8 + Adé + Bd)u(x; At) Z e AN G (AN + AXD)pt =0,
Bu = Ze_w‘i U+Bpi =

U|t0—20 =dg.

The first equality of Assertion (1) now follows since

B(d.p.D.B)(t) = /M<u<m;At>,p>dw
= B(dé,p, A, B)(AL).

The second equality of Assertion (1) follows by equating terms in the asymp-
totic expansions. Assertion (2) follows from Assertion (1) by duality, since the
Hodge operator interchanges relative and absolute boundary conditions. 0O
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2.2 Functorial properties II

We continue our discussion of functorial properties of the heat content asymp-
totics in this section.

2.2.1 Transmission boundary conditions

We recall the notational conventions from Section 1.6.1. Let M = (M, M_),
V =(V4,V2), and D = (D4, D_) where Dy are operators of Laplace type
on bundles Vi over M.. We assume as compatibility conditions that

8M+ =0M_ = E, g+|g = g_|2, and V+|§] = V_|E . (223,)

Let v4 be the inward unit normals of ¥ in vy; vy +v_ = 0. If U is an
impedance matching endomorphism on ¥, then the transmission boundary
operator By is defined for ¢ = (¢4, $_) by setting

Bud:={dilz —d—|s} ® {Vi,dils +Vi_d_|s —Udi|s}.

We double a model problem (My, Vg, Dg) to obtain our first functorial prop-
erty by considering the singular structures. Over My, we let

Bpgo := ¢olonm, and  Breo := (Ve,, + S)dolon,
define Dirichlet and Robin boundary conditions, respectively. Let
Peven (T) 1= %(¢+($+) +¢-(z-)) and ¢oaa(z) = %(¢+($+) —¢_(z-))

be the even and odd parts of ¢ = (¢4, ¢_). The following Lemma relates the
heat content asymptotics on M to those on M, taking into account the Z,
action which interchanges x4 and z_.

Lemma 2.2.1 Adopt the notation given above. If U = —28S, then:
1' B(QS) P, D) BU)(t) = 2/8(¢0dd ,Podd bl D; BD)(t) + 2B(¢even ) peven ) D) BR)(t)
2. Bn((b: P, D: BU) = Qﬂ((bOdd y Podd » D7 BD) + 2B(¢even » Peven » D> BR)

Proof: Let u = e *P5u ¢ solve the heat equation on the singular manifold
M with transmission boundary conditions. Decompose u into even and odd
pieces by setting

teven (53) 1= uy (2458) +u_(z ;1)) and
Uoad (731) 1= g{us(v45t) —u_(z_;t)}.
We wish to show that
Uoven = € TPOBRPorer,  and  Ugda = e P05 dogq (2.2.h)
We note that uy |z = u_|g. We compute that
(0 + Do)ueven = 5{(0¢ + Dy )u(w+3t) + (0 + D_)u_(z—;t)} = 0,
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(Vi + S)teven |z = 2{(Vo, + S)uils + (Voo + S)u_|s}
=MV, uy +V,_u_ —Uu_}|s =0,
Ueven |t:0 = Qeven
and that
(O¢ + Do)uoaa = 5{(0 + Dy )us(w+3t) = (9 + D-)u_(x—;t)} =0,
Uoad|s = §(utls —u_|s) =0,
Uodd |t=0 = Podd -
We then have

B((z)vvaaBU)(t)
= [ et @de + [ (u it (o))
My

= %/M <’U,+(.’IJ+;t) +u_(:n_;t),p+(£6+) —|—p_(£l§_)>d.’170
+ %/ (ug(zyst) —u_(z_3t), py(xy) — p—(x_))dzo
My

= 2 / { (Ueven y Peven > + (Uodd » Podd > }d:l?
Mo
= 26(¢even s Peven » Dy, BR)(t) + 26(¢0dd y Podd » Do, BD) (t) .

This proves the first assertion; the second now follows. O

The null space of the operators in question again plays a crucial role.

Lemma 2.2.2 Let Dy be the scalar Laplacians on the manifolds My. Let
¢ =1 and let U =0. Then:

1. B(¢,p,D,By)(t) = vol (M).
2. BO(¢7 P DaBU) = vol (M)
3. Ifn>1, then Bu(¢,p, D, By) = 0.
Proof: Let ¢(z) = u(x;t) = 1. We verify u = e P5v¢ by checking the
defining relations are satisfied:
(0: + D)u =0,
Uty —u—|p =0,
Uy |s + Uy |2 =04+ 0=0,
U|t:0 = ¢

The first assertion of the Lemma is now immediate; the second follows from
the first. O

If we introduce an “artificial” singularity, then the heat content asymptotics
are not affected.
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Lemma 2.2.3 Let Dy be an operator of Laplace type on a bundle Vi over
a closed Riemannian manifold My. Let ¥ be a smooth submanifold of My
which separates My into two components My and M_. Let Dy = Dy|um,
and let U = 0. Let ¢pg € C>(Vy) and pyp € C°(Vy). Set ¢+ = ¢o|my and
px = pol|amy - Then
1. B(¢)p>D)BU)(t) = 6(¢0)p07D0)(t)'
2. Bn(¢:p:DvBU) = 6n(¢07p0>D0)'
Proof: Let up := e tP0¢y. Let us := ug|pr,. We check u = e~tP5u ¢ by
verifying that the defining relations hold

(8t + Di)ui = (8t + D())’LL()|]\/1i =0,

uyls —u-[s = uols —uols =0,

U+;V+|E + Uy |E = UO;V+|E - U/O;V+|E =0,

Uﬂ:|t:0 = U0|t:0,Mi = ¢0|Mi =¢4t.

Consequently

B(d)vvaaBU)(t)

| s preodse + [ u@oin.p-(e)ds-
My

- /M (o (23 1), po())dxo = B(do, po> Do) (2)

This establishes Assertion (1); Assertion (2) follows from Assertion (1). O

2.2.2 Transfer boundary conditions

We adopt the same notation as that used to discuss transmission boundary
conditions with the exception that we replace the compatibility condition of
Equation (2.2.a) by the weaker assumption that

OMy =0M_=% and gi|lz=g-|n.

No relation is assumed between Vi |s and V_|y. We adopt the notation of
Section 1.6.3 and define

+
so={(TST e s ) (80))

Sip :Vils =2 Vile,  Si—:Vo|s = Vils,
S_+:V+|§]—)V_|§), S__:V_|§]—)V_|E.

Lemma 2.2.2 generalizes to this setting.

P

where

Lemma 2.2.4 Let Dy be the scalar Laplacians on the manifolds My. Let
p=landletp=1.If Siy +Sy_=0and if S_._ +S_4 =0, then:

1. B(¢,p, D, Bs)(t) = vol (M).
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2. /80(¢:P:D:BS) = vol (M)
3. If n > 1, then B,(¢,p,D,Bs) = 0.
Proof: Let u(x;t) = 1. We verify u = e P5¢ by checking the defining
relations are satisfied:
(0: + D)u =0,
Gtiwyls + St dils + Sy—d-[x =0,
P |z +S5—¢_ |z + S 4045 =0,
U|t=0 =¢.
The Lemma now follows. O
Let Br(s,,) and Bgrs__) define Robin boundary conditions for D.. If

Sy— =0and S_ =0, then Bs = Bg(s,,) ® Br(s__)- Since the operators
and boundary conditions decouple, the following Lemma is immediate:

Lemma 2.2.5 If S, =0 and if S_; =0, then
L B(¢)p)D)BS)(t) = 6(¢+7er)D+7BR(S++))(t)+B(¢*7p*7DfaBR(S__))(t)'
2. Bn((b) P:D:BS) = 6n(¢+>p+7D+)BR(S++)) + ﬂn((ﬁ*:p*:D*:BR(S__))'

2.2.3 Time-dependent processes

We now discuss functorial properties that relate directly to time-dependent
as opposed to static processes. The first property deals with a rather trivial
variation of the geometry.

Lemma 2.2.6 Let (D, B) be elliptic with respect to the cone Cs. Consider the
family Dy := etDy and By := By. Then:

1. B(¢,p,D,B)(t) = B(¢,p, D, B)(e’ —1).
2. Buld, p,0,B) = Bunld,p,D,B) forn < 2.
3. Bs(6,p,D,B) = Bs(,p, D, B) + 151(¢,p, D, B).
4. Bi(¢,0,D,B) = Bu($,p,D,B) + 382(¢, p, D, B).
Proof: Let s(t) := e! —1. Then 9; = €t9, and s(0) = 0. Let u(z;t) := e tP5¢
and let v(z;t) = u(x;s(t)). We show v = e~ ®2¢ by verifying that the
defining relations are satlsﬁed
(@ + De)v(w;t) = e'{(9s + Do)u(; 5)} = 0,
Bio(y;t) = Bou(y; s(t)) =0,
V]t=0 = ult=0 = .
The first assertion now follows. We expand
s=t+ 1t + O(t?), s2 =12+ 0(t3)
s1/2 — ¢i/2 4 it3/2 +O52), 3% =312 1 O(t5/?).
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We equate coefficients of ¢ in the asymptotic expansions

Zﬂn ,p,D, B)t"/? ~ Zﬂn $,p, D, B)s"/?

n=0 n=0

to derive the remaining assertions. O

We now make a time-dependent gauge transformation.

Lemma 2.2.7 Let (D,B) be admissible on M. Let f € C>°(M). Define ® by
setting Dy := et/ (8; + Dy)e ™t — 8; and B by setting By := et/ Bie= /. Then

1. Bn(¢,p,D,B) = Bn(¢,p,D,B) forn < 2.
2. B3(¢,p,D,B) = B3(¢, p,D,B) + Bi1(6, fp,D,B).
3. B4(¢7 Py ba %) = 64(@5) P;Q; %) + 62(@5) fp;©> %) + %/BO(QS) f2p)©) %)
Proof: Let u(z;t) := e ®» ¢. Set i(x;1) := el u(x; ). We verify i = e ®%
by checking the defining equations are satisfied

(0r + D) = et (8; + Dy)e el u(x;t) =0,

By = ethte_tfetfu =0,

Ut=0 = ult=0 = ¢.

Consequently, we may compute:

BOPDBO = [ (ulwt). pla)ds
o0 1 ) )
~ ;ﬁ/MW(x;t)’f p)dz - t

Z %B(qﬁ, frpygy %)(t) 1"
r=0 "

2

The assertions of the Lemma now follow by equating powers of ¢ in the asymp-
totic expansions. 0O

We make a gauge transformation in the spacial coordinates and warp the
higher order terms.

Lemma 2.2.8 Let M := S' x [0,1]. Let € be an auziliary real parameter. Set
=—02—0; — 1+¢ctd.(0p — V-1).

Let B define Dirichlet or Robin boundary conditions (with S = S(r)), let
o(r,0) := eV~ oo (r), and let p(r,8) := e~V po(r)p1(8). Then:

1. /B(QS;P;@,B)(t) = /B(QSO;PO;_a%:B)(t) ) fsl Pl(e)da
2. 6n(¢a p,@,B) = 5n(¢0,90, _8376) : fsl P1(9)d9-
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Proof: Let ug := e (-5 on [0,1] and let u(r,8;t) := eV 0uq(r;t). We
show that u = e~ *®5¢ by computing:
(8 + Dy)u = {0y — 02 — 0 — 1+ ct0, (39 — V—=1)}eV Pug(r;t)
= e‘/__w{at — 0%Yup(r;t) = 0,
Bu=eV """ Buy = 0,
uli—o = e¥V"g0 = 6.

We prove the first assertion by computing:

B(6,p,D,B)(t) = /M(u(r,O;t),p)drdB
=/;wmmmmw@Lm@w
= B(¢o,po,—a,%,8)-/ 1 (6)d6.

Sl
The second assertion now follows from the first by equating coefficients of ¢
in the asymptotic expansions. 0O

The following Lemma involves making a change of variables which mixes
up the temporal and spatial coordinates. Let x be the usual coordinate on
M =10,1]. Let F be a non-negative smooth function on M so that

F0)=F(1)=0 and F=0 near z=1.
We introduce new coordinates (z,t) on [0, 1] x [0,) by setting
(7,8) = (& + tF(2),1).

The Jacobian J of this coordinate transformation is then given by

7o < 0, T 0T ) _ ( 1 +tF, F>
' Ot Ot 0 1 '
If ¢ is small, then det(.J) # 0 so this is an admissible change of variables. We
have
dz = (1 + tF,)dz + Fdt, dt = dt,
0z = (L+tF,) 10, O =0, — F(1+tF,) 0, .
Lemma 2.2.9 Let M =[0,1]. Let A := —02. Let
Dy = —{(1+tF,)7'0,}> — F(1 + tF,)™'0, .
Let B define Dirichlet boundary conditions, let $ =1, and let p = 1. Then:
1. (¢, p, A, B)(t) = B(¢, p,D,B)(t) + tB(1, F, D, B)().
2. Bu(9,p, A, B) = Br(¢,p,D,B) + Brn—2(1, Fy, D, B).
Proof: We let u = e~**51 and define v(z;t) = u(x + tF(zx),t). We show
v = e"t®5¢ by changing variables and using Display (2.2.c) to see

(9 + Do)ola;t) = (9 + Au(z, ) = 0,

(2.2.c)
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Bu(z;t) = v|lom = ulom = 0,
’U|t:0 = ’U,|t:0 =1.

Fix t. It now follows that

B(d),p,A,B)(t):/ u(is,t)dcﬁ:/Mu(x+tF(:n);t)(1+tFm)dw

M

:/Mv(a:;t)dm+t/ o(w; ) Fyda

M
= /B(QS,P,@,B)(” +t6(1)FI)©)B)(t) .

The first assertion now follows; the second follows from the first by equating
terms in the asymptotic expansions. O

We now exploit a crucial fact concerning Neumann boundary conditions.
Lemma 2.2.10 Let M = S' x [0,1]. Let By = 0, and let

D; .= —83 — 63 -1+ t(g2263 + 291,126,,89 + }],2&“) .
Let ¢(r,0) = eV 0. Then B, (¢, p,D,B) =0 for n > 0.

Proof: Let u(r,0;t) := eV~'"%. It is immediate that u satisfies the defining
relations so u = e"?®5¢. Thus f is independent of the parameter t. O

A similar proof also yields:
Lemma 2.2.11 Let

Diu := Au + ZTZI t’"(gmju;ij + ‘7‘—7»71'11,;1'}, and
Biu := {U,;m + Z’I“Zl t’"l‘amu;a}bM .
Let ¢ = 1. Then B (b, p,D,B) is independent of {G, F, T'}.

2.2.4 FEaxpressing the invariants ,BT?M relative to a Weyl basis

For the remainder of this section, we restrict our attention to operators of
Laplace type and to the boundary conditions discussed in Sections 1.5 and
1.6. We first deal with Dirichlet boundary conditions as there are no additional
structures present. Let B¢ := ¢|on be the Dirichlet boundary operator. Let
{e1,...,em} be alocal orthonormal frame for T'M which is normalized so e, is
the inward unit normal vector field on M. We recall our previous notational
conventions. Let indices i, 7, k range from 1 through m and index this frame
field. We let indices a,b,c range from 1 to m — 1 and index the induced
orthonormal frame for the tangent bundle of the boundary. Let “;” denote the
components of multiple covariant differentiation of tensors of all types with
respect to the Levi-Civita connection defined by M and the connection defined
by D. Similarly, we use the Levi-Civita connection of 9M and the connection
defined by D to tangentially covariantly differentiate tensors defined on 0M;
denote the components of multiple covariant differentiation in this case by

W,
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If there are no indices present from the tangent bundle, then “:” and “;”
agree. Thus, for example, ¢., = ¢,,. More generally, the difference between
“” and “;” is measured by the second fundamental form. By Lemma 1.1.4,

¢;ab = ¢:ab - Lab¢;m .

Because the second fundamental form L is defined only on 0M, L. is not
defined and we use instead the tensor Lgp.c.

Let R;jx; be the components of the curvature tensor of the Levi-Civita con-
nection, let €2;; be the components of the curvature operator of the connection
defined by D, let E be the endomorphism defined by D, and let L., be the
components of the second fundamental form. We may covariantly differen-
tiate {¢,p, R,Q, E} in arbitrary directions. On the other hand, the second
fundamental form L is defined only on OM. Thus, as noted above, we may
only covariantly differentiate L tangentially with respect to the Levi-Civita
connection of M.

An appropriate generalization of Theorem 1.1.1 then permits us to see that
any invariant of the partial derivatives of the structures involved can be ex-
pressed in terms of the variables

{¢;j1---jw Pijr..jes Ri1i2i3i4;j1---jw Q;jl---jw E;j1---jzv La1a2:b1---bz} (2'2'(1)

relative to a suitable coordinate system and suitable frame for V. Conse-
quently, 32 (¢, p, D,B) is an invariant polynomial in these variables. The
analysis performed in Section 1.7.2 is relevant. The Levi-Civita connections
of the metric g and g. := ¢~2g are the same. The connections determined by
D and D. := ¢?D are the same. Let e. = (cey, ..., ce,,). Then
‘
Gijr.ge(Ges€e) = biji g, (g5 €),
Pijr...je(Ger €c) = clp;jl---je (9.¢€),
Ri1i2i3i4;j1 e Je (gc’ eC) = 62+€Ri1i2i3i4;j1~~~je (g) e))
Lalazzbl...bz (gc; ec) - Cl+£La1a2:b1...bg (ga 6),
Vivinsjr e (Ges €es De) = i (9, €, D),
E;jl...j[ (g07 eC: DC) = 02+€E;j1---je (97 67 D) -
With this rescaling behavior in mind, define
weight (¢.5,..5,) = ¢, weight (p,j,...5,) = £,
Welght (Ri1i2i3i4;j1...jg) =2 + g, Welght (La1ﬂ21b1---bz) =1 =+ é,
weight (thz;jl-ujz) =2+, weight (E§j1---jé) =2+/.
We may then use Theorem 2.1.12 (2) to see that 2 (¢, p, D, B) is homoge-
neous of total weight n — 1 in the variables listed in Equation (2.2.d). In other
words, if A is a monomial term of 39M of degree (kg,kr,kq,kr) and if ky
explicit covariant derivatives appear, then

n—1=2kr+kp + 2k + 2kg + kv .

We can now apply the first main theorem of invariance theory as discussed
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in Section 1.7.1 to see that B39M (¢, p, D, B) can be expressed in terms of con-
tractions of tangential indices ranging from 1 to m — 1; the normal variable e,,
is “free” since the structure group is O(m —1). After taking into consideration
the fact that 3, is bilinear in ¢ and p, the following Lemma is now immediate:

Lemma 2.2.12 Let B define Dirichlet boundary conditions for an operator
D of Laplace type.

1. BEM (¢, p,D,B) = 0.

¢,p, D, B) € Span {(¢, p)}.

¢, p, D, B) € Span {(¢;m; p), (D, p;m)> Laa(P: p)}-

¢

»p, D, B) € Span {{¢.mm, p), (D, pymm ), (Dims Pim)s (Peas Pea)s
<E¢: p), Laa<¢;m: p), Laa<¢a P;m>a T<¢: P): Ramma <¢a P>a
LaaLbb<¢7 P), LabLab<¢7 p>}

The invariants (@.qq, p) and (@, p.a.) have been omitted since

/BM<¢:M’p>dy - /BM<¢,P:aa)dy = _/6)M<¢:a;p:a>dy.

For the remaining boundary conditions, there are additional structures
present. With Robin boundary conditions, B¢ = (V.,, +5)¢. We set S, := ¢S
to express

2 BBM(
3. BIM(
4. BIM(

Beg = c(Ve,, +S)p = (Vee,, +Sc)¢-
Clearly the different operators B and B, define the same boundary condition.
Since S. = ¢S, we set
weight (S) = 1.
Taking into account this additional invariant, we have:

Lemma 2.2.13 Let B define Robin boundary conditions for an operator D
of Laplace type.

1. B8M(¢,p, D, B) = 0.
2. BIM (¢, p,D,B) € Span {($,p)}.

3. BIM (¢, p, D, B) € Span {{(¢;m, p), (¢; Pim), Laa(®, p), (S, p)}-

With mixed boundary conditions, the auxiliary endomorphism x and its co-
variant derivatives enter. Since x has weight 0, a bit of care must be taken in
writing down the relevant invariance theory and we postpone the discussion
until the appropriate moment in Section 2.5.

With transmission boundary conditions we set weight (U) = 1, while with
transfer boundary conditions, we set weight (Sy +) = 1. Again, the weight
is increased by 1 for every explicit covariant derivative that is present. The
situation there is a bit more complicated since we have ¢, p1, and so forth,
so we shall again postpone the discussion of this case.

In studying 3 for any boundary condition, we will replace the interior in-
tegrand 1(D2¢, p) by the interior integrand 1(D¢, Dp) to maintain the sym-
metry of Lemma 2.1.3. This can be done, of course, at the cost of changing

M o reflect the additional compensating boundary correction terms.
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2.2.5 Dimension shifting

It is a very general principle that when the heat content asymptotics are
expressed relative to a Weyl basis that the coefficients are universal expressions
which are independent both of the dimension of the underlying manifold and
also of the dimension of the vector bundle V. We illustrate this principle for
Dirichlet boundary conditions.

Lemma 2.2.14 There exist universal constants c; which are independent of
the dimension of the underlying manifold M and of the vector bundle V so
that if B defines Dirichlet boundary conditions for an operator D of Laplace
type, then:

1. BIM(¢,p, D, B) = [5,, c1(9, p)dy-
2. BgM(¢a P, D’B) = faM{CQ<¢;m,p> + C3<¢),p;m> + C3Laa<¢7 p>}dy

Proof: Let m := dim(M) and r := Rank (V). We use Lemma 2.2.12 to
express 1, (2, and B3 in the form given in the Lemma where a-priori the
constants ¢; = ¢;(m,r) depend upon the auxiliary parameters m and r. By
Lemma 2.1.7,

Br(d1 @ @2, p1 ® p2, D1 & Dy, B1 & B2)
= Bn(¢1,p1,D1,B1) + Buld2, p2, D2, B2) .
It now follows that ¢;(m,ry +r2) = c;(m,r1) = ¢;(m,r2) and consequently
ci(m,r) = ¢;(m).

Given the structure (Ma, g2, Do, Ba, p2, ¢2), we set M := S* x My where S*
is the unit circle. Give M the product metric

dsyy == db> + dsyy, .
Let Dy = —8} on the trivial line bundle. Set ¢; = p; = 1. We adopt the
notation of Lemma 2.1.8 setting
D:=D;®Ids+1dy ® Dy = —0j + D»,
B:=B,.
By Lemma 2.1.1,

1if g =0,
Bq((bl:pl,Dl)(e) = { 0 1f3> 0.

We may therefore apply Lemma 2.1.8 to see
ﬂn(ﬁb;P;D;B)(a;lé) = ﬂn(¢2;92: DQ,B?)(x2) : (226)

Let Ry, m be the set of all local formulae which are homogeneous of weight
n in the variables defined in Equation (2.2.d); by Theorem 2.1.12, we can
regard the heat content asymptotics as defining elements 9% € Ry m. We
follow the discussion of Section 1.7.4 to define the restriction map

r: Rn,m — Rn’mfl
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and to use an appropriate generalization of Theorem 1.7.3 to see that this is
surjective. Equation (2.2.e) then shows r(833%) = B2 | and thus it is not
in fact necessary to introduce the additional subscript m. The assertion that
the constants ¢; can be chosen independent of the dimension m now follows

from this discussion. O

The situation is the same for pure Neumann boundary conditions. For
Robin, mixed, transmission, and transfer boundary conditions, additional in-
variants must be introduced which reflect the auxiliary structures which are
involved. With oblique boundary conditions, the leading symbol of the tan-
gential operator has weight 0 and more care needs to be exercised.

2.2.6 Spectral boundary conditions

Let P be an operator of Dirac type on a vector bundle V over a compact
Riemannian manifold with boundary. Let A be an operator of Dirac type on
V0enm which is admissible with respect to P; we refer to the discussion in
Section 1.6.6 for details. Let D = P? be the associated operator of Laplace
type and let B4 be the associated spectral boundary conditions for D. Let
B(¢,p,D,B4)(t) be the associated heat content asymptotics. There is a Zo
symmetry involved using the involution P — —P. The following observation
is immediate:

Lemma 2.2.15 Let A be admissible with respect to P. Then A is admissible
with respect to —P and B(6, p, P2, Ba)(t) = B(6, p, (—P)?, Ba) ().

The next functorial property relates the heat content asymptotics for spec-
tral boundary conditions to the corresponding heat content asymptotics for
mixed boundary conditions in certain settings. We recall the notation of Sec-
tion 1.6.6. Let P be an operator of Dirac type on a vector bundle V and let A
be an admissible operator of Dirac type on V|gp which defines the boundary
conditions HX for P. Let = (y1,..., Ym—1,Tm) be normalized coordinates
near the boundary. We may expand P and A locally in the form

P = ’Yivei + '@ZJP and A= _'Ym’)/avea + I/JA

where ¢p and 14 are 0 order terms and where V is a compatible connection.

We use Lemma 1.6.7 to see that (P, IT7) satisfies a suitable ellipticity condition
and thus the heat content asymptotics are well defined for the associated
second order operator and boundary condition

D:=P? and Buy:=1 odP.

In the next result, we will relate spectral and mixed boundary conditions.
Before giving the statement, it is necessary to introduce some notation. Let
(61, ...,0m 1) be the usual periodic parameters on the torus T™ ! and let r be
the radial parameter on the interval [0, 1]. Give M := T™~! x [0, 1] a warped
product of the form

ds%; := gap(r)dh® o dO® + dr®
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and set g(r) := v/det gqap. Let £(0) := +1 and (1) := —1 so that the inward
unit normal is edr on
OM =T™ ' x {{0} U {1}}.
Let {v1(r), ..., ym(r)} give V := M x C* a Clifford module structure; we
suppose
Yoo + Ve = —29ab1d,  YaYm + Ym¥a =0, and 77, = —Id.
We set 72 := g®®(r)7y,. Let po = po(r) and ag = ag(r) be £ x £ matrices; we
suppose ayg is self-adjoint and invertible. Define operators of Dirac type on the
trivial bundle of dimension ¢ by setting
Py =m0, +po on C([0,1] x C*),
P:=Py+~%9% on C®(M x ),
A= (=m0 +ag) on OM.
We assume ker(A) = {0}. Then A is admissible for P and we let II; and By
be the associated boundary conditions for P and for D := P2, respectively.
Let IIy be orthogonal projection on the positive eigenspaces of ag and let

IT; =1d —IIy be the complementary projection. We assume ag anti-commutes
with 7,,. We then have v,,II; = IIp,,. Let

Bog := {Ilop © Mo Pog}s(0,1] -

We show that By defines mixed boundary conditions for Dy := P} by consid-
ering the following equivalent formulation. We have

Mo(ploar) =0 and  Io(Vm0r¢ + po)loar =0,
& Ho(¢lom) =0 and  Tloym(0r¢ — Ympo)lomr = 0,
& Mo(¢lom) =0 and M1 (0r¢ — Ympo)lomr = 0,
& To(dlamr) =0 and T (0r¢ — Ympo)losr = 0.
Lemma 2.2.16 Adopt the notational conventions and assumptions described

above. Let ¢ = ¢(r) and p = p(r) be smooth C* and (C*)* walued functions,
respectively. Note that 117 ¢ = [pp.

1. B(¢,97"p, D, Ba)(t) = (2m)" (6, p, Do, Bo) (t).
2. Bn(¢,97"p, D, Ba) = (2m)"™ " Bn(, p, Do, Bo)-
Proof: Let ug := e 7050 ¢, Set u(r,0;t) := uo(r;t). We show u = e~ *P5¢ by
checking that the defining relations are satisfied
(O + D)u = (0 + Do)u =0,
Bu = Hju P Hqu =Ilyu & g Pou = 0,
ult=0 = Uolt=0 = ¢.
Assertion (1) now follows as p has been adjusted to take into account the

change in the volume element. We equate terms in the asymptotic expansions
to derive Assertion (2) from Assertion (1). O
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The analogue of Lemma 2.2.14 requires a different proof since we do not
have product formulae available. It is somewhat surprising that the coefficients
with respect to a suitable Weyl basis are dimension free. The corresponding
coefficients for the heat trace asymptotics exhibit a very complicated depen-
dence on the dimension as we shall see in Section 3.14. We refer to the subse-
quent discussion in Ansatz 2.12.3 for a more detailed discussion of the sorts of
expressions that occur and content ourselves here with a quite general state-
ment.

Lemma 2.2.17 Let P be an operator of Dirac type on a bundle V over a
compact manifold M with smooth boundary OM. Let A be admissible with
respect to P. Express (3, with respect to a suitable Weyl basis. Then the uni-
versal coefficients that appear are independent of the rank of the bundle and
the dimension of the manifold.

Proof: The proof of Lemma 2.1.7 shows the coefficients are independent of
the rank of the bundle. Let Py be an operator of Dirac type on an m — 1
dimensional manifold N. Give

M:=S'x N

the product Riemannian metric. We introduce coordinates (6,z) on M. By
doubling the rank of the vector bundle and by replacing Py by Py & —Py if
necessary, we may suppose there exists vy so that

YoPx + Py =0 and 73 = -Id .
Define analogous structures on M by setting
P :=~y0y + PN and A= =m0 + AN .
Let ¢(x,0) = ¢n(x). Then
P¢ = Pnon, A¢p = ANon,

D¢ = Dnon, (I ¢) (, 0) = (I . on) (),
(Bag)(@,0) = (Bayon)(@).

Let uy := e *PNBx gn and let u(z,8;t) := un(x;t). We show u = e P54
by verifying the defining relations are satisfied

(0 + D)u = (0 + Dy)un =0,
Bu = Byuy =0,
Ult=0 = UN|t=0 = ¢.
It now follows that
B(¢,p, D, Ba)(t) = 21B8(éN, pn, DN, Bn)(t) so
Bn(¢,p, D, Ba) = 21By(én, pn, DN, BN) .

The desired independence of the universal constants now follows. O
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2.3 Heat content asymptotics for Dirichlet boundary conditions

Throughout this section, let B¢ := ¢|sas define Dirichlet boundary conditions.
The case ¢ = p = 1 of constant initial temperature and specific heat and
an evolution equation determined by the scalar Laplacian D = A° are of
particular interest and we shall set

Bn(M) := B,(1,1,A% B).

We begin with two special case computations which are of interest in their own
right and which deal with this situation. Recall the definition of the Gamma
function

o0
I(s) := / t*~letdt.
0
We first discuss the disk in flat space and give results of [46]:
Theorem 2.3.1 Let D™ be the unit disk in R™. Then:

m/2

1. Bo(D™) = F(Tzi%))

2. Bi(D™) = —4m

3. Bo(D™) = Fay(m — 1)

4. B3(D™) = =T (m — 1)(m — 3)

5. Ba(D™) = ity (m — 1) (m - 3)

6. B(D™) = Tygrrary (m = 1) (m = 3)(m + 3)(m — 7).

7. Bs(D™) = gty (m — 1)(m — 3)(m? — 4m — 9).

8. Br(D™) = — Zizrms (m — 1) (m — 3)(m* — 8m? — 90m? + 424m + 633).

Next, we present some results for the hemisphere from [47]:
Theorem 2.3.2 Let H™ be the upper hemisphere of the unit sphere S™. Then
1. Bor(H™) =0 for any m if k > 0.

2172
2. Bors1(H?) = ey -
ﬂ_3/222k+3 2k
3. Poky1(H®) = W

xo/2 67—54k)9" 3¢
4 Barpr (H') = T3 k'((2k ) (2k+1) +Xico E=0)! (3k ) ) -
The following general result [45, 46] is the main result of this section:

Theorem 2.3.3 Let D be an operator of Laplace type on a compact Rieman-
nian manifold with smooth boundary OM. Let B¢ = P|lom define Dirichlet
boundary conditions. Then

© 2004 by CRC Press LLC



1. Bo(6,p, D, B) = [ 1,6, p)da
2 B1(6.p.D.B) = — 2 [ 5,,(6.p)
3. P2(d,p, D, B) = —[,,(Do,p dw+faM{ Laa®, p) — (¢, psm) }y.
4. Bs(d,p, D, B) = == [ 50 {3 (mm. p) + 5(® pimm) — (b0 pia)
(B¢, p) = 5Laa(d, p);m + (15 LaaLiv — §LabLab — § Ramma)$, p) }dy.
5. Ba($,p,D,B) = [ 1,(D¢, Dp)dz + [ 5, {5((DP)im, p) + 5(b, (Dp)m)

<LaaD¢ p> < aa®, DP> (( E;m - ﬁLabLachc + §LabLacLbc
16 L RambmLab + 16 L Rape Lac + 32Tm + 5 Lab:ab) &, p)
ab<¢ a>P:b) — ( am®-a> p) + <Qam¢a Pa)}dy.
We set ¢ =p=1and E = Q =0 in Theorem 2.3.3 to compute 5, (M)

for n < 4. The invariant 5(M) is known [49], although 85(¢, p, D, B) is not
known in full generality:

Theorem 2.3.4 Let ¢ = p =1 and let D = A° be the scalar Laplacian on
a compact manifold M with smooth boundary OM. Let B denote Dirichlet
boundary conditions. Then

Bs(1,1, A% B) = — g [ {89mmimm — 8LaaPmmsm + 16La Rammtim
—4p2 1 + 16 Ramms Rammb — 4Laa Lo pmm — 8Lab Labpmm
+64LopLacRimbem — 16LaaLoc Ripem — 8LapLac Rpdace
—8LgpLeqRachd + 4Ravem Ravem + 8Rapbm Racem — 16Laa:0Rbcem
—8Lap:cLab:c + LaaLlovLecLaa — 4Laa Loy Lealica + 4LayLap LeaLica
—24LgoLycLeqLay + 48Lap LycLeaLao Ydy -

If M is a domain in R™, then Bo(M) and 31 (M) were computed by van den
Berg and Davies [44]; 52(M) was subsequently computed by van den Berg and
Le Gall [53]. If M is the upper hemisphere of the unit sphere in flat space, then
Bo(M), B1(M), and B>(M) were computed by van den Berg [37]; we refer to
[47] for later work which establishes Theorem 2.3.2. There are related results
due to Phillips and Janson [307]. Subsequently, Savo [331, 333, 334, 335] gave
a closed formula for all the heat content asymptotics Sy (M) in this setting.
We also refer to related work by McDonald and Meyers [276].

The general case where D is an arbitrary operator of Laplace type and
where ¢ and p are quite arbitrary was studied in [45, 46] and we shall follow
the treatment there in discussing Theorem 2.3.3. We also refer to McAvity
[272] for a slightly different approach using the DeWitt ansatz.

The remainder of this section is devoted to the proof of Assertions (1),
(2), (3), and (4) of Theorem 2.3.3. Since Theorem 2.3.3 (5) follows by similar
techniques, we shall simply refer to [45] in the interest of brevity.

Assertion (1) of Theorem 2.3.3 follows from Lemma 2.1.1. We shall use
the arguments used to established Lemma 2.2.14 to see that we may express
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Br as the integral of local invariants with certain undetermined universal
coefficients ¢;. We shall complete the proof of Theorem 2.3.3 by determining
these universal coefficients.

We begin our investigation by determining f; in this setting:

Lemma 2.3.5 Let B be the Dirichlet boundary operator. Then
Bl(d)v P Da B) = _% faM(d)a p>dy .

Proof: By Lemma 2.2.14, there exists a universal constant so

/81(¢:P:D:B):Cl/ <¢7p>dy

oM

We apply the method of universal examples to determine ¢;. We use Example
1.4.4. Let M = [0, 7] be the interval, let D = —92, and let p = ¢ = 1. Since
the structures are flat on [0, 7],

B(t) ~ 7 + 2e1Vt + O(t) . (2.3.a)

The spectral resolution of the Laplacian with Dirichlet boundary conditions
on the interval is given by

{\/5 . 2}“’
—= sinnr,n .
ﬁ n=1

Consequently, the associated Fourier coefficients are

on (@) = on(p) = f/ sin(nz)dx = % {

Therefore, we may use Lemma 2.1.6 to see that

if n is odd,

if n is even.

S 3w

oo

B(o,p, D, B)(H) =Y e on(@)on(p) =5 Y HeT™.  (23D)

n=1 n—odd
Differentiating Equations (2.3.a) and (2.3.b) then yields
%B($p, D, B) = =8 3~ e ~ert™!2 1 0(1).

n—odd
We rewrite this identity slightly to see
. —[VIn)2 x
ltlﬁ)l 2/t - Z e~ vEn}™ —icr. (2.3.c)

n—odd

We consider the function f(z) := e~ and let § := /2. We use Riemann sums
with a width of 2§ and center points (2k + 1)d for £ = 0,1, ... to compute the
area under the curve

4 = /0 e~ dx (2.3.d)

= lalﬁ)l 26{f(6) + f(36) + f(59) + }
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= lim 2Vt~ e {VEn}y
t40 n%d

We use Equations (2.3.c) and (2.3.d) to complete the proof by checking

01:—%. a

Next we study 2. By Lemma 2.2.14, there exist universal constants so that

62(¢;P>D;B) = _/M<D¢)p>dx
+ / {CQ <¢;ma p> + C3<¢, p;m> + C4Laa<¢a P> }dy .
oM

Assertion (3) of Theorem 2.3.3 will follow from the following result:
Lemma 2.3.6 cc =0, c3 = —1, ¢4 = %

Proof: Suppose that ¢|sar = 0. We may then apply Lemma 2.1.4 to equate

B) = - d m, p)d.
B2(¢,p, D, B) /M(D¢,p> T+ o /E)M<¢, p)dy
= —Bo(D(b,p,D,B):—/M<D¢,p>d$

By Lemma 1.4.1, we can choose ¢ so that ¢|ops = 0 and so that ¢,m|onr is
arbitrary. Therefore

62:0.

By Lemma 1.5.1, the Dirichlet boundary operator is the adjoint boundary
operator. We use Lemma 2.1.3 to equate

Bo(6,p, D, B) = — /M<D¢, Pz + /8 {c3<¢, pom) + c4LM<¢,p>}dy

M

= Balp gD, B) = — /M<Dp,¢>dw+ / {c3<p,¢;m>+c4Lm<p,¢>}dy.

oM

This identity implies that

| o) - @Dy =ca [ {<¢, pim) — <¢;m,p>}dy.

The Green’s formula given in Lemma 1.4.17 then shows that
C3 = —1.

Let ds® := dr® + e*/(")d#? be a warped product metric on M := S' x [0, 1].
Relative to the coordinate frame {0y, d,}, the non-zero Christoffel symbols
are

Toro =rop = —Togr = Or fe*/
We shall suppose that f(0) = 0 and that f vanishes identically near r = 1.
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Thus only the boundary component » = 0 will be relevant; on this boundary
component, 0, will be the inward unit normal. Let

Dy :=—0?, Dy:=—e 292 and D:=-9%—e 25?2,

Since the structures on the interval are flat, 82(1,1,D;,B) = 0. We may
therefore use Lemma 2.1.9 with ¢ = 1 and p = e~/ to see that

By(1,e~f,D,B) = 2n3,(1,1,D,,8) =0. (2.3.e)
By Lemma 1.2.1, w, = (guva” 4+ ¢"°Tvop). Thus we have that
— __1
wg =0 and w,=-350.f.
We use the fact that @, = —w, to compute

p;m|r=0 - {(ar + %6rf)eif}|r=0 - _%67‘]“(0)7

Laa|r=0 = FQQT = _6rf(0)7

62(1767)“71)78) = 27‘-(_%03 - c4)8’l"f(0) .
Thus by Equation (2.3.e), we have

1 _ I R |
—3¢c3—c4=0 so ¢ =—35c3=735. O

The proof of Theorem 2.3.3 (4) is similar. There is no interior integrand

so by Lemma 2.1.3, the boundary integrands are symmetric in ¢ and p. We

include the normalizing constant —%T involved in #; to simplify subsequent

computation and use the results of Section 2.2.4 to express (3 in terms of a
Weyl basis. There are universal constants ¢; so that

a6, D.8) = =2 [ {cul0,) + cx(Bynm ) + (61 pm)

+C7Laa<¢7 p);m + CSRabba<¢a P> + ¢ (d):a: p:a> (23f)

+(010Ramma + cllLaaLbb + 012LabLab)<¢; P>

+Cl3<¢;m: p;m> }dy .

Theorem 2.3.3 (4) will follow from the following result:

Lemma 2.3.7
1. 65:1.
2. c=2,¢cr=—2 d =0
- 66 — 3, C7T — 3,an c13 = VU.
3. 68:0.
4. 69:—1.
— _1 _ 1 _ 1
. 610——6, Cll—ﬁ; andCl2——€.

Proof: By Lemma 2.1.2 and Theorem 2.3.3 (2),

35/33(¢:P:D —€ Id)B) = ﬂl(ﬁs;l);D;B) = _% /&)M<¢’p>dy (23g)
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Since E(D —e-1d) = E(D) + ¢ - Id, we have by Equation (2.3.f) that
8553(¢7P7D _S'IdaB) = _% C5<E¢),p>dy (23h)
oM

We use Equations (2.3.g) and (2.3.h) to derive Assertion (1) by checking that
cs =1.
Suppose B¢ = 0. We use Lemma 1.1.4 to see
Piaa = P:aa — LaaPsm = —Laabym on OM.
Thus by Lemma 2.1.4 and Theorem 2.3.3 (2),
B3(9,p, D, B) = =28,(Dg, p, D, B)

- (—%)(_%) /BM<_¢;mm - ¢;aa:p>dy (231)

=%/ {§<¢;mm,p> - %Laa<¢;m:p>}dy-

On the other hand, by Equation (2.3.f), one has that

/83(¢7P7D78) = _% o {CG<¢;mmap>+c7Laa<¢;m>p> (23J)

+ Cl3<¢;m: p;m> }dy .

Assertion (2) now follows from Equations (2.3.i) and (2.3.j).

We use product formulae to establish the remaining assertions. To prove
Assertion (3), let M; be an arbitrary closed Riemannian manifold. Give the
manifold M := N x [0,1] the product metric. Let D, Dy, and Dy be the
scalar Laplacians on M, My, and [0, 1], respectively. Let ¢ = p = 1. Since the
structures on the interval are flat,

Bn(d,p,D2,B2) =0 for n>0.
As the boundary of M; is empty, Lemma 2.1.1 implies
Bn(d,p,D2) =0 for n>0.
Consequently, Lemma, 2.1.8 shows that
B3(p,6,D,B) = 0.
Because f3(p, ¢, D, B) = —% fBM cs Ravba (@, p)dy, Assertion (3) follows as
cg =0.
If (r,6) are the usual parameters on M := St x [0, 1], let
D:=—-0?—-0} —20y, ¢:=1, p:=1.
Since the structures on the interval are flat, Lemma 2.1.8 implies that

63(¢7P7D78) = 27533(@0: _8378) =0. (23k)
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For the structures defined by D, we use Lemma 1.2.1 to see that
V8r¢ = 07 Varp = 0) v39¢ = EQS) Vasp = _épa E= _52 : (231)
Therefore, Equation (2.3.f) implies that

B3(¢,p, D, B) = /BM { —e%c5 — 5209}dy. (2.3.m)

Assertion (4) follows from Equations (2.3.k) and (2.3.m) and Assertion (1) as
cs+cg=0 s0 cg=—c5=—1.
To prove the final assertion, we consider the warped product metric
ds3; .= dr? + €211 dp? 4 e22(1) g2 (2.3.n)

on the cylinder M := T? x [0,1]. As the inward unit normal is given by 9,
when r = 0 and by —9, when r = 1, we shall assume that for a = 1,2

fa(0) =0, 0,fu(0) = &, 83fa(0) = Oa
fa(]-) = 0; arfa(]-) = —¢&aq, 33fa(1) = 0q -
Relative to the coordinate frame {X; := 0y, , X := 0p,, X3 := 0, },
T311 =iz = —Tii3 = 9, f1e?*,  and
300 = T'yzy = —I'ap3 = 3rf2€2f2 ;

the remaining Christoffel symbols vanish. Since 0, is the inward unit normal
when r = 0 and —9, is the inward unit normal when r = 1,

Loy = —€a0ap - (2.3.0)
Raising indices then yields
I'y® = -0, fie*/t, Tgl!=0,f1
[y0% = =8, f2e*12, T3x® =0, f>.
We apply Equation (1.1.a) to see
Rsi1s = g33(0sT11® = T11°Tay ') = (=02 f1 — 20, f10, f1 + Oy f10: 1)1,

R3223 = 933(33F223 - I‘223F322) (—63f2 — 20, f20, f2 + 6rf23rf2)€2f2,
Romma = —01 — 02 _5% —5% on OM.

Let
Dy :=-0% and D:=-9>—e 2hNg2 722052
T r 1 2

Let ¢ =1 and let p := e~ f1("N=2(") We apply Lemma 2.1.9 twice to see
B3(¢:P:D:B) = 2753(¢:€f297_83 _6_2f2832:3)7
= (27r)263(¢;€f1+f29; _6378)>
(2m)2B5(1,1,-82,8) = 0.
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We use Lemma 1.2.1 to compute

w3 = %(9111—‘113 + g%*Ta23) = —%(6rf1 + 0y fa),
Gy = —w3 = 3O fr + O f2), (2.3.p)
E= %(63]01 + 63]02) - %(67‘][1 +arf2)2 + %(arfl + 6rf2)2'

Consequently,

(B¢, p) = +(01 + 02) + 1(e1 + £2)?,
%(<¢;mmap> + (&, pimm)) = %(%(51 + 52)2 — 01 — 02),
_%Laa<¢: P)im = _%(51 +e2)?,
c10Ramma(®, p) = —cro(e + €3 + 01 + 02),
11 LaaLip (o, p) = cr1(e1 + €2),
ciaLapLab (o, p) = c12(e7 + €3).
Setting B3 = 0 then yields the three equations from which Assertion (5) follows

0:{%_%_010}(014-02) SO 010:—%,
0:{%‘{‘%—%4-011}(51 +82)2 SO 011:11_2’
0={—cio0+ c12}(e? +&3), o cp=—% 0O

The proof of the final assertion of Theorem 2.3.3 follows much the same
lines so we shall omit the proof and refer instead to [45]. We shall mention
only one important feature. Instead of choosing the interior integrand to be
—1(D?4, p), we have chosen the interior integrand to be —1 (D@, Dp). This
introduces additional boundary integrands we simply absorb in the universal
constants. Since this integrand is symmetric, by Lemma 2.1.3, the bound-
ary integrands are symmetric in ¢ and p as well which vastly simplifies the
invariance theory involved.

2.4 Heat content asymptotics for Robin boundary conditions

Throughout this section, we shall let D be an operator of Laplace type on
C>(V).If S is an auxiliary endomorphism of V|9, then the Robin boundary
operator is given by
BQS = (Qs;m + S¢)|8M .
By Lemma 1.5.2, the adjoint boundary operator is again of this type since
Bp := (pim + SP)|8M .
Both (D, B) and (D, B) are admissible. The following result [45, 132] is the
main result of this section.

Theorem 2.4.1 Let D be an operator of Laplace type on a compact Rieman-
nian manifold with smooth boundary. Impose Robin boundary conditions.
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1. Bo(é,p, D, B) = [,,(, p)da

2. Bi(¢,p, D, B) = 0.

3. Ba(6,p, D, B) = — [,,(Do, p)dz + [, (B, p)y
4. Bs(¢,p,D,B) =% % Jo0s (B, Bp)dy

+f8M{ B¢:DP> - _<D¢a Bp> <(%S + iLaa)B(b:[;,m}dy-

((B¢)a,(BP) o) + ((ZE + 155% + 15SLaa +35Laalin
+ELabLab - amam)8¢)8p>}dy

7. Bo(¢,p, D, B) = = [(D*¢, Dp)da + [5,{3(BD¢, Dp) + §(D*¢, Bp)
+5(B¢, D?p) — §(SBD¢, Bp) — §(SB¢, BDp) — {5(LaaBD¢, Bp)
—%(LMB@BDp) +((31Bm + £5ELaa + 5 LavLav Lec
+ 37 LavLacLbe — 75 Rambm Lab + 75 Raves Lac — 57 Ramam Lt
+55Tim + 75 Labiab + 75 Laa Lo + 155 LavLab — 155 Ramam
+5(SE+ES)+1S8%Luq+15%+15.00)B6, Bp) — 15 Laa({(B#) 4, (Bp) )
— 25 Lab((B).a, (Bp)s) — £(S(B).a, (Bp):a) — 35(Qam (B&).a, Bp)
+57(Qum B, (Bp).a) Y.

Assertion (1) of Theorem 2.4.1 follows from Lemma 2.1.1. The rest of this
section is devoted to the proof Assertions (2), (3), (4), and (5).

2.4.1 Proof of Theorem 2.4.1 (2)

By Lemma 2.2.13 there is a universal constant ¢y so that

Bl((b: P:D:B) = CO/ (¢7 p>dy (243‘)

oM

Lemma 2.1.4 is a very powerful tool in this setting. If B¢ = 0, then
Bi(¢,p,D,B) = —-28_1(D¢,p,D,B) =0. (2.4.b)

Since by Lemma 1.4.1 we can choose ¢ so B¢ = 0 and so ¢|sar is arbitrary.
We use Equations (2.4.a) and (2.4.b) to establish Assertion (2) of Theorem
2.4.1 by showing cp = 0. O
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2.4.2 Proof of Theorem 2.4.1 (3)

There exist universal constants so

5:(6.0.0.5) = = [ (D6 phdo (24.0)

- { (B, p) + c2( Bp) + c3(S6, ) + e Lty p>}dy.
oM

If B¢ = 07 then 62(¢;P>D>B) = _ﬂO(D@P:D:B) = _fM<D¢)p>dx by
Lemma 2.1.4. Consequently,

0= [ {extorn) + calS0u0) + aattn ) .
oM
It now follows that ¢y = ¢3 = ¢4 = 0. Furthermore, by Lemma 2.1.3,

0 = Bap,¢,D,B)—Ba(6,p,D,B)
= [ {won-wonbac—ci [ Lo~ 6pm i

Thus by the Green’s formula, which is given in Lemma 1.4.17, ¢; = 1. O

2.4.8 Proof of Theorem 2.4.1 (4)

Take into account the symmetry of Lemma 2.1.3. By Lemma 2.2.13, there
exist universal constants so

526.D.8) = [ {cs(B05) + (b ) + (61
+C7Laa<¢7 p>,m + 08(<SB¢7 P> + <¢) S’Bp» + 09<¢:aap:a>

‘*‘((CIOS2 + c11S8L4q + ci2T + c13Ramma + C1aLao Ly
+015LabLab)¢a p> }dy .

If By =0, then B3(¢, p, D,B) = 0 by Lemma 2.1.4 since $; = 0. This shows
Cg=Cr =Cg=Cy=Clg=C11 =C2=c13=c1q =15 =0.
We adopt the notation of Lemma 2.1.15 to determine c5. Let

M:=[0,1, beC®(M),
A:=0, +b, A" :=—0, +b,
D1 = A*A, D2 = AA*,
Bi¢ = Adlom, B2¢ = dlon -

One can apply Lemma 2.1.15 and Theorem 2.3.3 to see that

(6.0 D1, 1) = Zcs [ (46, Apydy

(2.4.d)
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= —2B1(A¢, Ap,Ds,Bs) = %%/BMMcb,Amdy-

It now follows that c; = 2 a

§-
2.4.4 Proof of Theorem 2.4.1 (5)
To preserve the symmetry of Lemma 2.1.3, we express
8u6.0.0.8) =+ [ (Do DA+ [ 52(6,0.D.B)dy.
M oM

We then have 7™ is symmetric in the roles of ¢ and p. If B¢ = 0, then
Lemma 2.1.3, Lemma 2.1.4, and Theorem 2.4.1 imply

54(¢7P7D78) = _%BQ(Dd)vpaDaB) = _%62(p7D¢7l~)aB)
—1 ) _ 1 2
=4 [ (Dp.Doyts—% [ (Bp.Doy so

/ B9M (4,6, D, B) = 1 / (Dé, Bp)dy.

oM oM

As previously, this identity shows that many of the terms which might appear
in B?M have coefficient 0. We conclude there exist universal constants so that

B1(6,p,D,B) = —3 /M(D¢>, Dp)dx (2.4.¢)
+ Jom { — (B¢, Dp) + (D¢, Bp)) (2.4.5)

+((c16S + c17Lqq) B9, [;’P> }dy .

Lemma 2.4.2

1. Clg —

EN NI

2. Ci7 =

Proof: Adopt the notation of Equation (2.4.d) and set n = 4 in Lemma
2.1.15. We suppose p vanishes identically near » = 1 so only the boundary
component r = 0 where 0, is the inward unit normal is relevant. We use
Theorem 2.3.3 (3) and integrate by parts to see

Ba(®, p, D1,B1) = —1B2(A¢, Ap, D, Bs)
= 3 / ((AA™)Ag, Ap)dz + 5 / (A, (Ap);m)dy
M oM

= 4 [ {0, +ouipion i [ (460, (4m0a

= 4 [ 0w Dite+ [ {30640 + 1460, 040 fay
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= %/M<D1¢,Dlp>dl°

+
S~

- 401640 - 146, (-0, + DR + o, bAp>}dy

= %/M<D1¢,Dlp>dl°

+ /aM { — 3(D1¢, Bip) — 5(B16, Dip) + %<SB¢731P>}dy-

Comparing this with the expression given in Equation (2.4.e) establishes the
first assertion by showing

Cig — %
We use Lemma 2.1.9 to complete the proof. We adopt the notation of Equa-
tion (2.3.n) and take a warped product metric

ds?; := dr® + 211" dp? 4 2/2(1) qp?
on the cylinder M := S! x S* x [0,1] where, for a = 1,2, one has

fa(o) =0, arfa(o) = Ea, affa(o) = Oa,
fa(l) =0, 8rfa(1) = —€a, affa(l) = Qa -

We set
D1 = —83, Bl = s@r,
D:= 9% —e 210} - e*2f2631, B :=¢€0,
where €(0) = +1 and (1) = —1 to ensure that €0, is the inward unit normal.

By Equations (2.3.0) and (2.3.p), we have
Loo = —€1— €2, wP =—1(8,f1 + 0, f2),
Sy =0, S =1 +e).
We apply Lemma 2.1.9 twice with ¢ = 1 and p = e /1772 to see
Ba(d,p, D, B) = (21)*Bu(1,1,-0;,B1) = 0.

On the other hand, we can use Equation (2.4.e) and the computations per-
formed above to see that

i D) = [ {Geuter o)+ curloe =) by
M

Thus 0 = 1c16 — 17 S0 c17 = 3c16 = 1. This completes the proof of the
Lemma and thereby also completes the proof of Theorem 2.4.1 (5). O

The proof of the remaining two assertions of Theorem 2.4.1 is similar and
is omitted in the interest of brevity; we refer to [45, 132] for further details.
Combinatorially speaking, the computation of 3, for Neumann boundary con-
ditions entails roughly the same amount of work as the computation of 5,,_»
for Dirichlet boundary conditions.
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2.5 Heat content asymptotics for mixed boundary conditions

Let D be an operator of Laplace type on a smooth vector bundle V. We adopt
the notation of Section 1.5.3. Let x be an auxiliary endomorphism of V' which
is defined near M so that x? = Id and so that x,, = 0. Let Iy := %(Id +x)
and I, := %(Id + x) be the associated projections on the +1 eigenspaces Vi
and V3 of x and of X, respectively. Let S be an auxiliary endomorphism of V.

which we extend to be zero on V_. The mixed boundary operators are then
defined by

B =1 (¢sm + Sé)|ons B I_¢lon (2.5.a)
Bp := T4 (p.m + Sp)lonr ® T plons -

Then B defines the adjoint boundary condition; both (D, B) and (D, B) are
admissible. Let

¢+ :=1l1¢ and pi:=1Ilip.
Since x;m =0,

Girim = Mi(dm) and  prom =i (dim) .

Since the tangential covariant derivatives of x need not vanish, we do not
necessarily have equality between ¢y., and IIi(¢.,) nor do we necessarily
have equality between pi., and f[i(p;a).

The following is the main result [132] of this section:

Theorem 2.5.1 Let D be an operator of Laplace type on a compact Rie-
mannian manifold with smooth boundary OM . Let B be the mized boundary
operator of Equation (2.5.a). Then

1. Bo(é,p, D, B) = [1(, p)da.

2. Bl(‘f% p,D,B) = _% faM(¢,,p,>dy.

3. Ba(¢, p, D, B) = — fM(D(b,p)dw + faM{<¢+;m +Séi,py) + <%Laa¢—ap—>
—(@—, p—m) }dy-

4. Bs(¢,p, D, B) = Lﬂ' fBM{_%<¢f;mm:pf> - %(‘f)ﬂpﬁmm)
+2Laa{¢—,p—Yim + (=5 LaaLey + LavLap + 2 Ramma)d—, p—)
+3(b1im + Sbp, prim + Spy) = (Ed—, p-) + (h—as p—a)
+2{Dtas posa) + 2D prea) — 2H(EG, py) — 2By, p_)}dy.

We shall need the following result in Section 2.11 to compute the heat

content asymptotics of non-minimal operators. Let ¢ = ¢;e; and let p = p;e;

be cotangent vector fields. The normal components are then ¢, and p,, while

the tangential components are ¢,e, and p,e,. Let (-,-) denote the natural
extension of the metric to an innerproduct on the exterior algebra A(M).

Theorem 2.5.2 Let A! := §d + d§ be the Laplacian on C*(AL(M)).

© 2004 by CRC Press LLC



1. Let B define absolute boundary conditions. Then
(a) Bo(¢,p, AY,B) = [ (¢, p)dz.
(b) Bi(e, p, A, B) = = 2= [, dmpmdy.
(¢) Ba(6,p, A, B) = — [,,{(56,3p) + (db, dp)}d + [y {~busapm
—bmPaza — PmimPm — PmPmim + 5 Laabmpm }dy.
2. Let B define relative boundary conditions. Then

(a) Bo(¢, p, A", B) = [,,(4,p)dz.

(b) Bi(e, p, A, B) = = 2= [,/ Papady.

(c) B2, p, AI:B) =- fM{(6¢:6P) + (d¢,dp)}dz + faM{_¢a:aPm
—PmPaza — PasmPa — PaPasm + LasPaps +3 Laabsps tdy-

2.5.1 The proof of Theorem 2.5.1 (1-3)

IfV=Vy,@eV_.and D = D, ® D_, then the two boundary conditions do not
interact so Lemma 2.1.7 implies the heat content asymptotics decouple. The
failure of such a splitting to hold true in general is measured by the failure of
X to commute with V and with E. Invariants measuring [F, x] have order at
least 2; invariants measuring [y, V] must have at least one tangential index to
contract. Since all indices are contracted in pairs, such invariants also must
have order at least 2. Thus these invariants do not arise in gy, 81, and 2 so
Assertions (1), (2), and (3) of Theorem 2.5.1 follow by Lemma 2.1.7 from the
corresponding assertions of Theorems 2.3.3 and 2.4.1. O

2.5.2 The proof of Theorem 2.5.1 (4)
As y? =1d,

0=X:aX+XX:a and 0= XX:a+2X:aX:a + X:aaX -

Keeping in mind the symmetry property given in Lemma 2.1.3, we see there
are universal constants so

Bal.0 DB = [ { = s =) — 26 i)
+2Laa(d—,p=)im + (=75 LaaLlvs + §LavLab + § Ramma)d—, p—)
+3(B1im + Sbp, prim + Spr) — (Bp—, p=) + ($—was p—a)
teo((Ed, p-) + (Ed—, p+)) + c1((D+ia, p—ia) + (D—a; P1a))
+e2(X:aa®y p) + €3(X:aX:0®, P) + C4(X:aPias P)
+e5(XX:aa®, P) + C6{XX:aX:a®s P) + C1{XX:aP:as p>}dy : (2.5.b)

Lemma 2.5.3
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—_2
1. Co = 3-
2. 01:%, and co = c3 =c4 =c5 =cg =c7 =0.

Proof: Let M =[0,1] and let V = M x R?. Take
0 1 1 0
r=(10) = )
1 0
ng.—(O), and p.—<1>.

Let D := —02 — E and let S = 0. By Equation (2.5.b),
B3(¢:P:D:B) = %CO- (250)
We show that B¢ = 0 by computing

sommsmenan (1 3)(2)o (4 1) (4).

Lemma 2.1.4 now implies that
B3(¢, p, D, B) = =351 (D, p, D, B) (2.5.d)
= 577 Jou(M-D¢,p)dy = —35~.
Equations (2.5.c) and (2.5.d) imply ¢ = —2, which proves Assertion (1).

To prove the second assertion, we give an argument similar to that used
in the proof of Lemma 2.3.7. Let M := S* x [0, 1] be the cylinder and let
V := M x R* be a trivial vector bundle of rank k. Let ¢ € M,(R) be a
constant matrix. We let

D = —83 —83 —2889.

We take ¢ and p to be constant vectors. Set S = 0. Let x € My(R) be a
constant matrix with x? = Id. Since

(=03 —2e09)p =0,
Lemma 2.1.9 shows that
B3(6, p, D, B) = 215 (6, p, ~02, B) . (2.5.0)
The relevant structures are given in Equation (2.3.1)
Vo,0 =0, Vop=0, Vod=cp, Vop=—ip, E=—c.
Let {e; := 0y, e := O,} be the coordinate frame. Then we have
xa1 =[e,x] and xa1=[g e, X]]-

The right hand side of Equation (2.5.¢) is independent of €. Because the
contributions made by the invariants —(E¢_, p_) and (¢_.4, p—.) cancel,

o= [ { e+ o) () + (1))
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+02<[6) [57 X]]¢7 p> + C3([6, X]2¢) p) + C4<[€, X]6¢7 p>
Tes(xle, [, X116, ) + calxle, X126, ) + er{xle, xled, p>}dy

This identity for every x,e implies that the relations of Assertion (2) hold.
This completes the proof of the Lemma and thereby the proof of Theorem
2.5.1aswell. O

2.5.8 The proof of Theorem 2.5.2

Assertions (1a) and (2a) are immediate. By Lemma 1.5.4, one has with abso-
lute boundary conditions B, that

¢+ = Pa€as P+ = PaCa;, P— = Pmem, pP— = pmem, (2.5.f)
S¢ = —Lapgues

while relative boundary conditions B,. one has that

b+ = bmem, P+ = Pmm, G- = Pa€a, pP— = pacs, (2.5.8)
S¢ = —LaaPmem -

Assertions (1b) and (2b) now follow from Theorem 2.5.1 (2).
To establish Assertions (1c¢) and (2¢), we must rewrite the interior boundary
integrand. Let i(e,,) be interior multiplication by e,,. By Lemma 1.4.16,

/ ((dé, p) — (6,60)}da = — / (6 i(em)0)dy
M oM

Therefore, one has that
- [ (@0pde =~ [ {(6d6.p) + (@56, p)}da
M
= — [ (o.dp) + 6.6}
M
+ { (ilem)do, p) + (09, i(em)p) tdy

_ /M{(d¢, dp) +(5¢,6p)}dm

+/ { - ¢a;mpa + ¢m;apa - ¢z,zpm}dy
oM

We use the relations ¢y, = ¢p.a — LapPm and ¢pmia = dm:a + Lapdp and
integrate by parts once again to compute

—/ (A', p)dx (2.5.h)
M

- /M {(d(b,dp) + (50, 5p)}d:v + /8 B { — Gumpa
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+¢m:apa - ¢a:apm - ¢m;mpm + Laa¢mpm + Lab¢apb}dy

= [ 1asan + Godpas+ [ {=onnn
M oM
_¢mpa:a - ¢a:apm - ¢m,mpm + Laa¢mpm + Lab¢apb}dy .

Assertion (1c) follows from Theorem 2.5.1 (3) and Equation (2.5.f) as
52(6,0.1,8,) = - [ (86, p)ds
M

+ / {(¢+;m +Soy,py) + %Laa((b—ap—) - (d)—:p—;m)}dy

oM
- -/ {(6¢, 59) + (do, dp)}da:

M

+ / { - ¢a;mpa - ¢mpa:a - ¢a:apm - ¢m,mpm + Laa¢mpm

oM
+  LapPaps + %Laa(d)—:p—) + (¢+;m + S, p4) — (¢_,p_;m)}dy

_ /M{(aqs, 5p) + (do, dp)}d:v

+ /BM { - ¢mpa:a - ¢a:apm - ¢m,mpm - ¢mpm,m + %Laa¢mpm}dy .

Similarly, we use Equation (2.5.g) to establish Assertion (2c) by checking
52(6.0.80,5,) = - [ (816, o
M
+ / {(¢+;m +S¢+ap+) + %Laa(d)—:p—) - (¢—ap—;m)}dy
oM
= [ { .60+ @w.00) pas
M
+ / { - ¢a;mpa - ¢mpa:a - ¢a:apm - ¢m,mpm + Laa¢mpm
oM
+  Lab@aps + %Lﬂﬂ(gb*)p*) + (pm + Soy,py) — (¢:p;m)}dy
- -/ {(6¢, 5) + (d¢,dp)}dx
M

+ / { - ¢mpa:a - ¢a:apm - ¢a;mpa - ¢apa;m + %Laa¢bpb
oM

+Lab¢apb}dy . o
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2.6 Transmission boundary conditions

We adopt the notation of Section 1.6.1. Let M = (M,,M_) be a pair of
compact manifolds with common smooth boundary

S =0M,=0M_.

A structure S over M is a pair S = (S4,S5_) where Sy and S_ are corre-
sponding structures over My and over M_, respectively. Let ¢ = (g4, 9-) be
a Riemannian metric on M and let V' = (V4,V_) be a smooth vector bundle
over M. Assume the compatibility conditions

g+|§) = g_|g and V_|§) = V+|E . (2.6.3,)

Let D = (D_, D) be an operator of Laplace type on V. Let V = (V4,V_)
and E = (E4, E_) be the associated connection and endomorphism given by
Lemma 1.2.1. Let vy be the inward unit normals of ¥ C My; vy +v_ =0.
Let
we:=Vi -V, on Vls;

this chiral tensor changes sign if we interchange the roles of M and M_. Let
¢ := (¢1,0-) and p := (p4,p—) be smooth sections to the vector bundles
V and V* over M, respectively. Suppose that there is given an auxiliary
endomorphism U of Vy, := V|y serving as an impedance matching term. We
adopt the notation of Equation (1.6.a) and let

Bug :={dils — ¢ Is} © {Vidils +Vio |z —Udyi|s}

define transmission boundary conditions; ¢ satisfies these boundary conditions
if and only if ¢ extends continuously across the interface ¥ and if the normal
derivatives match, modulo the impedance matching term U. This boundary
condition arises in the study of heat conduction problems between closely
coupled membranes as was discussed in Section 1.6.4.

The following theorem is due to Gilkey and Kirsten [194].

Theorem 2.6.1 Adopt the notation established above.
1. BO(¢:P:D:BU) = fM+<¢+)p+>dm+ + fM_ <¢*)p*>d1‘*'
2. Bl(d)apaDaBU) = _% f2<¢+ - ¢—7p+ - p—>dy
3. 62(¢7P7D58U) = _fM+<D+¢+7p+>d‘T+ - fM_ (D—¢—7p—>d‘7’.—
+f2 {é(Lja + L;a)(<¢+)p+> + <¢*7p*>)
_%(Laﬁz + L;a)(<¢+>p*> + <¢*7p+>)
+%(<¢+;V)p+> F(P—wp-) + (Dt p—) + (D—ws p+))
_%(<¢+,P+;V> + <¢*7p*§l/>) + %(<¢+:Pﬁl/> + <¢L,P+;u>)
F(Uds,p1) + (U, p-) + (Ui, p-) +(Ud—, p1))}.
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4. B3(¢:P:D:BU) ~ B
= gz Js{4UD4 b1, p4) + (b1, D) +(D-¢—, p-) + (¢—, D_p-))

—4((Dydy, p-) + (b1, D_p_) +(D_¢_,py) + (6—, Dypy))

~((Wa+ia, p+) = (Wab—ia; p—) = (WaP+, Ptia) + (Wad—, p—ia))
~((Wa+ia, p—) = (Wab—sas p4) + (WP, P—ia) = (WaP—, P1ia))
+4((D4;05 Pi) + (D=, p—p) + (Dt i) + (D=, P+i0)
—2((0+10> P+ia) + (P—ias P—ia)) F2((D410, P—sa) + (P05 P+1a)
2((Udsw,p+) +(Uds, pyiv) + (Ud—iw, p—) + (U, p—w))
=2(U—yv, p+) + (U, p+0) + (Ui, p-) + (U, p—0))

+(Lag — L) (b4, p+) —v—(d—,p-))
+L3 (D0, p=) + (b—s p1w)) + Ly ((d—0, 1) + (D p—0))
—(Lga((b4s5 =) + (D=, psw)) + L ((D—v, p+) + (D45 p—0)))
H(Waa P pi) + (Wawad—, p-) =5 L3, Ly (P4, p4) + (D, p-))
F5L3, Ly (04, p-) + (0, p1)) +5(L3y Liy(d4s p+) + Ly Loy(d—, p-))
+5 (L Loy (b, p1) + L L (-, p-))
— 3Ly Loy + Ly L) ((ds p—) + (6, 1))
FL3 (Ui, p+) + Log(Ud—, p-) — Lo (U, p) — L3 (U, p-)
U@y, p1) + (U0, p-) + (U4, p-) + (U0, py)
HE4 o1, p4) +(E-¢—,p—) + (E_¢1, p1) + (Erd—, p-)
—((Bx + E_)by,p-) — (B + E_)d—, p4)
+5(Bfuma + Ramma) (84, p1) + (69—, p-))
—5(Rbma + Ramma) ((9+,0-) + (-, p+)) }dy.

Assertion (1) of Theorem 2.6.1 follows from Lemma 2.1.1. We shall follow
the discussion in [194] in proving Assertions (2) and (3) in this book. As the
proof of Assertion (4) is similar, and somewhat lengthy, we shall omit details
and instead refer to [194] for further details.

2.6.1 Proof of Theorem 2.6.1 (2)

The manifolds M, and M_ play symmetric roles; the invariants £, must
therefore reflect this symmetry. We use Lemma 2.1.1 and Theorem 2.1.12 to
see that there exist universal constants so

61 (¢) P, D> BU) (26b)
=/Z{c1(<¢+,p+>+<¢,p>>+c2<<¢+,p>+<¢,p+>>}dy.

We adopt the notation of Lemma 2.2.1 and set
My =M_= My, Dy =D_ = D,, and U=-25 (2.6.c)
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Let Bp define Dirichlet boundary conditions and let Bp(s) define Robin
boundary conditions. We use Lemma 2.2.1, Theorem 2.3.3, and Theorem 2.4.1
to see that

B1 (¢7 p, D, BU) =253 (¢0dd »Podd » D, BD) + 26, (¢even s Peven » D, BR(S))
= f 2(¢odd > Poda )dy

= -3 / — ¢, pr —p-)dy. (2.6.d)

Equations (2.6.b) and (2.6.d) then imply

clz—ﬁ and ¢y =

o

This establishes Assertion (2) of Theorem 2.6.1. a

2.6.2 Proof of Theorem 2.6.1 (3)

A similar argument shows there are universal constants so that

B2(p, D, Buy) = — /M (Db py)dey — / (D_¢_,p_)de_ (26e)

+/{ s(L (B2 + Lo (Do p) + ea (L (1) + L (60 )
>

+es (L (b, po) + Loy (o, p1)) + co(Loy (b4, p-) + L (6, pi))
+07(<¢+;V:P+> + <¢—;u,p—>) + 08(<¢+;wp > <¢— V:p+>
+eo (D4, p4iw) + (D=, =) + c10({P+, p—0) + (D=, P+0))

o

)

)

Fe(Ub4,pe) + U6-1p-)) + aal(Useop )+ (6-p4)) iy,
Assertion (3) of Theorem 2.6.1 will then follow from the following:

Lemma 2.6.2

3 = 1 1 1

) C5:—§, 06:_§7 07227

=

, €4 =

= 00|~

— _ 1 _ 1 _ 1 _ 1
08_57 09__57 010_57 cll__Za 012__1-

Proof: We use Lemma 2.1.3 to see

0:/82(¢7P7D78U)_62(p)¢;D>B\I/J) (26f)

/M { — (Do, p) + (, f?p)}dw

- {<c5 o) (LY, — L) (b5 p) — (Bosps)
OM
£ (er = co)(Bram pi) + (D ) = (B pran) — (D i)
+  (es — c10) (D30, p=) + (D—ivs p1) — (D, p—0) — <¢—,p+;u>)}dy-

© 2004 by CRC Press LLC



By Theorem 1.4.17,
0 = [ {-won+ 6.0 | (26.0)
M

[t 4 @) = ) = (00 .

We use Equations (2.6.f) and Equation (2.6.g) to derive the relations
Cs = Cgy, C7 — Cg = ]., Ccg = C10 - (26h)
Adopt the notation of Equation (2.6.c). By Lemma 2.2.1,

B2 (¢: p, D, BU) =20 (¢odd , Podd » Do, BD) + 283 (¢even , Peven » Do, BR(S))-
Lemma 2.2.1, Theorem 2.3.3, and Theorem 2.4.1 then imply:

62(¢7 P, D7 BU) = 262(¢0dd » Podd » DOa BD)
+262(¢even s Peven > Do, BR(S))

= / { - 2<D¢odd s Podd > - 2<-D¢)even s Peven > }dl‘ (261)
M

+ / {Laa<¢odd 7p0dd> - 2<¢)odd ) podd;u)
b))

£ 2(Geven s Poven) + (2Soven s poven) }dy .

The interior integrals in Equations (2.6.e) and (2.6.i)) agree. Comparing the
boundary integrands yields the relations:

2¢3 + 2¢4 4+ 2¢5 + 2¢6 = 0, 2¢7 + 2c8 = 2,

269 + 2610 = 0, —4611 - 4612 =2 .
. B (2.6.))

2¢3 + 2c4 — 2¢5 — 2c6 = 1, 2¢7 — 2c8 =0,

209 — 2010 = —2, 2011 — 2012 = 0

We return to the general setting. Let (M, M_) and (g+,9—) be arbitrary
subject to the compatibility condition g4|x = ¢g—|x. Let Dy be the scalar
Laplacians on M, respectively. Take ¢ = 1 and U = 0. By Lemma, 2.2.2,

B2(¢, p, D, By) =0
in this setting. Take p_ = 0. The terms
{4+ P+Li piLay, pio}
can then be specified arbitrarily. This yields the relations
c3+cg=0,c4+¢c5=0, cg+c10=0. (2.6.k)

Lemma 2.6.2, and consequently Assertion (3) of Theorem 2.6.1, now follows
from the relations in Displays (2.6.h), (2.6.j) and (2.6.k). O
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2.7 Transfer boundary conditions
As in Section 2.6, let
M=WMi,M_), V=WV,V.), and D=(Dy,D_)

where DL are operators of Laplace type on bundles Vi over compact Rie-
mannian manifolds My with common boundary OM, = OM_ = 3. In place
of the compatibility condition given in Equation (2.6.a), we instead assume
only

g+l =9-1s - (2.7.a)
We emphasize that we do not assume an identification of Vi with V_ over
Y. In particular, we can consider the case dim(V;) # dim(V3). Let v+ be the
inward unit normals of ¥ in My; vy +v_ = 0.

In the previous section, we studied transmission boundary conditions; phys-
ically, as was discussed in Section 1.6.4, this corresponds to having the two
components pressed tightly together. By contrast, in this section, we shall
study heat transfer boundary conditions Bs; this corresponds to a loose cou-
pling between the two components. We adopt the notation of Section 1.6.3
and define:

+
so={(TTET e s ) (00))

@Z + 84 Sy P+
Bzp := ~ - ~
S Vo 4S5 p-

where

)
b))

(2.7.b)

P

Sit Vil = Vils, Si—:Vols = Vils,
Sf+2V+|Z—>V7|Z, S__ :V,|Z—>V,|Z.

The following theorem is due to Gilkey and Kirsten [194].
Theorem 2.7.1 Adopt the notation established above.
1. Bo($,p, D, Bs) = [y, (¢4, pp)day + [3 (¢—, p-)dw_.
2. pi(¢,p,D,Bs) = 0.
3. Ba(¢,p, D, Bs) = = [3y (Dioy, py)day — [ (D¢, p-)da_
+ [5(Bsé, p)dy.
4. B3(d,p, D, Bs) = 5= [(Bsd, Bsp))dy.

2.7.1 Proof of Theorem 2.7.1 (1-3)
We introduce the associated Robin boundary operators by defining

BR(S_H_) = (V,,Jr + S++) and BR(S__) = (V,L + S,,) .
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By Lemma 2.2.5,if S_y =S, =0, then
Bn(¢a P DaB) = Bn(¢+ap+7D+7BR(S++)) + Bn((b—ap—a D—7BR(577)) .

Thus the additional interaction terms must involve either S;_ or S_., or their
tangential covariant derivatives. Since we have not assumed any relationship
between V|5, and V_ |5, there can be no interaction between ¢4 and p+ which
is not mediated by such a term. Assertions (1) and (2) of Theorem 2.7.1 now
follow from the corresponding assertions of Theorem 2.4.1; such terms can
not appear in the boundary integrals for 5y and ; by Theorem 2.1.12 since
S has weight 1.

Furthermore, only the interactions (S_4 ¢4, p_) and (S;_¢_, p4) are pos-
sible in the boundary integrand for 35. As the roles of M and M_ are sym-
metric, we conclude that there is a universal constant cy so that

82(6.0.0.55) = = [ (Didipddas = [ (Dop )

+ [ {Bs0.0 +eol(S a0+ (81m0mpid fa.
)
Let D4 be the scalar Laplacians on the manifolds M. Let
S++ =S__= 1, S+_ = S_+ = —1, and ¢ =1.

Then, by Lemma 2.2.4,
B2(¢,p,D,Bs) = 0.
We take p; =0 and p_ = 1. Since (S_; ¢+, p—) # 0 while (Bsg,p) =0

co=0. O

2.7.2 Proof of Theorem 2.7.1 (4)

A similar argument shows that there are universal constants so

B5(6, p, D, Bs) —M/{Bsa&,

+e1((S4-S—4 ¢4, p4) +(S—45+-d—,p-))
+02((5775 +0+,p-) +(S++51-0-,p4))
+e3((S—4 S04, p-) + (S4-S——d—,p4))
+es((S—y bty p—) +(S4—D—w_, p+))
+es((S— b, P ) +(S+—0—,p10,)
+e6(Lao (St 04,0 ) + Ly (S+— ¢, p1)
Fer(Laa(S-s01,p-) + LEu(Ss—0m.pi)

We complete the proof of Assertion (4) of Theorem 2.7.1 by showing all these
constants vanish; the requisite interactions involving S;_ and S_; having
already encoded into the term (Bs¢, Bgp).

© 2004 by CRC Press LLC



Let D4 be the scalar Laplacians on manifolds M. Let
QS = ]., S++ = —S+, =a, and 577 = —S,+ =b.
Then f3(¢, p, D,Bs) = 0 by Lemma 2.2.4. We set p— = 0 to see

ci—c3=0 and ¢y =c5=cg=cy =0. (2.7.c)
The symmetry 83(¢, p, D, Bs) = B3(p, ¢, ]_3,85) of Lemma 2.1.3 yields
cy = c3 and Cc4 = Csy. (2.7.d)

We combine Displays (2.7.c) and (2.7.d) to see all the universal coeflicients
vanish. This completes the proof. O

2.8 Oblique boundary conditions

Let D be an operator of Laplace type on a bundle V over M. Let Br be
a tangential first order partial differential operator on V|sas. The associated
oblique boundary conditions for D are defined by the operator

B¢ := (¢:m + Bro)|om-
By Lemma 1.6.8, the dual boundary condition is defined by

Bp := (p.m + Brp)lom

where By is the dual tangential boundary operator. By Lemma 1.6.8, (D, B)
is elliptic with respect to a suitable cone Cs provided that the leading symbol
of Br is small and hence is admissible. Consequently e *”5 and hence the
heat content asymptotics will be well defined. Note that we recover Robin
boundary conditions by taking By to be a 0 order operator.

The following theorem, which generalizes Theorem 2.4.1, is due to Gilkey,
Kirsten, and Park [196]; we shall follow the discussion there for the proof.

Theorem 2.8.1 Let D be an operator of Laplace type on a vector bundle V
defined over a compact Riemannian manifold with smooth boundary OM . Let
B define oblique boundary conditions. Assume (D, B) is admissible. Then:

L BO(¢7 p,D,B) = fM<¢,p>dm

2. B1(¢,p,D,B) = 0.

3. B2, p, D, B) = — [,,(Do,p)dzx + [,,,(Bo, p)dy.

4. B3(6,p, D, B) = 52= [0, (B, Bp)dy.

5. Ba(¢,p, D, B) = & [,,(D¢, Dp)dzx + [5,,{—%(B¢, Dp) — (D¢, Bp)

+((3Br + $Laa)Bo, Bp) }dy.
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This Theorem extends Theorem 2.4.1 by replacing the auxiliary term S in
the Robin boundary operator by a more general first order tangential partial
differential operator Br.

Assertion (1) follows from Lemma 2.1.1. The primary new difficulty, which
arises in establishing the remaining assertions of the Theorem, is that the lead-
ing symbol of Br has weight 0 and thus the dependence upon these variables in
various coefficients is not controlled by Theorem 2.1.12. We use Lemma 2.1.1
to determine the interior integrands; as previously, keeping in mind Lemma
2.1.3, we replace the interior integrand —(D?@, p) of 84 by the more symmet-
ric integrand — (D¢, ]jp). Motivated by the formulae of Theorem 2.4.1, we
express

BO(d)vvaaB) = /81\/[<¢)7p>daj

Bl(d)vpaDaB) = 51(¢apaDaB)dy
oM

52(6.0.D.8) = - [ (Dopts+ [ {<B¢,p>+sz(¢,p,p,8>}dy
M oM
o D.6) = [ {0,804 €:06.0.0.5) |y

Ba(¢,p, D, B) = %/M(qu, Dp)dzx +/

oM

{ - 40,09 - 40659
H(Br + $L0a)B6. Bp) + €4(6,9. D.) .
By Theorem 2.4.1, (¢, p, D, B) = 0 if B is a 0t" order operator. Set &, = 0

for n <0.
Lemma 2.8.2 Adopt the notation established above. Let n < 4. Then:
1. [o01 En(d,p, D, BYdy = [5, Enlp, ¢, D, B)dy.

2. If Bp =0, then % [5,,En(d,p, D, B)dy = — [, En—2(D@,p, D, B)dy.
3. If Bp =0, then 2 2 [on En(@p, D, B)dy = — [, En—2(0, Dp, D, B)dy.

Proof: By Lemma 2.1.3, $,,(¢,p,D,B) = Bn(p,¢,D,B). For n # 2, the
integrands which do not involve &, are symmetric in the roles of V' and V*
and thus Assertion (1) holds. If n = 2, the individual integrands no longer
play symmetric roles for V and V*. However, by Equation (1.6.0),

- /M<D¢,p>da:+ /8 (Boupdy = - /M<¢,Dp>dx+ /B (0B so
52(¢:P:D:B)dy - 52(p)¢)D78~)dy
oM oM

This completes the proof of Lemma 2.8.2 (1).
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Suppose that Bp = 0. By Lemma 2.1.4,
%Bn(pa d)a Da B) = _Bn—2(l~)p7 ¢7 [)7 [;,) .

Assertion (3) now follows by inspection. Assertion (2) follows from Assertions
(1) and (3). O
Suppose either that B¢ = 0 or that Bp = 0. Because &_; = 0 and & = 0,

we use Lemma 2.8.2 to see

Enld,p,D,B)dy=0 for n<2if B6=0 or Bp=0. (2.8.a)
oM

We reparametrize the Cauchy data to use {@|aar, B¢} and {plarr, Bp} as a
basis for expressing the invariants of total weight at most 1 on the boundary.
This leads to expressions of the form

51(¢,P,D,B): <7610¢>P>, ~
&:(6,p,D,B) = (To¢, p) + (TioBo, p) + (T51 ¢, Bp)

where 77, are suitably chosen tangential operators. Since we can specify @|an,
plom, B, and Bp arbitrarily, Equation (2.8.a) when B¢ = 0 implies

/ (Toho, py = 0, / (T2, py = 0, / (72 6, Bp)dy = 0.
oM oM oM

Since, subject to the constraint B¢ = 0, ¢|sar can be specified arbitrarily,
this vanishing for any (¢, p) implies Tgy = 0, 7 = 0, and 7@ = 0. Similarly
we use Equation (2.8.a) with Bp = 0 and argue similarly to see T2 = 0.
Assertions (2) and (3) of Theorem 2.8.1 now follow.

Since the integrals of &, vanish for n = 1,2, we now have that

Enld,p,D,B)dy=0 for n<4 if B6=0 or Bp=0. (2.8b)
aM
A similar reparametrization of the Cauchy data map permits us to express:

a6.p0B) = [ {m%as,m (T8 ) + (T bomms )

©(TEB.Bp) + (TS 6, Bp) + (T ,p;mm>}dy.

We use Equation (2.8.b) and argue as above to see there exist tangential
operators 7,5 and T;% of weights 1 and 2, respectively, so that

&s(¢,p,D,B) = (T1,B¢,Bp) and  Es(¢,p, D, B) = (T,1 B, Bp) .
We decompose Br¢ =T, V., + S and express

E:(6.p.D.B) = /8 (@(T)Bo. Bp)dy

(b pD.B) = /m{((cl(r,5)+cQ(r,L)+c3(r,vr)
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+ GDIV..)56.60) |dy
where ¢; (T, S), c2(T, L), and ¢3(T", VT') are linear in S, L, and VT, respectively.
We adopt the notation of Lemma 2.1.11. Let
ds3y := guy(r)df™ 0o df” +dr* on M :=T" ! x[0,1].
Let A be the associated scalar Laplacian. Let V := M x Cf. Let
D:=A®Id — A%0,r)8° and B:=9,®Id + B*(#,r)d +S

where S € M;(C) is constant and where A*,T'* € C°°(End (V')) are arbitrary.
Assume (D, B) is admissible. Let ¢ = ¢(r) and p = p(6,r). By Lemma 2.1.11,
Bn(®, p, D, B) is independent of {A*,'%}.

Let By be defined by setting I' = 0. We can integrate by parts to see

/ (Bo, Bp)dy = / (Bog, Bop)dy, and
oM oM
/BM { - %(B(b: Dp) - %<D¢7 Bp> + ((%BT + %Laa)8¢7 Bp)}dy

= /{9 { - %(BO¢7 Dp> - %<D¢7 BOﬂ) + ((%S + %Laa)80¢7 BOp>}dy .
M
Consequently, we conclude
| hBo.Body = [ (1486, Ep)dy =0,
oM oM

Since Bp can be chosen arbitrarily, we have T B¢ = 0 and T}, B¢ = 0 point-
wise. This establishes the desired vanishing 77, = 0 and T} = 0; we choose the
auxiliary terms A® appropriately to ensure V. ¢ can be specified arbitrarily.
This also completes the proof of Theorem 2.8.1. O

Remark 2.8.3 For the heat trace asymptotics, the breakdown of the classic
Lopatinskij condition of ellipticity for large values of T is clearly reflected in
the heat kernel coefficients; they become singular at these values [25, 146]. It
is therefore somewhat curious that this breakdown is not reflected in the heat
content asymptotics; the formulae of Theorem 2.8.1 are well defined for any
first order tangential operator Br.

2.9 Variable geometries

We adopt the notation of Section 1.6.9. Let g := {g:} be a smooth 1 param-
eter family of Riemannian metrics on M, and let ® := {D,} be a smooth 1
parameter family operators of Laplace type on a bundle V' over M with either
Dirichlet or Robin boundary conditions.

Let dz and dy be the measures defined by the initial metric gg. Let V be the
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connection on V defined by the initial operator Dy using Lemma 1.2.1. Let
{e1,...,em} be a local frame field for T'M which is orthonormal with respect
to the initial metric go. We may then define tensors G, ;;, F; and &, by
expanding D; in a Taylor series

Di¢p = Doop + Z {gr,ij¢;ij + Fr iy + 5r¢}tr - (2.9.a)
r=1

This setting appears most naturally when defining an adiabatic vacuum in
quantum field theory in curved spacetime [62]. If the spacetime is slowly vary-
ing, then the time-dependent metric describing the cosmological evolution can
be expanded in a Taylor series with respect to ¢. The index r in this situation
is then related to the adiabatic order. The following result corrects a minor
mistake, noted by Park [299], in the computations of [190] where the coef-

ficients of Lab<gl,ab¢;p>; Laa<gl,mm¢>p>) and (gl,am¢:a>p> in the boundary
integral for 34 were given incorrectly.

Theorem 2.9.1 Adopt the notation established above. Let © = {D.} be a
smooth 1 parameter family of operators of Laplace type with respect to a smooth
1 parameter family of metrics g;. Let B define Dirichlet boundary conditions.

1. Bn(‘b: P:Q:B) = Bn(¢)p)D07B) fOT n = 0> ]-72
2. /83(¢7 p:ng) = /83(¢)p>D0;B) + ﬁ faM<gl,mm¢>p>dy'

3. 64(¢’ pa:DaB) = 64(¢:P:D078) - %fM(glyl](b;l] + ‘7:1,i¢;i + 51¢7 p>d‘7’.
+f3M{%<gl,mm;m¢a p) — 19_6Laa<gl,mm¢a p) — 15_6<-7:1,m¢,0>
+%Lab<g1,ab¢7 P> - %(gl,am¢:a>p> + %(gl,mmqs)p,m)}dy

Let vy = &(t)e; be the inward unit vector field defined by the metrics g;
where £,,(0) = 1 and &,(0) = 0. We can replace the time-dependent Robin
boundary operators

Bip ={V,, + S(t)}dlom

by an equivalent family of boundary operators

Bt¢ = {¢;m + fr;lgaﬁb;a + grzls(t)(ﬁHBM .
This motivates the study of boundary conditions 8 = {B;} where

(2.9.b)

oM

Big = {cb;m + 8¢+ t"(TarVe, + sr)¢}

r=1

Such boundary conditions are elliptic with respect to a suitable cone Cs for
small ¢ by Lemma 1.6.8. The reason for including a dependence on time in the
boundary condition comes, for example, by considering the dynamical Casimir
effect. Slowly moving boundaries give rise to such boundary conditions. The
following result extends previous work in [190].
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Theorem 2.9.2 Let® be a smooth 1 parameter family of operators of Laplace
type. Let B be boundary conditions of the form given in Equation (2.9.b). Then

1. Bn((b: p:ga%) = ﬂn(ﬁb;P;DO;BO) fOT‘ n S 3.
2. Ba(d,p,D,B) = Ba(¢,p, Do, Bo) — 5 [1,(G1.ij i + Fr.idi + E16, p)dx
+faM{_%<g1,mmBO¢:p> + %((51 + Fav€a)¢7p>}dy'

We shall follow the discussion in [190]. We assign weight 2r to G,., weight
2r +1 to F,, weight 2r + 2 to &,, weight 2r to I, », and weight 2r +1 to S,.
By Remark 2.1.14, the interior invariants 3 are homogeneous of weight n
while the boundary invariants 82 are homogeneous of weight n — 1. Thus,
in particular, these additional tensors, and their covariant derivatives, do not
enter into the formulae for 5y or 3;. Express the remaining invariants relative
to a Weyl basis. Lemma 2.1.7 and Lemma 2.1.8 then show the constants
relative to a Weyl basis are universal and depend neither on the rank of the
vector bundle nor on the dimension of the underlying manifold.

2.9.1 The proof of Theorem 2.9.1

Impose Dirichlet boundary conditions. We begin by noting that:

Lemma 2.9.3 There exist universal constants so that

1. B2(¢,p,D,B) = B2(¢, p, Do, B) + [1,(a1G1 i, p)der.

2. Bs(¢,p,D,B) = B3(¢, p, Do, B) + [5,,1a2(G1,0a®, p) + b1(G1,mm®, p) }dy.

3. Ba(,p,D,B) = Ba(¢,p, Do, B) + [1,{a3(G1,iiji , p) + aa(G1ijij b5 p)
+a5(G1,:1G1,j; 0, p) + a6(G1,ijG1,ij b, p) + ar(G2,:19, p) + as(G1,ii9;j5, P)
+a9(F1,i:0, p) + a10(G1,: B9, p) + a11{G1,jj;iD:is p) + 612(G1,ij;5 D31y P)
+a18(7G1,ii P, p) + a19pij(G1,ij b, p) + b2(G1,ijPij, p) + b3(E1 6, p)
+b7(F1,i¢;:, p) ydx
+ faM{a13<g1,aa¢;m>p> + a14(G1,0a®, P;m) + a15Le5(G1,0a®, p)
+016(G1,0a:m®, P) + 017(G1 am:a®, P) + b4{G1 mm P:m., P)
+05(G1,mm®, pym) + b6(G1 mm Laa®, p) + bs(F1,m®, p)
+b9(G1,am®P:a> P) + b10{G1,mm;m®, P) + b11Lap(G1,ap 9, p) }dy.

As the lack of commutativity in the vector valued case plays no role, we
restrict henceforth therefore to the scalar setting. We begin with:

Lemma 2.9.4 All the constants a; of Lemma 2.9.3 vanish. We have that
bs +b11 =0 and by + by = 0.

Proof: We adopt the notation of Lemma 2.1.10. Let (61, ...,0,—1) be the
usual periodic parameters on the torus T™ !, Give M := T™ ! x [0,1] an
initial Riemannian metric of the form

ds%; = gap(0,7)dO* 0 dO® + dr o dr .

© 2004 by CRC Press LLC



Let A be the scalar Laplacian for this metric. Let

o0
D =20+ (Groloy + Frolt”
r=1
Since 9,0 u = u;y + Lpy”u,r, when we express ® in the form given in
Equation (2.9.a), we have:

Geb = G, Fe = FP 4Ty Gl, and FPt=To"Gel.

Let ¢ = ¢(r). By Lemma 2.1.10, 8,(¢, p, D, B) = B.(¢, p, A, B) is independent
of the structures G and F2. This implies the vanishing of all the a; except
{a10,a12}. It also implies bg + b3 = 0 and by + by = 0; the presence of the
term F was missed in [190] and noted subsequently by Park [299].

We show a;2 = 0 by applying the same argument to M := S x [0,1]
where Dy = =92 — 87 +tG1,12(r, 0)0,.0p. Finally, we apply Lemma 2.1.2 to see
aio=a1 = 0. ]

As ay =0, B2(0, p, D, B) = B2(¢, p, Do, B). This proves Theorem 2.9.1 (1).

We complete the proof of Theorem 2.9.1 by establishing:

Lemma 2.9.5

1. blz—ﬁ, b2——%, b3:—;,b4:0, b5:% b6+b11——%
2. by=—%,bg=—3, bg=—5, b1 =
3. by = g
4 bo=1L.
Proof: Let D; = etDy. Then by Lemma 2.2.6 and Theorem 2.3.3,
B3(b, p,D,B) = B3(¢, p, Do, B) + iﬂl(ﬁb,P,Do,B) (2.9.c)

= 63(¢7p7 D07B) - # /8M<¢’p>dy’
ﬂ4(¢,l),©,8) = /84(¢7 Py D0>B) + %62(¢)p;D0;B)
= 516.0.00.8) + [ {46300+ 4(Eo.9) |
+/ {i(Laaap>_%<¢ap;m>}dy-
oM
On the other hand, since G; = —go, F1,; =0, and & = —E,

63(?25;9;@;8) = 63(¢7 Py DU;B) - bl /3M<¢,p>dy’ (29d)

54(¢7p7©78) = 54(¢7pa D07B) + /M { - b2<¢,zlap> - b3<E¢,p>}dCE
+/ { - b4<¢;m;p> - b5<¢;p;m> - (bﬁ + bll)LatI(QS;p)}dy
oM

The relations of Assertion (1) follow from Displays (2.9.c) and (2.9.d).

© 2004 by CRC Press LLC



To establish Assertion (2) of the Lemma, we apply Lemma 2.2.7 where
M=10,1]x S, feC®(M), A=—-08?—-08}, D;=A+ f, and

Dy:=e (0 + A+ fle ™ — 0, = A+ 2tf,:0; + tfi — 2 f5.

We use Lemma 1.2.1 to see that the endomorphism defined by the operator
A + f is, with our sign convention, given by —f. Since Dirichlet boundary
conditions are unchanged, we may use Lemma 2.2.7 and Theorem 2.3.3 to
compute, after integrating by parts, that

64(¢’ pa:‘jaB) = 64(¢7 paA + f7 B) + 62(¢7 fp,A + f7 B) (296)
+%/80(¢)f2p)A + f)B)

= BB+ [ {%w, Ap) + L(Ab, Fp) + 1Fé £)
(A6 ) — (Fby fo) + Lo, f2p>}dx - {%((f(b);m,p)
oM

FL (D)) — fomldo0) — (61 (fp);m>}dy

B4(¢7 P:A:B) +/ {<_f;i¢§iap> - %(f,n¢7 p>}d1‘
M
—%AM(f;m¢,p>dy-

On the other hand, we have G, ;; =0, F1;; = 2f,; and & = f,;;. Thus
81(6.09. ) = 51(6.0. A B) + [ {alftp

b b(2f s p))da + /8  2Dalfnd )y (2.9.)

Assertion (2) follows from Equations (2.9.e) and (2.9.f), and from the relations
be + b11 = —i and bg + b11 = 0 derived earlier.
We use Lemma 2.2.8 to establish Assertion (3). Let M := S' x [0,1]. Let
Dy = =02 — 9] — 1 +¢t8,(9p — V-11d),
Gii2=Gio1 =3¢ and Fip=—-V-1le.

Let ¢(r,0) := eV ¢y and let p = e~V ¥p,. Then by Lemma 2.2.8, the
invariant (4(¢, p,©, B) is independent of the parameter ¢. This implies that

0 :/ ev/—1(by — b7)(8r¢,p)da:+/ (Lbg — bs)V—1e(¢, p)dy .
M oM

Thus by = 2bg and Assertion (3) follows from Assertion (2).

We complete the proof of Theorem 2.9.1 by establishing Assertion (4) of
Lemma 2.9.5. We apply Lemma 2.2.9. Let M = [0, 1]. Let F' be a non-negative
smooth function on M with F'(0) = 0 and F vanishing identically near z = 1.
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Let A = —92. Set
Dy = —{(1+tF,) '0,}> — F(1 + tF,) '0,.
By Theorem 2.3.3 and Lemma 2.2.9, we have
0=54(1,1,A,8) = B4(1,1,D,B) + 2(1, F,,, D, B)..
We compute that
Dy = =02 — FO, + 2tF,0% + tF,,0, + O(F?) + O(#?),

Do = —02+FO, + F,, w=1iF,
Gi.mm = 2F, + O(F?), Fim = Fpe + O(F?).
Consequently,
B4(1,1,9,B) = / {%(1,([)01)%) + HEp1, 1) + bs(F1m1,1)
oM
+b10(G1,mm;m1, 1)}dy +O(F?)
Ba2(1,F,,D,B) = —/ (1,Fp.)dy + O(F?).

oM

This yields the relations
0= (3 — & 4 bs + 2b1g — 1) Fyy;

the final assertion follows from this identity and from Assertion (3). O

2.9.2 Proof of Theorem 2.9.2

The interior integrals agree with those computed in Theorem 2.9.1. Thus,
Bn((ﬁ?p?@?%):ﬂn(gb)p)D)B) for n:07172

as there are no new boundary integrals. The vanishing arguments used to
establish Lemma 2.9.4 can be used to eliminate many terms and to show
there exist universal constants so that

63(¢7P7®78) 253(¢:P:D058)+/
oM
/84(¢:P:©:B) :/84(¢)p)D078)
[ {50000~ H610.0) ~ $ P10 [
M

{C1<91,mm¢,p>}dy, (2.9.8)

+ / {02 (gl,mm¢;m7 P> + c3<g1,mm¢7 p;m) + c4<g1,mmLaa¢a P>
oM

+05<gl,mm5¢) P> + cﬁ<gl,mm;m¢> P> + c7<gl,am¢:a; P>
+08(<-7:1,m¢)p> - Lab(Ql,ab¢7 p>) + 09<Sl¢7 P> + 610<Fa:a¢>p>
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+<011Fa¢:a7 P> }dy .
We complete the proof of Theorem 2.9.2 by evaluating the universal con-
stants of Equation (2.9.g).

Lemma 2.9.6 We have

1. 4 =0,c3=0,¢c4=0,¢c6 =0, cg =0, ¢c190 =0.
2. ¢y = —%, c; = —%.
3. cg = %
4. cnn = %

Proof: We assume Dy = A and &. = 0 for r > 0. Let ¢ = 1. We may
then apply Lemma 2.2.11 to see 3, is independent of the structures {G, F,T'}.
Since p is arbitrary, Assertion (1) follows.

Let D; = etDg and let B; = By be a static family. Then Lemma 2.2.6 and
Theorem 2.4.1 imply that

64(¢7 pa:DaBO) = B4(¢:P:DO:BO) + %BQ((b:P:DO:BO)

= B4(o, p, Do, Bo) + /M {%(¢;ii:p> + %(Eéb,ﬂ)}dl“ (2.9.h)

+ /8M (Bog, p)dy -

We have Gi = —gg, F1,; =0, and & = —E. Thus by Equation (2.9.g)
16,9, 50) = 009 Dus ) + [ {6501 + 4(EBnp) b

# [ =l - alsonn b (2.9.)

Assertion (2) now follows from Equations (2.9.h) and (2.9.i).
We modify slightly the argument given to prove Lemma 2.2.7 to establish
Assertion (3). Let M = [0,1], let Dy = —02, and let By = 9,.. Define

Dy :=—0? — F +tF,. + *F2,
B;:=0, —tF, .
Let u(z;t) := e'f'. We check u = e"'®®1 by computing:
(8 + Dy)u = (F — tF,, — t?F> = F + tF,, + t’F?)e!" =0,
Biu = (tF, — tFr)etF =0,
ul—o = 1.

It now follows that

ﬂ(l,l,@,%):/Methm SO ,84(1,1,9,%):%/MF2(m)dm. (2.9.7)
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Assume p vanishes near r = 1 so only the component r = 0 where 0, is the
inward unit normal is relevant. We have

E=F, g1,11 =0, 7:1,1 =0,
& =F., S1=-F.

Equation (2.9.g) shows

B4(1,1,0,8) :/

{%F2 — %F,,T}da: +/ (—co)Frdy . (2.9.k)
M oM

We use Equation (2.9.j) and Equation (2.9.k) and integrate by parts to see

M

Cg =
We complete the proof by determining c11. Let M := S' x [0,1]. Let
Dy = —02 - 0] —2e0p and B;:= -0, + 6t(Vg, —eld).
We take ¢ = 1. We have wyp = € so Vy, = 0y + ¢ and hence B;¢ = 0. Thus
e P29 =150 B4(1,1,D9,8) =0. We have I' = § and S; = —&4. Hence

0= 68(011 —Cg)(l,p)dy.
oM

It now follows that ¢11 =¢9. O

——
2.10 Inhomogeneous boundary conditions

We follow the discussion in [49, 51, 50] throughout this section. Let D be an
operator of Laplace type. Let B define a boundary condition. We say that
(D, B) is admissible if there exists § with 0 < 6 < T so that (D, B) is elliptic
with respect to the cone Cs. Let ¢ be the initial temperature distribution of
the manifold. Let p = p(x;t) be an auxiliary smooth internal heat source and
let ¢ = 1¥(y;t) be the temperature of the boundary. We assume, for the sake
of simplicity, that the underlying geometry is fixed. Let u(z;t) = g p,p(2;t)
be the subsequent temperature distribution which is defined by the relations

(0 + D)u(x;t) = p(z;t) t>0,
Bu(y;t) = (y;t) ¢t >0,y € OM, (2.10.a)
Ult=0 = .

If p = p(z;t) is the specific heat of the manifold, then the associated heat
content function is given by

B(é,p, D, B,p,¥)(t) := /M(%,p,«p(w;t),p(m;t))dﬂf-
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As t ] 0, there is a complete asymptotic series

6(¢:P:D:B;p:¢)(t) ~ Z/Bn(¢>p>D)87p)¢)tn/2 .

n=0

We set p =0 and ¥ = 0 to recover the invariants discussed previously
/Bn(¢7p7D7B) = /Bn(¢7p7D7B7070) N

The following Theorem permits us to consider the case in which p is static.
Theorem 2.10.1 Let D be an operator of Laplace type. Let B define a bound-
ary condition so that (D,B) is admissible. Let ¢ = ¢(x) be the initial tem-
perature distribution of the manifold. Let p = p(z;t) be an auziliary smooth
internal heat source and let ¥ = (y;t) control the temperature of the bound-
ary. Expand the specific heat p(z;t) ~ 3,5 t*pr(2) in a Taylor series. Then

ﬂn(qs)p)D)B:p)dj) = Z /8n72k(¢)pk7DaB)p71/}) .

2k<n

Proof: Expand
B(6,, D, B, p, $)(t) = / (ula; ), pla; ) de
M

~ N k ulx; T i
> /M< (2:1), pi ()

~ Y B, pr, D, B,p,)(t) .

k=0
The desired conclusion now follows by comparing coefficients of the parameter
t in the relevant asymptotic expansions. O
We suppose p = p(x) is static henceforth. We can use the following Lemma
to decouple the invariants:

Lemma 2.10.2 Let D be an operator of Laplace type. Let B define a bound-
ary condition so that (D,B) is admissible. Let ¢ be the initial temperature
distribution of the manifold. Let p = p(z;t) be an auziliary smooth internal
heat source and let 1» = ¥ (y;t) control the temperature of the boundary. Let p
be the specific heat. Then:

1. B(,p, D, B,p,¥)(t) = B(¢,p, D, B,0,0)(t) + 5(0, p, D, B, p,0)(t)
+8(0,p, D, B,0,)(t).
2. Bn(9.p, D,B,p, ) = Bu(¢,p, D, B,0,0) + (0, p, D, B,p,0)
+6,.(0,p,D,B,0,v).
Proof: Since the problem decouples, we have ug p.¢ = Ug,0,0 + Uo,p,0 + %00,
The first assertion now follows; the second follows from the first. O

The invariants 8,(¢, p, D,B,0,0) = B,(é, p, D, B) have been studied pre-
viously. We therefore focus our attention on expressing the new invariants
Bn(0,p,D,B,p,0) and 3,(0,p,D,B,0,v) in terms of 3,(-,p, D, B).

© 2004 by CRC Press LLC



2.10.1 Heat content asymptotics with interior source p

For i,j > 0, we define universal constants by setting

1
Cij ::/ (1—s)isi/%ds.
0

Theorem 2.10.3 Let D be an operator of Laplace type. Let B define a bound-
ary condition so that (D,B) is admissible. Let p = p(x;t) be an auziliary
smooth internal heat source. Ezpand p(z;t) ~ Y po o tipp(z) in a Taylor se-
ries. Then:

1. BO(O,p,D,B,p,O) =0.
2. Ifn > 0’ then ﬂn(O:P:D:B;p: 0) = ZQH—]’—}-Q:n Cz]ﬂ](plapaDaB)

Proof: As the initial temperature ¢ = 0, we have u(0;t) = 0; the first
assertion now follows.
To prove the second assertion, let U; := e~tP8p,. Define

t
U; ::/ (t — 8)'Ui(z; 5)ds.
0
It is then immediate that
t
u;(2;0) =0 and Bu;(y;t) = / (t — 8)'BU;(y; s)ds = 0.
0
We now study the corresponding evolution equation:
t
Ou; = {(t —8)'Uilz;s)}|s=t +/ Ot{(t — 5)'YU;(w; s)ds
0
t
= (=) Uil Homt = [ Ouf(t = 9)}Us(as o)
0
t
= {(t—s)'Ui(z;5)}|s=0 + / (t — 5)'0s{U;(x; 5)}ds
0
t
= t'Ui(w;0) —/ (t — 8)'DU;(x; s)ds
0
= t'pi(x) — Duy(x;t)

which shows that (9; + D)U; = t'p;. It now follows that
3(0,p, D, B,p,0)(t)

~ S 80.pDB.Ep 00 ~ S [ (uitait), s

~ i_oj /| (L= 8): Ui 5), )

~ ;%/O(t—S)’B(pi,p,D,B)(s)ds

© 2004 by CRC Press LLC



ZZ/: t— 5)'s*/ds - By (pi, p, D, B)

1=0 k=0

Z Z ti+%k+1cikﬁk (pla P D7 B) .

i=0 k=0
The second assertion now follows by equating coefficients of ¢ in the asymptotic
expansions. 0O

We apply Theorem 2.10.3 to see

B0(0,p,D,B,p,0) =

81(0,p, D, B, p,0) =

32(0,p,D,B,p,0) = 00050(P0,¢,D B),

B3(0,p, D, B,p,0) = co1 81 (po, ¢, D, B),

B4(0,p, D, B,p,0) = co232(po, ¢, D, B) + c10Bo(p1, ¢, D, B) .

We compute directly that

M

— _ _1 _1
coo =1, co1=3%, co2=73, and Clo = 3 -

The following result now follows from Theorems 2.3.3 and 2.4.1:

Theorem 2.10.4 Let D be an operator of Laplace type. Let OM = Cp U Cy
decompose as a disjoint union of two closed subsets; we permit either Cp or
Cn to be empty. Let B define Dirichlet boundary conditions on Cp and Robin
boundary conditions on Cn. Let p = p(x;t) be an auxiliary smooth internal
heat source. Expand p(z;t) ~ > pe o t*pr(2) in a Taylor series. Then:

1. Bo(0,p,D,B,p,0) = 0.

2. B1(0,p,D,B,p,0) = 0.

3. B2(0,p,D,B,p,0) = [,,(po, p)d.

4. B3(0,p,D,B,p,0) = —57= [, (po, p)dy.

5. B4(0,p,D,B,p,0) = 5 [, {(p1, ) — (Dopo, p)}du

+3 fCD aapOap> - <P0,P;m>}dy + %fCN <Bp07p>dy'

2.10.2 The heat content asymptotics with a boundary heat pump

We begin our study of the invariants £3,,(0, p, D, B,0,¢) with two technical
results.

Lemma 2.10.5 Let D be an operator of Laplace type. Let (D,B) be admis-
sible. Assume that B defines Dirichlet boundary conditions on at least one

non-empty component of the boundary. Then given any v € C™(V|onr), there
exists h € C®°(V') so that Dh = 0 and so that Bh = 1.
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Proof: Let u(z;t) = uo,0,¢(2;t). One can then take
h(z) == tlgrolo u0,0,9 (23 1);

the presence of at least one Dirichlet component eliminates infinite heat
buildup and ensures the existence of a harmonic equilibrium solution with
the desired boundary values. We also refer to [51] for a probabilistic proof of
this assertion. O

The constants ¢;; := fol(l — 5)is//?ds enter once again.

Theorem 2.10.6 Let D be an operator of Laplace type. Let (D,B) be ad-
missible. Assume that B defines Dirichlet boundary conditions on at least one
non-empty component of the boundary. Ezpand o (y;t) ~ > peo t* i (y) in a
Taylor series. Choose h; harmonic so Bh; = 1;. Then:

1. Bo(0,p,D,B,0,¢) =0.
2. If n > 1, then (,(0,p,D,B,0,v¢) = —Bn(ho, p, D, B)
- Z2i+j:n,j>0,i>0 ici—1,jBj(hi, p, D, B).
Proof: The first assertion is immediate since ug g ¢ (z;0) = 0. We may assume

without loss of generality that 1) = t%; in the proof of the second assertion
of the Lemma because

B(O:P:D:B;O:ﬂ}) ~ ZB(O;P;D;&OJZ%)U) .
1=0
Suppose first that ¢ = 0. Let
vo :=e P5hy and  wo(x;t) = ho(x) — vo(x;t).
We show up = uo,0,4, by checking the defining relations are satisfied
(615 + D)’LLO = Dhg - (8t + D)U[) = 0,
Bug = Bho — Bvg = o,
uo(x;0) = ho(z) —vo(z;0) =0.
We then have

B&ma&mwzf

oM
= / (hg(m),p(l‘»dl'—B(hO:P:D:B)(t)
oM

This implies the desired identity

umnmmw—/<mmmmmw

oM

0 ifn =0,
Bn(oapaDaBaoal/})_{ _Bn(hO,p,D,B) 1fn>0
Next we suppose ¢ > 0. Let v; := ug ji-1p, 0 and let u; := t'h; — v;. We

show that u; = ug g 4, by checking the defining relations:

(at + D)ul = itiilhi - (at + D)’U, = itiilhi - itiilhi =0,
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Bui = tlBhl — B’Ui = til/Ji,
ui(x;0) = —vi(2;0) =0.

Therefore

50, D,5.0,60)(0) = [ {ti(hi(m,p(a:» - <vi<x;t>,p>}dm

M
We use Theorem 2.10.3 to see
Bn(oa P, D7 Ba iti_lhia 0) = ici—l,n—Qiﬁn—?i(hia P, D7 B) . (QIOC)
Let H; := [,,(hs, p)dx. We use Equations (2.10.b) and (2.10.c) to see

. 0 ifn <2i
Bn(O,P,D,B;O,ﬂ%) = _ici—l,OBO(hiapaDaB)_‘_Hi lfTLZQ’L,
—ici—1,n—2iBn-2i(hi,p, D, B) if n > 2i.

Since ic;_1,0 =1,

B2i(0,p, D, B,0,t'¢;) = H; — /M(hi(z‘),p(a:))da: =0.

This completes the proof of the Theorem. 0O

Theorem 2.10.6 appears to involve global information since one must first
choose h so that Bh = . This is, however, not the case. Using the relation

0=Dh= _h;mm — h.qa + Laah;my
Theorem 2.3.3 shows that:

Theorem 2.10.7 Let D be an operator of Laplace type on a compact Rie-
mannian manifold with smooth boundary OM . Let B define Dirichlet boundary
conditions. Let h be harmonic and let Bh = 1. Then

1 Bl(h;l%D;B) = _%faM@b,p)dy

2. 62(h7p7DaB) = f@M{<%Laa'¢}ap> - W’:P,m)}dy

8. B3(h,p,D,B) = _%IQM{%<¢ap;mm> + %(%P:aa)
+%<E¢)p>_%Laa«/}:p;m>+((11_2LaaLbb_%LabLab_%Ramma)w7p>}dy'

4' /34(1/1;P;D;B) = fBM{%<1/J’ (Dp),m> - %(Laai/];-bp> + <(%E,m
_%LabLachc + %LabLacLbc - f_ﬁRammeab + %Rabchac + %T;m
+%Lab:ab)¢ap> - %Lab<,¢}:a7p:b> - %(Qamz/):a:P) + %(Qam@bap:a)}dy-

Theorem 2.4.1 yields a similar result for Robin boundary conditions:

Theorem 2.10.8 Let D be an operator of Laplace type on a compact Rieman-
nian manifold with smooth boundary. Let B define Robin boundary conditions.
Let h be harmonic and let Bh = 1.
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1. Bl(h;P;D;B):O
2. 62(h:P:D:B):f8M<¢:p>dy
3. B3(h p)D B - 3\/_f3M 1/’;BP>

4. Ba(h,p,D,B) = [, {=1, Dp) + (35S + L Laa)b, Bp) }dy.
We use Theorem 2.10.6 to see

B1(0,p, D, B,4,0) = —p1(ho, p, D, B),
B2(0,p, D, B,4,0) = —p2(ho, p, D, B),
B3(0,p, D, B,4,0) = =B3(ho, p, D, B) — co1 81 (h1, p, D, B),
B4(0,p,D,B,1,0) = —B4(ho, p, D, B) — co2P2(h1, p, D, B) .

Since co1 = 2 and co2 = 3, the results cited above lead to the following result:

Theorem 2.10.9 Let D be an operator of Laplace type. Let OM = Cp U Cy
decompose as a disjoint union of two closed subsets; we permit either Cp or
Cn to be empty. Let B define Dirichlet boundary conditions on C'p and Robin
boundary conditions on Cn. Let 1 = 1p(z;t) control the heat flow over the
boundary. Expand (y;t) ~ Y oo o t*y(y) in a Taylor series. Then:

1. Bo(0,p,D,B,0,1) = 0.
2. B1(0,p,D,B,0,4) = 2= [, (vo,p)dy.
3. B2(0,p,D,8B,0,9) = = [ .. {{3Laato, p) = (Y0, pim) Iy — [ ¢ (%0, p)dly
4. B5(0,p,D,B,0,9) = 2= [ o {3 (%o, pimm) + 5(¥0, Piaa)
+(3 B, p) — 2 Laa(tho, pim) + (15 Laa Lvs — § Lav Lap — § Ramma) Vo, p) }dy
—5z S o W0, BpYdy + 55= [ o, (1, p)y.

/84(0 p)D B 0 1/1 _fCD 1/’0) Dp) > (Laa¢07Dp>
+<(%E'm T LabLachc + LabLacLbc - Rammeab + 16 Rabchac

)

+3L2T;m + 11_6Lab:ab)1/]07 > - ab(dj() as P: b> ( am¢0 a)p>
+l< am'@ZJOap'a) + lLaa(d}la > - §(¢1,p;m>}dy
_fCN ¢O>Dp> <(%S+ iLaa)zﬁU:Bp)—F %(djhp)}dy

Proof: If Cp is non-empty, this follows from Theorems 2.10.6, 2.10.7, and
2.10.8. Since we are taking zero initial condition, the heat flows into or out
of the manifold across the boundary. Thus, modulo an exponentially small
error as t | 0, we may assume that p is supported near the boundary. We cut
out a small hole in the interior of the manifold to create a new “phantom”
Dirichlet component Cp; this again creates an exponentially small error as
t | 0 and does not change the heat content asymptotics. Theorem 2.10.6 is
now applicable and the desired result follows. 0O

N
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The discussion above used the fact that £, (h, p, D, B) depends only on Bh
if h is harmonic. This is a quite general fact.

Theorem 2.10.10 Let D be an operator of Laplace type on a bundle V' and
let B define boundary conditions so that (D, B) is admissible. Let h € C*°(V)
be harmonic and let v = Bh € C*°(V|anr). Then there ezists a natural partial
differential operator T, so

Bn(hapaDalg):f8M<1/)77;L(p7DaB)>dy fOT‘ n>0.

Proof: We follow the discussion in [49]. We apply Lemma 2.1.5. Normalize
the interior integrand by setting

W(‘ﬁ’p’D)'_{o o ifn=2k+1.

We then have
B 6. D.B) = [ S BDOT, )y
M
p

for suitably chosen natural partial differential operators T}, ,,. Since h is har-
monic, DP¢ = 0 for p > 0. Since n > 0 the interior integrand vanishes; the
boundary integrand vanishes if p > 0. Consequently

Bu(hs p, D, B) = / (Bh, To,np)dy
oM

Setting 1 := Bh and T, (p, D, B) := Tp ,p establishes the desired result. O

2.11 Non-minimal operators

We shall follow the discussion in [188]. Let A and B be positive constants and
let E be an endomorphism of the cotangent bundle 7* M. We define
D := AdS + Béd— E on C®(AY(M)).

This operator is not of Laplace type for A # B. It is, however, elliptic as was
shown in Section 1.6.7. Furthermore, if B defines absolute or relative boundary
conditions, then (D, B) is elliptic with respect to the cone C. Let ¢ and p be
smooth 1 forms; expand ¢ = ¢;e; and p = p;e;.

Theorem 2.11.1 Let M be a compact Riemannian manifold with smooth
boundary OM. Let D = Ad§ + Bdd — E on C>°(AY(M)). Then:

1. Let B define absolute boundary conditions. Then:
(a) BO(¢ﬂp7DaB) :fM((b:p)dm
(b) 61(¢7p7DaB):_%\/ZfaM¢mpmdy
+ ng A{_¢mpa:a - ¢a:apm - ¢m,mpm - ¢mpm,m + %Laa(ﬁmpm}dy-
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2. Let B define relative boundary conditions. Then

(a) Bo(¢:p, D, B) = [),(¢, p)dz.
(0) B1(d,p, D, B) = —Z=V'B [, $apady.
(¢) Ba(d,p, D,B) = — [, {A(8¢,6p) + B(d¢,dp) — E(,p)}dzx
+ faM B{=¢a:apm — OmpPa:a = PasmPa — PaPaim
+LasPspa + 5 LaaBsps }dy.

Assertions (1la) and (1b) follow from Lemma 2.1.1. We integrate by parts
to replace the interior integrand — (D¢, p1) by the more symmetric integrand

—A(d¢y,dp1) — B(6¢1,6p0) — (Ed1, p1) -

It then follows there are universal constants ¢; = ¢;(A4, B) so that

Bi(¢,p,D,B) = / {Cl¢apa + c2¢mpm}dy, (2.11.a)
OM
Balop.D.5) =~ [ {A(&m 59) + Bldo, dp) + <E¢>,p)}dm
+/ {CB(QSa;mpa + ¢apa;m) + C4(¢a:apm + ¢mpa:a
oM

+05(¢m;mpm + ¢mpm;m) + CGLab¢an + C7Laa¢bpb + CSLaa¢mpm}dy .

As the constants do not involve E, we set £ = 0 henceforth.

2.11.1 Absolute boundary conditions

Let B define absolute boundary conditions. By Lemma 2.1.16,
Bi(df,p,D,B) = VABI(df,p, A, B), and
Ba(df, p, D, B) = ABa(df, p, A, B) .

The interior integral in Equation (2.11.a) equals the interior integral in the
formula of Theorem 2.5.2 for ABs(df,p, D, B). Consequently the boundary
integrals also agree so, setting ¢, = f., and ¢, = f.o = f.q, We have

/ (clf;apa + CQf;mpm)dy = _%\/Z/ f;mpmdy: and
oM oM

/ {03(f;ampa + f;apa;m) + ca(fraapm + f;mpa:a)
oM
+c5(f;mmpm + f;mpm;m) + CBLabf;apb

+C7Laaf;bpb + CSLaaf;mpm }dy

= A { — fiaaPm — f;mpa:a - f;mmpm - f;mpm;m + %Laaf;mpm}dy-
oM
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We use this identity to determine the constants ¢;. Assertion (1) of Theorem
2.11.1 now follows. O

2.11.2 Relative boundary conditions

Let B define relative boundary conditions. Let ¢ := —di where ¢;; = —1);; is
an anti-symmetric 2 tensor. By Lemma 2.1.16,

61(6¢;P;D;B) :\/Eﬂl((sw:paA:B)> and
62(6¢;P;D;B) = B/Bz(&/’;l);A;B) .

Since —d%; = 1);j;;, one has
1%aj;5Pa 2Wmj;5Pm =~ aj;jPaty,
/B(Cil] Pa + C2Pmjij pm)dy }\/E/ YajijPady, and
M oM

/8 {03 (I/}aj;jmpa + z/}aj;jpa;m) + c4("/}aj;j:apm + z/}mj;jpa:a)
M
+¢5(YmjsjmPm + Ymj;jPmim) + €6 Lavajiipo

+C7Laaz/}bj;jpb + CSLaa'QZij;jpm }dy

= B { - ¢aj;j:apm - z/}mj;jpa:a - "/Jaj;jmpa - ¢aj;jpa;m
oM

+Lab1/}aj;jpb + %Laaz/}bj;jpb}dy .

Again, the coefficients ¢; are determined and Theorem 2.11.1 (2¢) follows. O

2.12 Spectral boundary conditions

We follow the discussion in [197, 198] for the material of this section. Let
M be a compact Riemannian manifold with smooth boundary. Let v give a
vector bundle V' over M a Clifford module structure and let V be a compat-
ible connection on V. The dual connection V on the dual bundle V* is then
compatible with respect to the dual Clifford module structure 7. Let

P:=~vV,. +¢p

be an operator of Dirac type on V and let D := P? be the associated operator
of Laplace type. Note that the connection defined by D will not in general be
compatible with the Clifford module structure. Let

A= —ymYaVe, + 4

be an auxiliary tangential operator of Dirac type on V|gas. As in Section 1.6.6,
we suppose that ker(A) = {0} and that A is self-adjoint with respect to some
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fiber metric on Vl]ap. We let Hj be spectral projection on the span of the
positive eigenspaces of A and let

Ba:=1 @IiP
be the associated boundary operator for D. By Lemma 1.6.7, (P, I1%) is elliptic
with respect to the cone K and thus (D,B4) is elliptic with respect to the

cone C.
Let P be the dual operator of Laplace type on V*; by Lemma 1.6.7,

P =5V, +9p
and the dual boundary condition is Il 4# where
A* = 3, A5 = —AmAaVe, +Par and (2.12.a)
Ya# = Fma¥m + Laald .
Set
86, D.BA)0) = [ (71Po b(w:0). pla)de.

We shall assume the existence of an appropriate asymptotic series as ¢ | 0

B(¢,p,D,B4)( Zﬂn (¢, p, D, Ba)t"2. (2.12.b)

Theorem 2.12.1 Let P be an operator of Dirac type on a compact Rieman-
nian manifold. Let A be admissible with respect to P.

1. Bo(¢,p, D, Ba) = [1,(¢, p)dz

2. (¢ p. D, Ba) = =[50, (I3, T, p)dy.

3. Ba(¢,p, D, Ba) = — [1,(Dg, p)dz + [, A~ (vl P, p) — (v} 9, Pp)
+3((Laa + A+ A% — hp + pym — ¥4 — 9756, I, p) Ydy.

The first assertion is immediate; the remainder of this section is devoted to
the proof of the second and third assertions.

2.12.1 The proof of Theorem 2.12.1 (2)

By Lemma 2.1.1, there is no interior integrand in ;. If B4¢ = 0, then
B1(¢, p, D,B4) =0 by Lemma 2.1.4. Dually by Lemma 2.1.3,

61(¢ﬂp7DaBA) = Bl(pﬂ(z)aﬁ:BA#) =0if BA#p =0.

Since the boundary integrand must be homogeneous of weight 0, only the
pseudo-differential projections HJr and H+# can appear in the formula for ;.
As a result, there exist umversal constants so

Pr(9.p. D, Ba) (2.12.c)
= [ et T + e maaio W) by
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By Lemma 2215) Bl (¢7 Py P27 BA) = 61 (¢) P (_P)27 BA) ReplaCing P by -P
replaces 7, by —v;,. Thus the universal constant ¢; (m) vanishes. We can also
deduce directly that this invariant is not present using Equation (2.12.f) given
below.

We apply Lemma 2.2.16 to the following example to evaluate the constant
co(m); as we shall use this example subsequently in our study of 82, we present
the notation in a consistent framework.

Example 2.12.2 Let {v1,...,7m} be skew-adjoint £ x ¢ matrices satisfying
the Clifford commutation relations

Yivj v = —20;1d

for 1 < i,5 < m.Let M := T™ ! x [0,1] be given the flat product metric.
Let € > 0 and 4 > 0 be real parameters. Let vy be a self-adjoint idempotent
¢ x ¢ matrix which anti-commutes with ~,,. Let V := M x C’ and let P be
the operator of Dirac type on V' given by

m—1

P =m0+ Y Va0l + Ym0 -

a=1

We take into account the fact that 0, is the inward unit normal when » = 0
and the outward unit normal when r = 1 to define an operator of Dirac type
on Vl]gpn which anti-commutes with -y, by setting

A —~YmYa0l + 67 if r=0.
o YmYaOl + 0y if r=1.

We have D = (Ap +¢%) ®Id and A = (Apm-1 + 83) ® Id. Consequently
ker(A) = {0} so A is admissible with respect to P. Let B4 be the associated
boundary condition. Let My := [0, 1] and let Vj := [0, 1] x C’. Let

Py := ¥ 0r + Ym0 on Vo,
Do = (Ym0 +67m70)2 = (—33 +62) ®1Id on V4.

Let IIy and II; be orthogonal projection on the +1 and —1 eigenspace of 7y,
respectively. As 7 anti-commutes with ~,,,

YmIlp = 1y and v Iy = oy, -
Let By define mixed boundary conditions for Dy where
B()QS = H0¢|3M &) Hl(ar + 670)¢|3M . (212d)

Let ¢ = ¢(r) and p = p(r). We suppose p vanishes identically near r = 1
so only the component of 9M, where r = 0 and where 9, is the inward unit
normal, is relevant. By Lemma 2.2.16

/Bn(éb;P;D;BA) - (QW)milﬂn(gb)p)DO)BO) .
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By Theorem 2.5.1,
@)™ 151 (60, D0, Bo) =~ [ (1o Tlop)ay.
M
Since IT ¢ = Ip¢ and Hj#p = IIyp, Equation (2.12.c) implies

61(6,p, D, B) = co(m) / (Mo, Tlop)y -

oM

Equating 31 (¢, p, Do, Bo) and B1(¢, p, D, B) then establishes the second asser-
tion of Theorem 2.12.1 by showing

co(m) = —%.

Remark: The constant ¢o(m) was determined in [197] using a special case
computation and the present calculation should be regarded as providing a
useful compatibility check on that calculation.

2.12.2 The proof of Theorem 2.12.1 (3)

We begin by expressing 3, in terms of invariants with undetermined universal
coefficients. The following Ansatz is far from rigorous but represents a rea-
sonable formulation of what we believe the analysis will show the invariants
to be.

Ansatz 2.12.3 There exist universal constants c; so that

62(¢7 P:D:BA) = _/ (D¢,p>d1' +/ { - <7mHXP¢>p>

M oM
—(ymILi @, Pp) + ((c2(A + A%) + c3Laq + ca(Ym®p — P Ym)
Fes(ba + z/?ﬁ»rlmm#m}dy.

Justification: We use Lemma 2.1.1 to see that the interior integral for fs is
given by —(D¢, p). We define the normalized invariant C, which is given by a
suitable boundary integral, by the identity

62(¢;P;D;BA) = C(¢:P:D:BA) —/M(ng,p)dl‘

+ /BM { — (YmIL{ P, p) — <vaX¢,13p>}dy-
As we must replace v, by —9,, in passing to the dual structures, we have
0 Ba($,p, D, Ba) — B2(p, &, D, Ba#)
C(6,.D.8:2) = C(p.6,D,Bxe) = [ { (Do)~ (6.Dp) |

+/ {— (YmITE P, p) = (ymIT5 0, Pp) — (6, 3m 1T} 4 Pp)
oM
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~(P6 T fiy.
We now use the Green’s formula given in Lemma 1.6.7 to see that
C(6,p,D,Ba) = Clp, 6, D, Ban). (212.0)

Thus, if need be, after averaging over the Z, symmetry, which interchanges
the roles of ¢ and of p, we can assume that the integral expressions for C are
symmetric in the roles of ¢ and p. This symmetry, of course, motivated the
normalizations in the definition of C given above.

If Bap =0, then C(¢,p, D,B4) = 0 by Lemma 2.1.4. Therefore by Equa-
tion (2.12.e) we also have C(¢,p,D,B4) = 0 if By#p = 0. We now argue as
when discussing oblique boundary conditions in Section 2.8, after eliminating
divergence terms, that the integral formula for C is divisible by expressions
which are bilinear in multiples and tangential covariant derivatives of

see the discussion in Lemma 2.1.5 concerning this point.
Since the boundary integrals defining C have total weight 1, terms which
are bilinear in II; P¢ and HX# Pp do not appear. By Equation (1.6.k),

Blli = (4 =) 50 [ Qe Tindy =0, (120
M

We use Equation (2.12.f) to see that terms which are bilinear in IT{ P¢ and
Hz#p or in Hj;gb and HX#Pp do not involve 7,,. Taking into account the
symmetry of Equation (2.12.e), we see that these terms would have the form

|, (PG I p) + (T, I, Po))dy
We use the invariance of 85 under the Zs symmetry which replaces P by —P
discussed in Lemma 2.2.15 to see by = 0.

Consequently there exists a natural first order tangential differential oper-
ator C; and a natural endomorphism Cs so that

C(¢,p,D,Ba) = / (Cy + Co)IT 6, T, phey

oM

The natural first order tangential differential operators of total weight 1
which seem to enter in this setting are the four operators

{A, Ym A, A%, Ym AYym } -

Thus we can express
Ci (d)v P Da BA)
= / (01 A + byym A + by Ay + bayim Ay )Ty 6, TT] . p)dy -
oM

Implicit in this ansatz is the remark that invariants v,%¥pva, Ya¥ AYae, and so
forth do not appear at this level. Such invariants would violate Lemma 2.2.17.
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Since A%, = A#, Equation (2.12.e) implies b; = by. Furthermore, we
replace P by —P to replace 7¥,, by —7v,, and use Lemma 2.2.15 to see that we
have by = b3 = 0. Set by = by = ¢». This leads to the invariant

o [ (A A0, pdy.
oM

The only metric term of total weight 1 is L,,; we denote the coefficient of
this term by c3; by Lemma 2.2.15, v, Ly, does not enter. This leads to

cs / Laa{T56, T, )y
oM
The remaining terms exist in flat space. Terms which are linear in p are

P(D, A) == bspp + bsYm¥p + b1 PYm + bsYm¥PYm -
Interchanging the roles of V' and V* replaces ¢p by Yp and Ym by —%m. Thus
P(D, A*) = bsthp — bsAm®p — brpYim + bsVm®pTm -

Setting P(D, A#) = P(D, A) then yields the relations bs 4+ by = 0. We use

Lemma 2.2.15 to see b; = bg = 0. Setting bg = —b; = ¢4 gives rise to

i [ (Gmtor = pr )0 .
Terms which are linear in ¥4 have the form

Q(D, A) :=botha + bioym¥a + b11¥aVm + bi2Ym¥aVm -

Again, in flat space, interchanging A and A# replaces ¢4 by Fmta¥m. This
yields the relations by = by2; we use Lemma 2.2.15 to see big = by; = 0.
Setting c5 = bg = by gives rise to the invariant

s / (Woa + P56, T, p)dy
OM

We complete the proof by using Lemma, 2.2.17 to see the coefficients ¢; are
independent both of the dimension of the underlying manifold and also of the
rank of the bundle in question. 0O

We evaluate the constants of Ansatz 2.12.3 to establish Theorem 2.12.1 (3).
Lemma 2.12.4

M

_1 _ _1 _
l.ea=5,¢c4=-5,¢0=—3.

2. C3:%.

Proof: We adopt the notation discussed in Example 2.12.2. The flat connec-
tion is compatible with the Clifford module structure. It is not, however, the
only possible compatible connection. Let g, be auxiliary real constants. We
define a compatible connection by setting w, := g,Id . We shall take ¢ = ¢(r)
and p = p(r). We suppose p vanishes identically near r = 1 so only the
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boundary component r = 0 is relevant. Let
P: = Ym0 +7%0% + eymy0 = m Vo, + ¥aVas + Ym0 — 0aVas
At = =70 + 6% = —vm¥aVae + 70 + YmVala -

Since 7, and 7y anti-commute with 7,,,

Yp =€VYmYo — 0aYa SO Ym¥P — YPYm = —26% — 2YmYaOa,
Ya =067 +YmYala SO YA+ YmPAYm = 207 + 2YmVaOa -

We compute:

Bs(¢,p, D, B) = — / (D6, p)de + / { — Tl (Br + £70), )
M oM
+{(Ym o d, Ym (0r + €50)p) + ((2¢2 + 2¢5)d70

+(2¢5 — 2¢4)YmYa 0a — 2¢4670) o, ﬁop>}dy

= [ wopas+ [ {(m(ar + 270)6, 9) — (Tlod, 8,1)
M oM
+([(—=1 — 2¢4)ev0 + (2¢2 + 2¢5)d70
+(2C5 - 264)’7m’7a Qa]HO¢7 p> }dy .

On the other hand, since P§ = —(82 — £2)Id, the connection defined by Dy
is the trivial connection. Thus by Theorem 2.5.1,

(27)™ By (6, p, Do, By) = —(2m)™ ! / (Do p)r

Mo

+ e [ {<¢+;m T Sy, p4) - <¢_,p_;m>}dyo

=~ [ opte+ [ {0 +ew)6.0) ~ a6 0000 b

We have yIly = Iy. Set ¢y = 1, 9, = 0 for a > 0, and vy = V=17, 71 We
may then equate 32(¢, p, D, B) with (27)™~1B5(¢, p, Do, By) to complete the
proof of Assertion (1) by deriving the relations

2co +2¢5 =0, 2c5—2c4 =0, and 2c4=-1.

To study the coefficient of L,, we consider a variant of Example 2.12.2. Let
f = f(r) be a smooth function with f(0) = 0 and f(1) = 0. Instead of taking
a flat metric on M := T™~! x [0,1], we take the warped product metric

dsiy = dr® +e* (d6} + ...+ doZ,_)).

The volume element is then given by dz = gdrdf; ...d6,,_, where g := (™~
Let {©1,...,.0™} be skew-adjoint matrices satisfying the Clifford commuta-
tion relations

007 + 070" = —26" for 0<i,j<m.

© 2004 by CRC Press LLC



We set 7y, := O™, 7, := /0% and v* := e 7O This defines a Clifford
module structure on M x C¢. Let vy be an auxiliary idempotent self-adjoint
matrix which anti-commutes with -,,. We define

P =70, +7%0° and A:= —7,7°0 + v .

Let ¢ = ¢(r) and p = p(r). We suppose p vanishes identically near r = 1. We
may then apply Lemma 2.2.16 and Theorem 2.5.1 to compute:

62(¢7g_1p7DaBA) = (27r)m_162(¢7p7D0780)
= [ ~wpas+ [ {<ar¢+,p+> - <¢,6rp>}dy.
M oM
Since Pg~'p = —g~'5,m0yp, we may conclude
0= / ((62 (A + A#) +c3Lgq + C4('7m"/}P - ¢P7m) (212g)
oM

+es(a + %)) o, o p)dy -
Motivated by Lemma 1.1.7, we define wy, =0 and we = 10, f - YmYa- Then

Tinab = Lams = —Tapm = 0rf - €27 s,
Tima’ = Tam® = 5 foan,
Cop™ = =0, f - €204, so
Ymim = 0,
Yasm = 0rf - Ya = Tma" 6 = 0,
Ymia = —Lam" W + [Was vm] = =0rf Yo + 500 flYmVas Y]
=0 Ya+Orf 7 =0,
Yap = —Lba™Ym + (Wb, Val
=0, f - € Ymab + 50, F[Ym Vs, Val
=0, f - € ymbap — Oy f - € ymbap = 0.
Consequently ¢yp = —7%w, = —%&«fTWm’Ya = —%(m = 1)0; fvm and thus
Ymp — YpYm = 0. Similarly
YA = YmY*we + 070 = —%(m —1)0-f + 67, so
A+ Yar = Laald + 267 .
Thus Equation (2.12.g) implies 0 = [, (cs + ¢5)Laa(llo¢, Iop)dy and thus

cs + ¢; = 0. Consequently c3 = —c5 = % This completes the proof of Lemma
2.12.4 and thereby the proof of Theorem 2.12.1. O
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Chapter 3

Heat Trace Asymptotics

3.0 Introduction

In Chapter 3, we discuss the heat trace asymptotics. As in Chapter 2, let M be
a compact Riemannian manifold of dimension m with smooth boundary 0M
and let V' be a smooth vector bundle over M. We shall introduce a number
of different constants ¢;; we clear the notation at the beginning of each new
section. Thus, for example, the constants of Section 3.3 have no relation to
the constants of Section 3.4.

We say that (D, B) is admissible on V over M if B defines boundary con-
ditions for an operator D of Laplace type on C*° (V) and if (D, B) is elliptic
with respect to the cone Cs for some 0 < § < 7. Note that in contrast Chapter
2, we do not impose an ellipticity condition for the dual structures on V*. If
it is not necessary to specify the manifold and vector bundle in question, we
shall simply say (D, B) is admissible. If the boundary of M is empty, then the
boundary condition is irrelevant and we shall say that D is admissible.

Let Dp be the associated realization where (D, B) is admissible. We ap-
ply Theorem 1.4.5. The fundamental solution of the heat equation, e ~tP5, is
characterized by Display (1.4.d). This operator is of trace class and can be
represented by a smooth kernel function K(t,z,z1,D,B) : V,, — V, so that

e_tDBqS(w;t) :/ K(t,z,z1,D,B)¢p(x1)dz: .
M

Let F € C*°(End (V)) be an auxiliary smooth endomorphism of V', which
is used for localization. There is a complete asymptotic expansion as ¢ | 0

o0
Tr 2 {Fe P85} ~ Z an(F, D, B)t(n—m)/?

n=0

where the heat trace coefficients a,, are locally computable. If B defines spectral
boundary conditions, an expansion of this form exists only for 0 <n < m —1.
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If f is a scalar function, then we shall set
an(f;Dylg) = an(f IdaDvB)

Let V be the natural connection defined by D; we refer to Lemma 1.2.1 for
details. V., denote covariant differentiation with respect to the inward unit
normal vector field. There are local endomorphism valued invariants e, (z, D)
and e, (y, D, B) which are defined on M and on OM, respectively, so that

an(F.D,B) = /M Try, {F(x)en(x,D)}da: (3.0.0)

n—1
+ Z/ Tt‘vy{vlng(y)‘en,k(vaaB)}dy'
k=0 oM

The interior invariants e,, vanish for n odd; the boundary invariants are gener-
ically non-zero for n > 1.

The study of the asymptotic coefficients a,, will comprise the focus of Chap-
ter 3. In Sections 3.1 and 3.2, we will discuss the functorial properties of these
invariants. Some of these properties are analogous to properties discussed pre-
viously for the heat content asymptotics while some of the properties are new.

In Section 3.3, we discuss these invariants for closed manifolds; this is a
non-trivial computation as there is no analogue of Assertions (2) and (3) of
Theorem 1.3.12 giving a general formula for the interior invariants.

In Sections 3.4 and 3.5, we study the boundary integrals for Dirichlet and
Robin boundary conditions, respectively. The invariants a,, for n < 3 where D
is the scalar Laplacian were originally determined by Kennedy, Critchley, and
Dowker [256]. We shall follow the functorial method outlined in [84] to study
these invariants. We also refer to [270, 285, 287, 344, 345] for related work. In
Section 3.6, we extend these results to study mixed boundary conditions.

In Section 3.7, we present a few geometrical applications of these formulae
to relate the spectrum of the Laplacian to the geometry of the underlying
manifold. We begin by presenting the Berger-Tanno result [58, 347] that stan-
dard spheres in dimension at most 6 are characterized by the spectrum of
the scalar Laplacian. If instead of considering just the scalar Laplacian, one
considers the p form valued Laplacian, then more information is available.
We present results of Patodi [301] for closed manifolds and of Park [297, 298]
for manifolds with boundary showing that certain geometric properties are
determined by the spectrum of the p form valued Laplacians for p = 0,1, 2.
We refer to [35] for a more complete bibliography of some papers in the field
of spectral geometry.

Section 3.8 deals with the supertrace asymptotics for the Witten Laplacian.
In Section 3.9, we study the large and small energy limits of the heat trace
asymptotics.

In Section 3.10, we study the heat trace asymptotics for transmission bound-
ary conditions and in Section 3.11, we study the heat trace asymptotics for
transfer boundary conditions. In Section 3.12, we discuss time-dependent phe-
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nomena. As was the case with the heat content asymptotics, a bit of care must
be taken in defining the relevant kernel functions.

In Section 3.13 we study heat trace asymptotics which are related to the
eta function and use these results to study spectral boundary conditions in
Section 3.14.

We conclude in Sections 3.15, 3.16, and 3.17 by studying the heat trace
asymptotics defined by operators that are not of Laplace type. Section 3.15
deals with second order non-minimal operators, i.e. with operators which have
non-scalar leading symbol. In Section 3.16 we study fourth order operators,
and in Section 3.17 we study pseudo-differential operators.

There is a lengthy history involved in the study of such asymptotic expan-
sions. Weyl [360] began the study in 1915 by determining the ag term which
lead to the asymptotic formula

Ay ~ n2/m

for the Laplacian on a compact manifold. Minakshisundaram and Pleijel [281,
282, 283, 310, 312] then pioneered the study of other terms in the asymptotic
expansion. Work of Kac [250], McKean and Singer [278], and Patodi [301, 302]
was extremely influential.

We refer to the Bibliography for a small selection of additional references on
the subject. Additional references may be found, among other locations, in P.
Bérard and M. Berger [35] and in the Bibliography by H. Schroeder contained
in [189].

3.1 Functorial properties I

The heat trace asymptotics, like the heat content asymptotics, have a number
of functorial properties. Some of these properties are similar to properties of
the heat content asymptotics. For example, Lemma 2.1.2 for the heat content
asymptotics and Lemma 3.1.1 for the heat trace asymptotics relate to shifting
the spectrum by adding a scalar multiple of the identity. Similarly, Lemma
2.1.6 for the heat content asymptotics and Lemma 3.1.2 for the heat trace
asymptotics involve Fourier expansions when Dy is self-adjoint.

There are properties of the heat content asymptotics that have no corre-
sponding analogues for the heat trace asymptotics. Lemma 2.1.1 which gives
the interior terms for the heat content asymptotics and Lemma 2.1.3 which
gives a duality relationship are such properties.

On the other hand, there are properties of the heat trace asymptotics not
mirrored by the heat content asymptotics. For example, the variational for-
mulae of Section 3.1.10 have no analogue for the heat content asymptotics.
Thus, although there are some formal similarities between the heat content
asymptotics and the heat trace asymptotics, each setting has to be treated
differently.
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In this section, we discuss properties which are common to many boundary
conditions. We postpone until the next section a discussion of transmission,
transfer, and spectral boundary conditions. We also postpone a discussion of
time-dependent phenomena until that time.

3.1.1 Shifting the spectrum

The following property of the heat trace asymptotics is a direct generalization
of the corresponding property given in Lemma 2.1.2 for the heat content
asymptotics.

Lemma 3.1.1 Let (D, B) be admissible, let F' be a smooth endomorphism of
V', and let € be an auziliary real parameter. Then

an(F,D — €1, B) = Yoy, Sran—k(F, D, B).

Proof: Let u:=e tP5¢ let D, := D —eld, and let u. = e**u. In the proof
of Lemma 2.1.2, we showed that u. = e"*P=5¢. This implies

K(t,m,ml,DE,B) = etEK(tvmvmlaDaB)'

Tr - {Fe_tDE'B}

_ /M Ty, {F(m)K(t, z,7,D., B)}da:

Consequently

= etg/ ’I‘er{F(m)K(t,m,x,D,B)}da:
M

= e*Tr Lz{FetDB} .

We may now establish the Lemma by equating powers of ¢ in the asymptotic
expansions. 0O

3.1.2 Heat trace asymptotics for self-adjoint operators

Let V be equipped with a positive definite Hermitian inner product. Assume

that (D, B) is admissible and that Dp is self-adjoint. Let {¢;, A;} be the dis-

crete spectral resolution of Dy, which was discussed previously in Theorem

1.4.18. If p; € C*>(V), define p;i(x) ® p3(z1) € Hom (V,,,V,) by setting
{p1(z) @ p5(21)} () = (-, pa(21)) pr () .

The following result generalizes Lemma 2.1.6 to the current setting.

Lemma 3.1.2 Let (D, B) be admissible and self-adjoint. Let {¢;, \;} be the
associated discrete spectral resolution. Then:

1. K(t,z,z1,D,B) =Y, e ig;(z) @ ¢} (z1).
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2. Trpp{Fe Do} = e~ [ Try, {F(2)(6i(z) © ¢} (2)) }da.

3. Let f € C®(M). Then Tr p2{fe tPs} =3 e~ [, f(x)|pi(x)|*dx.

4. Trp={e P8} =3 et

Proof: If ¢ € C*°(V), then the associated Fourier coefficients are given by

oi() = /M<¢, 61)(@)dz

We showed in the proof of Lemma 2.1.6 that

g = Dol =T et {[ @onein foe)
-/ {2 8i(x) 67 <x1>} $lor)da

The first assertion of the Lemma now follows as a kernel function in this form
is unique. The second assertion of the Lemma is an immediate consequence
of the first. The third assertion follows from the second assertion since

Trv, {f(¢i(2) @ ¢ (2))} = f(@)|di(2)]*-
The final assertion follows by setting f = 1 since [, |¢;|*dz =1. O

3.1.3 Heat trace asymptotics in the 1 dimensional setting

The following result gives the heat trace asymptotics for the Laplacian on the
circle S* and the interval [0, 7]; it will play an important role in the subsequent
determination of certain normalizing constants.

Lemma 3.1.3

1. Let Agr := —83 on S*. Then:
(a) ao(l,As1) = /7.
(b) an(1,Ag1) =0 for n > 0.

2. Let Apg ) = —02 on [0,7], let Bp define Dirichlet boundary conditions,
and let By define pure Neumann boundary conditions. Then:

(a) ao(1, Ao, Bp) = 53/7 and ao(1, Ajo,), BN) = o
(b) al(laA 0,7T]7BD) = _5 and al(laA[OJr]:BN) -
(c) an(1,A,71,Bp) =0 and a, (1, Ajg,x), BN) =0 for n > 2.

Proof: We use Example 1.5.12, Example 1.5.14, and Lemma 3.1.2 (4) to see

Spec{Agi} = {nQ} so Tr Lz{e_tAsl} = Z e—tn®.

n=-—-00 n=-—0o

Spec{A[Om],BD } = {n2 }

o0

oo oo

2
le) TrLz{etA[Ov"]vBD} = E et
n=1

n=1
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oo

Spec{Ajo,),8x} = {n2} so Trye {em[oﬂrl,sw} - Z e—tn”
n=0

We apply the analysis used to prove Lemma 2.3.5 to establish Assertion
(1a) by computing

00
ao(l,Asl) = ltiﬁ)l{\/f-TrLzetA[O’"l}zlim{\/Z. Z etnz}

n=0

10

n=-—o0o
&0 2

= / e ¥ dr = /.
-0

The structures on S' are flat and hence all the derivatives of the symbol
of A vanish. Assertion (1b) now follows since the local formulae for a,, are
homogeneous of weight n in the derivatives of the structures defining A, as we
shall see presently in Section 3.1.8; this also follows from standard arguments
using Gaussian sums as

ltig)l{\/i-TrLze*tA} = /T + O(t*) for any k € N,

We use the computations performed above to see that
Topafe 40} = I pafet2a) -

TrLZ{eftA[o,w],sN} — %’I‘I‘L2{€7tASl} + % .

Consequently,
Lan(1,A ifn#1,
a’n(laAaBD) = f n( Sl) . ;é
za1(1,Ag) — 5 ifn=1,
Lla,(1,A if n #1,
a’n(laAaBN) = f ( Sl) 1 - 75
zai(1,Ag1) +5 ifn=1.
Assertion (2) now follows from Assertion (1). O

3.1.4 Conditions that imply the heat trace coefficients are real

The following observation of Branson and Gilkey [84] will be useful in elimi-
nating certain invariants from consideration.
Lemma 3.1.4 Let (D, B) be admissible.
1. If V, D, B, and F are real, then a,(F, D, B) is real.
2. If Dg and F are self-adjoint, then a,(F,D,B) is real.
Proof: Let V, D, B, and ¢ be real. Let u := e '’5¢. Then @ also satisfies
the defining relations of Display (1.4.d) so v = @ and w is real. It now follows
that K = K and hence K is real. Assertion (1) now follows.

If Dp is self-adjoint, then the eigenvalues \; are real. Let ¢; be the associated
eigensections. We then have that

((¢s ® @7 )v1,v2) = (¢i,v2)(v1, d5) -
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Modulo taking the complex conjugate, this is symmetric in the roles of v; and
vy. This shows that ¢; ® ¢} is self-adjoint. Thus

Trv, {F(2)(¢i(2) ® 9] (2))} = Trv, {(¢i(2) ® ¢; (2)) F*(2)}
= Trv.{(¢i(x) ® ¢7(2))F(z)} = Trv, {F(x)¢:(x) ® ¢; (2)} -

This shows that the fiber trace is real. Assertion (2) now follows from Lemma
3.1.2. O

3.1.5 Direct sums

As was the case for the heat content asymptotics, the heat trace asymptotics
are additive with respect to direct sums.

Lemma 3.1.5 Let (D1,B1) be admissible on Vi over M and let (D, Bs) be
admissible on Vy over M. Let

D:=Di®Ds and B:=B; & Bs.
Then (D, B) is admissible. Let F; € End (V;) and let F := Fy, ® Fy. Then
1. K(t,z,z1,D,B) = K(t,z,z1,D1,B1) ® K(t,z,z1,D2,B2).
2. an(F,D,B) = an(F1,D1,B1) + an(F>, Dy, Bs).
Proof: Let u; := e tPiBigp; and let u := e~tP5¢. We showed in the proof
of Lemma 2.1.7 that we may express u = u; @ us. The first assertion now

follows; the second follows from the first by equating terms in the associated
asymptotic expansions. 0O

3.1.6 Product Formulas
The following Lemma generalizes Lemma 2.1.8.

Lemma 3.1.6 For i = 1,2, let (D;,B;) be admissible on vector bundles V;
over compact Riemannian manifolds (M;, g;). Let My be closed so no boundary
condition is needed for Dy. Let (M, g) := (M1, g1) X (M2, g2) be the product
Riemannian manifold and let V := n{Vi @ w3 V5 be the tensor product bundle
over M. Let F := Fy, @ F5 for F; € End (V;). Define D and B by setting

D:=Dy®Ids+1d1®Dy and B:=1d;®Bs on C*(V).
We have that (D, B) is admissible and:
1. K(t,(x1,x2),(T1,T2),D,B) = K(t,x1,T1,D1) ® K(t,z2, %2, D2, Bs).
2. a,(F,D,B) = Zn1+n2:n G, (F1,D1)an, (Fs, Dy, Bs).

Proof: Let ¢; € C™(V;) over M;, let ¢ := ¢1 ® ¢po € C°(V) over M. Let
u:=etP5¢ uy := e tP1B1¢), and uy := e P2¢y. We showed in the proof
of Lemma 2.1.8 that u = u; ® us. Assertion (1) now follows. Assertion (2)
follows from Assertion (1). O

© 2004 by CRC Press LLC



We can use Lemma 3.1.6 to extend Lemma 3.1.3 to the higher dimensional
setting. The following result is now immediate:

Lemma 3.1.7 Give T™ := S! x ... x S the flat product metric. Then
ao(1,Arm) =72 and  a,(1,Arm) =0 forn >0.

Remark 3.1.8 We require that By is a partial differential operator to en-
sure that By ® Id is again an operator within the context with which we
are working; if B; defined spectral boundary conditions, then B; would be
a pseudo-differential operator over M;. However, B; ® Id would not be a
pseudo-differential operator over M and hence would not define admissible
boundary conditions. As we shall see presently, Lemma 3.1.6 implies that,
with the exception of spectral boundary conditions, if we express the local
integrands for the heat trace asymptotics in terms of a Weyl basis, then the
coefficients are, up to a multiplicative normalizing constant, universal. This
normalizing constant will then be determined using Lemma 3.1.7. This is not,
however, the case for spectral boundary conditions as we shall see in Section
3.14; the coefficients there exhibit highly non-trivial dependence on m.

3.1.7 Dimensional analysis

Theorem 2.1.12 extends to this context.

Theorem 3.1.9 Let (D,B) be admissible and let ¢ > 0. Then:

1. K(t,z,z1,¢*D,B) = c"K(c*t,z,z1, D, B).

2. an(F,c*D,B) = ¢""™a,(F,D,B).

3. en(z,c?D) = c"ep(x, D).

4. enk(y,c?D,B) = c" ke, 1 (y, D, B).

Proof: Let u(x;t) := e P8¢, let u.(z;t) := u(z;c?t), and let D, := ¢*D.
The argument used to prove Lemma 2.1.13 then shows

u, = e tPeB g

Consequently after taking into account the fact that dz, = ¢™™dx, we see

ue(x;t) :/ K(t,z,z1,c¢*D, B)p(21)d .z
M

c™ / K(t,z,z1,c¢* D, B)p(z1)dr,
M

= u(:r;c2t):/ K(c*t,x,x1,D,B)¢(z1)dr; .
M

Assertion (1) now follows. We use Assertion (1) to see

Tr 2 (Fe tPes) = /

Try, {F(m)K(t,m,m, DC,B)}dCx
M

= / Try, {F(x)K(c2t, z,z,D, B)}dw = Tr > (Fef(CQt)DB) .
M
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Equating terms in the asymptotic expansions proves Assertion (2).

The third and fourth assertions follow from the second after taking into
account change in the volume form and the normal vector field. Alternatively,
one can also appeal directly to the Seeley-Greiner calculus [224, 341]. O

3.1.8 Ezpressing the invariants e, and ey, relative to a Weyl basis

We now give a second proof of Lemma 1.7.7 which is not based on a detailed
analysis of the Seeley calculus and which uses only the fact that the invariants
en and e, are locally computable.

As in Section 2.2.4, we let indices i, j, k, [ range from 1 through m and
index a local orthonormal frame {ey, ..., e, } for TM. Let V be the connection
determined by an operator D of Laplace type on V. We let “;” denote the
components of multiple covariant differentiation of tensors of all types with
respect to the connection V and the Levi-Civita connection of M. Let R;ju be
the components of the curvature tensor of the Levi-Civita connection of M,
let €2;; be the components of the curvature tensor of the connection defined
by D, and let E be the endomorphism defined by D. We defined previously
in Section 1.7.3

weight (Rijp) =2, weight (Q;;) =2, and weight (E) =2.

We increase the weight by 1 for every additional explicit covariant derivative
which appears. Applying Theorem 3.1.9 and the rescaling arguments discussed
in Section 2.2.4 then shows that ey (z, D) is homogeneous of total weight n in
the variables

{Rijits..., B, Qij;.. b
Let 7 be the scalar curvature and let p be the Ricci curvature,
T:= R and  pj = Rigrj -
The norms of these tensors are given by
Ip|* = pijpij = Rikkj Ry and  |R|* = Rijp Rij -

After taking into account the additional invariants which can be constructed
from E and from 2, we obtain the following generalization of Lemma 1.7.5.

Lemma 3.1.10 Let &, ,, be the space of endomorphism valued invariants of
weight n in the derivatives of the symbol of an operator of Laplace type which
are defined on the interior of M.

1. &,m = Span {Id }.

2. & m =Span{rld, E}.

8. E4m = Span {rxld, 72Id, |p|?1d, |R]’1d, TE, E?, Exk, Q:;Q5}.
Near the boundary, we assume the frame is chosen so e,, is the inward unit

geodesic normal vector field. We let indices a, b, ¢ range from 1 through m —1
and index the induced orthonormal frame {ey, ...,e,,_1} for T(OM). Let Ly
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be the second fundamental form. A similar analysis establishes the following
generalization of Lemma 1.7.6:

Lemma 3.1.11 Let E,blflm be the space of endomorphism valued invariants of

weight n in the derivatives of the symbol of an operator of Laplace type which
are defined on the boundary of M.

1. &, = Span {Id }.
2. &4, = Span {L,.1d }.
3. 52b’dm = Span {LaaLbed, LabLabId, RabbaId; RammaId; E}
Lemma 3.1.11 suffices to describe the boundary integrands in the invariants

a1, a2, and ag for Dirichlet boundary conditions. Additional structures appear
for the other boundary conditions, but the analysis is similar.

3.1.9 Dimension Shifting

As with the heat content asymptotics, when the heat trace asymptotics are
expressed relative to a Weyl basis, the coefficients are universal, apart from a
multiplicative normalizing constant. We illustrate this principle for the interior
invariants.

Lemma 3.1.12 There exist universal constants c; which are independent of
the dimension of the underlying manifold and of the rank of the vector bundle
in question so that if D is admissible on a closed Riemannian manifold M,
then

1. ao(F,D) = (4m)~™/2 [, Tr (F)dz.
2. CQ(F,D) = (4’/T)7m/2% fM 'I‘I'{F(ClE + CQTId)}diL’.
3. a4(F,D) = (4’/T)7m/2ﬁ fM TI'{F(C?,E;kk +cymE + s E? + ceT:xk1d
+erm21d + cslp|?Id + 9| R|?Id + ¢1094Qi;) b
1

Remark 3.1.13 The presence of the normalizing constants of % and 555 is to

simplify subsequent computations and is, of course, inessential. The presence
of the localizing endomorphism F' enables us to recover the divergence terms
E.i, and Tk which otherwise would be lost.

Proof: Let r := Rank (V) and m := dim(M). By Lemma 3.1.10 (1), there

exists a universal constant g, so that

ao(F, D) = (47) "™ % ¢y pn.r /M Tr{F}dzx. (3.1.a)

By Lemma 3.1.5, the universal constant does not depend on 7 50 ¢y, = €o,m-
We may therefore take
A, = —(agl + ...6§m)

on the trivial line bundle over the torus T™ in order to determine cp,y,. We
take F' =1Id;asr =1, Tr (F) = 1. We use Lemma 3.1.3 and Equation (3.1.a)
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to compute
ao(1,—83) = /m = (4n) " %¢y1vol (§Y) = V/mep -
This implies that cy,; = 1. More generally, we use Lemma 3.1.6 to see
(10(1, Am) = aO(]-: A1)m
and consequently ¢y, = 1 for all m by Lemma 3.1.7. This establishes Asser-
tion (1).

We use Lemma 3.1.10 to establish the existence of formulae of the type given
in Assertions (2) and (3). The universal constants ¢; are then independent of
the rank of the bundle by Lemma 3.1.5 so only the dependence upon the
dimension m of the underlying manifold is in question. Again, we apply the

method of universal examples. Let M; be a closed Riemannian manifold of
dimension m — 1 and let D; be an operator of Laplace type on M;. Let

M:=M; xS* and D:=D;-0;.

Let F = F(x). As structures are flat in the S* direction, E = Ep = Ep,
and
RM RYY if ikl <m—1,
k= if any index is m .

The crucial point is that invariants formed by contractions of indices are
restricted from M; x S! to M, by restricting the range of summation but
have the same appearance. We refer to the discussion in Section 1.7.4 for
further details concerning this point. Thus, for example,

Z Ry = Z Ry ="

,j=1 4,j=1
Since (47)~/?vol = /7, we have
as(F, D) (3.1.b)

= (4m) m/2L / Tr {chFE-%chFTM}da:ldG
M1 xSt

_ et |

Tr {cl,mFE + co M }da:l :
My

We showed a,(1, D) = 0 for p > 0. Thus by Lemma 3.1.3 and Lemma 3.1.6,
CLQ(F,D) :CLQ(F,Dl)ao(l,DQ) ZG,Q(F,D:[)‘\/E (310)
= \/7_r(47r)_(m_1)/2% / Tr {ch_lFE + 027m_1F7'M1 }da:l .
My

We use Equations (3.1.b) and (3.1.c) to prove Assertion (2) by showing
Cl,m = Cl,m—1 and C2m = C2,m—1 -

The proof of Assertion (3) is similar and is therefore omitted. O
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We remark that if m = 1, then 7 = 0 and thus ¢, ; is not uniquely specified.
We therefore set c21 := ¢2, for any m > 2. A similar remark holds for the
other constants; they are only uniquely specified for large values of m; there
are relations given by Theorem 1.7.4 for small values of m.

3.1.10 Variational formulae

The Lemmas in this section do not have analogues for the heat content asymp-
totics. We follow the discussion in [84] and proceed formally; the necessary
analytic steps can be justified using the techniques of Gilkey-Smith [208]. The
boundary condition is always to be held fixed.

We begin by studying conformal variations of the operator. The following
property was first observed by Branson and QOrsted [95, 96] and permits one
to recover the divergence terms.

Lemma 3.1.14 Let (D, B) be admissible. Let D, := e~>/D for f € C>(M).
Then O-an(1,D.,B) = (m —n)a,(f, D, B).

Proof: We compute that

Z d-an(1, D, B)t—™/2 agTrLz{eth’B}

n=0

= —tTrpe { (0-D.)e D=5 } = 2tTr ;2 {nge_th'B }

= —2t9,Tr [ {fetDE'B} ~ —2t0, Z an(f, De, B)tn—m)/2

n=0
o0

~ Y (m—n)a(f, D, B)t"m/2.

n=0
The Lemma follows by equating powers of ¢. 0O
We vary the 0" order term to generalize Lemma 3.1.1:

Lemma 3.1.15 Let F € C*®°(End (V)) and let (D, B) be admissible on V.
1. Let D, := D —¢eF. Then O:an(1, D.,B) = an—o(F, D, B).
2. Let Ds := D — §Id. Then Osa,(F, Ds,B) = a,—2(F, Ds, B).

Proof: We apply a similar argument to that used in the proof of Lemma
3.1.14. We compute that

Z -an(1, D., B)t™—m1/2 L 9. Ty Lz{etDE,B}

n=0

= —tTrLz{(ang)e_th’B} = tTr po {Fe_th’B}

~ tY an(F,D., Bt/

n=0
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As above, we equate powers of ¢ to complete the proof of the first assertion;
the second is an immediate consequence of the first. O

The final variational result combines the previous two Lemmas and was
first observed in [84].

Lemma 3.1.16 Let (D, B) be admissible on 'V over M, let f € C*°(M), and
let F € C®(End (V)). Then O.am_s(e"fF,e~2fD,B) = 0.

Proof: By Lemma 3.1.14 and Lemma 3.1.15,
d-a,(1,e” 1 (D - 6F),B) =0, and
Osam(1,e 21 (D — 6F),B) = am—s(e ¥ F e~ (D — 6F),B).
Consequently
0 = 050.am(1,e” /(D —6F),B)
= 0.05am(1,e" %7 (D - 6F),B)
= O.am—s(e ETF e (D - 6F),B).

We evaluate at 6 = 0 to complete the proof. 0O

3.1.11 Recursion relations

We study the twisted Dirac operator in the 1 dimensional setting. We first
study the situation on the circle. The following result is a special case of a
more general relationship [179]; it plays a central role in the analysis of the
leading terms in the heat asymptotics as we shall see presently.

Lemma 3.1.17 Let b € C*°(S') be real. Define operators on C*(S') by
A:=09—b, A*:=—-09g—b
D, :=A*A, D, := AA*.

Let f € C*°(SY). Then

1. 20,{K(t,0,6,D1) — K(t,0,0,D2)} = 0y(0p — 2b)K (t,6,60, Dy).

2. (1 = 1){an(f, D1) = an(f, D)} = an_s(2f + 2b3sf, Dy).

Proof: Let {¢;, \;} be a discrete spectral resolution for D;. Then the corre-
sponding spectral resolution of Dy on ker(Dy)* is given by

{\/}q}_l’A })\i;é[) '

After differentiating with respect to ¢, the zero spectrum plays no role. Thus
we may apply Lemma 3.1.2 to see that

0K (t,6,6,D1) er*% Ze*“lDum - i(0),

O K(t,0,6,Ds) Ze_t)‘ Ag;i(0) - Agi(6) .
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Since Dy = —83 + 9gb + b?, we prove the first assertion by computing
20,{K(t,0,0,D1) — K(t,6,0, Ds)}

= 226”‘1'{ —D1¢pi - ¢i + Ad; ‘A¢i}(9)

= 2y ™™ {¢iag¢i — (99b) 47 — b* 97 + (Dphi)? — 2b¢iDp i + bzfﬁ?}(a)
= 0p(0p — 2b) Y _e™ X7 = 9p(0p — 2b)K (¢,6,6, Dy).

We integrate by parts to see that

oo

> (n- 1){an(f,D1) —an(f, Dz)}t<n3>/2

n=0

~ 28t{TrL2{fe_tD1} - TrL2{fe—tD2}}

_ /{fc‘)g(ag—2b)K(t,9,9,D1)}d0
M

- /{(89+2b)69f}K(t,9,9,D1)d0
M

= Tr Lz{((ae + 2b)3of)etD1}

~ Zak((ag +2by) f, Dy)tF=1/2
K

We now equate powers of ¢ in the two asymptotic expansions. O

We generalize Lemma 3.1.17 to the interval by imposing suitable boundary
conditions. It is closely related to Lemma 2.1.15, modulo a slight change in
notation.

Lemma 3.1.18 Let b € C*°([0,]) be real. Define operators on C*([0,x]) by
A:=0,—-b, A*:=-0,-0
Dl = A*A, D2 = AA*.
Let f € C>*([0,7]). Let Bi¢ := Ploms and Bagp := A*¢|ans define Dirichlet
and Robin boundary conditions for Dy and D, respectively. Then:
1. 26t{K(t,m,m,D1,Bl) — K(t,CE,CE,DQ,BQ)} = 696(696 — Qb)K(t,HZ,HZ, Dl,Bl).
2. (n = 1){an(f, D1, B1) = an(f, D2, B2)} = an—2(85f + 200, f, D1, B1).

Proof: The argument to prove Lemma 3.1.18 is essentially the same as that
used to prove Lemma 3.1.17 once the boundary conditions are taken into
consideration. Let {¢;, \;} be a discrete spectral resolution for D; p,. Since
the eigenfunction ¢; satisfies Dirichlet boundary conditions

A" (Adi)lomr = Xidilanr = 0.
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This shows that BsA¢; = 0 so

Adi )\}
{a}

is a spectral resolution of Ds g, on ker(Dz 5,)*. The proof of Assertion (1) now
follows. To prove Assertion (2), we had to integrate by parts. Since ¢;|an = 0,
¢? vanishes to second order on M. Thus we can safely integrate by parts
without introducing additional boundary contributions and the remainder of
the argument is similar. O

Let AP be the p form valued Laplacian discussed in Section 1.2.4. The
following recursion relation is due to McKean and Singer [278].

Lemma 3.1.19 Let M be a compact orientable 2 dimensional Riemannian
manifold without boundary. Let f € C*°(M). Then:

1. O{K(t,z,r,A%) + K(t,z,2,A®) — K(t,z,2,AY)} = —A"K(t,x,z, A).
2. 20{20n42(f, A°) = anta(f, AN} = an(firr, A°).

Proof: Take a discrete spectral resolution for A° of the form

{QSZ,)\Z} where 0= X <A1 < Xa....
i=0

Let x be the Hodge operator discussed in Section 1.5.6. Then a discrete spec-
tral resolution of A? is given by

{ *(bi:Ai}oo -
i=0

Since d + ¢ intertwines A® + A% and A!,

do; . Oxdi .
o] o

i= i=1

is a discrete spectral resolution for A' on ker(A')* for i > 0. Since the Hodge
operator x is a bundle isometry and § = — x d%, we argue as above to see

8t{K(t,a:,a:,A0) + K(t,z,z,A%) — K(t,m,m,Al)}

o

s
Il
-

etxi{ — Ni(@F + % - x¢;) + dp; - dpi + 6 * ¢; -5*¢>i}

o

Il
=]

ew‘i{ —2A%; - ¢; + 2dg; - d¢z} =-A"K(t,z,2,A°).

(3

The first assertion of the Lemma now follows. We integrate by parts and
compare powers of ¢ in the resulting asymptotic series to establish the second
assertion of the Lemma. O
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3.2 Functorial properties 11

In this section, we discuss functorial properties of the heat trace asymptotics
which primarily apply to transfer boundary conditions, to transmission bound-
ary conditions, to spectral boundary conditions, and to time-dependent pro-
cesses.

3.2.1 Transmission boundary conditions

As discussed in Section 1.6.1, we consider pairs of structures

M= (M+7M*)) g:= (ng)g*)) f = (f+7f*))
V= (Ve Vo), ¢:=(¢4,0-), D:=(D4,D-).

Here g+ are Riemannian metrics on compact manifolds M., fi are smooth
functions over M.y, ¢4+ are smooth sections to vector bundles Vi over My,
and Dy are operators of Laplace type on V1. We assume as compatibility
conditions that

(3.2.a)

3M+ =0M_ = E, g+|2 = gf|2, (32b)
Vils =V_]s, frle = f-Is. (3.2.c)
Let v+ be the inward unit normals of ¥ in My; vy +v_ = 0. If U is an

impedance matching endomorphism which is defined on ¥, then the trans-
mission boundary operator By is defined for ¢ = (¢4, ¢_) by setting

Bud:={dilz —d—|s} ® {Vi,dils +Vi_d_|s —Udi|s}.

We may decompose the heat trace asymptotics in the form
an(faDaBU) = arAL/[(va) +a§(f)D;BU)

where the interior integrand defines @ and there is an additional boundary
integrand defining a>.

Lemma 2.2.3 dealt with the heat content asymptotics if we introduced an
auxiliary “artificial” singularity. There is an analogous result for the heat trace
asymptotics; we omit the proof in the interest of brevity.

Lemma 3.2.1 Let Dy be an operator of Laplace type on a closed Riemannian
manifold My. Let ¥ be a submanifold of My which separates My into two
components My and M_. Let Dy := Do|pry and let U = 0. Let f € C°(My).
Then o (f,D,By) = 0.

Lemma 2.2.1 also extends to this setting.

Lemma 3.2.2 Let Dy be an operator of Laplace type on a compact Rieman-
nian manifold My with boundary . Let Bp be the Dirichlet boundary operator
and let Bpr(s) be the Robin boundary operator defined by S. Let My := My,
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Dy := Dy, and U = —2S5. Let feven be the even extension of fo € C*(My)
to M. Then

ag(feven;D)BU) = a%(meO;BD) + ag(meO)BR(S)) :

Proof: Let u := e 'P5u¢. As in the proof of Lemma 2.2.1, we decompose
@ = Geven + Poda and U = Ueyen + Uoaq into even and odd functions of z.
Then by Equation (2.2.b),

U(l‘+; t) = {e_tDO‘BR(S) ¢even } (1‘, t) + {etDO'BD ¢0dd }(Z’, t))

u(e ) = {e“%-% Beven }(x; - {D Poda }(m; .

Let K(t,z,%, Do, Br(s)) and K(t,z,&, Do, Bp) be the associated kernels on
My. Then

warit) = [ %{wm)+¢<az~_>>K<t;w,a:~,D,BR<s>)
F($(Es) - ¢<:E_>>K<t,x,a:~,D,BD>}dm
wai) = [ %{wm)+¢<az~_>>K<t;w,a:~,D,BR<s>)

+(p(3_) — ¢(5:+))K(t,a:,5:,D,BD)}dm.

Consequently the kernel function is given by

K(t,zy,%+,D,By) = %K(t,x,i‘,D,BR(S)) + %K(t,x,is,D,BD),
K(t,xy,2_,D,By) = %K(t,x,i,D,BR(s)) - %K(t,w,is,D,BD),
K(t,x_,%y+,D,By) = %K(t,x,i,D,BR(s)) - %K(t,w,is,D,BD),
K(t,x_,2_,D,By) = $K(t,z,%,D,Bgs)) + s K(t,z,& D,Bp).

Consequently, since feven (Z4) = feven (z—) is an even function, one has

feven («T—i-)Tr Va K(t, Ty, T4, D, BU)dx-i-
My

+ feven (x—)Trv, K(t,z_,x_,D,By)dx_
M_

fo(x)Tr v, {K(t,z,2,D,Bgrs)) + K(t,z,z,D,Bp)}dx.
Mo

The desired result now follows by equating coefficients of ¢ in the resulting
asymptotic expansions. 0O

We can discuss the de Rham complex on a singular manifold using trans-
mission boundary conditions. We adopt the notation of Lemma 1.6.3. Let
M = M, Uy M_. Let e, be the inward unit normal of ¥ C M, and the
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outward unit normal of ¥ C M_. If {e;} is a local orthonormal frame for
TM|x, let
ej:=¢e(e;), 1ij:=i(e;), and ;:=¢; —1i;

be defined by left exterior multiplication, left interior multiplication, and left
Clifford multiplication. Let

U= (L}, + L) (emimiaes + imemeais) -

Since U preserves the grading A(M) = ®,AP(M), it induces transmission
boundary conditions for AP = (AL, A”) on C>°(AP(M)).

Lemma 3.2.3 Adopt the notation established above. We have

S ranansn ={ oy i I

P
Proof: By Lemma 1.6.1, (AP, By) is elliptic with respect to the cone C.
Since U is self-adjoint, the adjoint boundary condition is again By . Let By be
the boundary operator of Equation (1.6.c). By Lemma 1.6.3, the boundary
condition By¢ = 0 is equivalent to the pair of boundary conditions By¢ = 0
and By(d + 6)¢ = 0. Thus By¢ = 0 implies By (d + d)¢ = 0. Let

Eeven (A) := & ker(AF — AId), and
Eodd (A) 1= @ ker(AFT — AId)

be the associated eigenspaces of the Laplacian on the forms of even and odd
degrees. We then have d 4+ 0 : Eeven (A\) = FEoaa (A) is an isomorphism for
A # 0. Theorem 1.3.9 now extends to this setting to show the supertrace
vanishes if n # m and that the supertrace is an integer if n = m. Since the
index is given by a local formula, it is constant under deformations. Thus
we can deform the metric to a metric which is smooth on M and so that ¥
is totally geodesic. The endomorphism U vanishes for such a metric. Thus
singularity ¥ plays no role and can be removed by Lemma 3.2.1. The desired
conclusion for n = m now follows from Lemma 1.3.10. 0O

3.2.2 Transfer boundary conditions

As with transmission boundary conditions, there is a useful relationship be-
tween transfer boundary conditions and Robin boundary conditions on the
doubled manifold that we may describe as follows. We adopt the notation of
Section 1.6.3. We shall work in the scalar setting for the sake of simplicity;
more general functorial properties for a wider class of operators could easily
be established but are not necessary for the subsequent discussion.

Let My be a compact Riemannian manifold with smooth boundary ¥. Let
Ay be the scalar Laplacian on C*°(Mj). Set My := My and let A be the
associated Laplacian on M. Let fi be smooth functions on My with no com-

patibility condition imposed on ¥. Fix 0 < 6 < J. Let Sy and S, be
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smooth real valued functions on ¥. Let
S_y =54,
S__:=814 4+ (tanf — cot9) Sy _,
Sa = S++ + tan @ S+_ =S__+cot 6 S_+,
SB = S++ — cot 05+_ = S__ — tan 0 S_+ .

Define transfer boundary conditions Bg on M and Robin boundary conditions
Bo and Bg on My by setting

so={ (7T w5 ) (8]

By = <vu0 + Sa> do| , and Bs:= (v,o + 55> do
>

)

P

b
Lemma 3.2.4 Let 0 < 0 < 5. Adopt the notation given above. Then

an(f,A,Bs) = an(cos®d fi +sin®6 f_, Ao, Ba)
+ a,(sin®@ fi +cos’ 0 f, Ao, Bg).

Proof: Let u € C*®(Mp). There are two different extensions of u to M we
will need. First, define

a(u)(z4) :=cosf u(z) and a(u)(z_):=sinb u(z).
The condition Bga(u) = 0 can be reinterpreted in terms of v as meaning
(Vo +S++ +tanf S;_)uls =0 and
(Ve +S__ +cotf S_;)uly =0, ie.
(Vi + Sa)uls =0 or equivalently B,u=0.
We also define
B(u)(xy) := —sinf u(xr) and L(u)(z-) :=cosb u(z).
Analogously, Bsf(u) = 0 means
(Vg + S4+ —cot@ Sy )uly =0 and
(Vo +S—— —tanf S_)uls =0, ie.
(Vy, + Sp)uls =0 or equivalently Bgu =0.
It is immediate from the definition that if u,v € C°°(My), then
(a(u), B(v))r2(ar) =0,
(a(u), a(v))r2(ary = (u,v)L2(0) 5 (3.2.d)
(B(u), BW)) L2y = (V) £2( M) -

Let {Ai,u;}§2, and {u;,v;}52, be discrete spectral resolutions of (Ao, Ba)
and (Ao, Bg), respectively. As 6 is fixed,

Aa(u;) = Ma(u;)) and  AB(vs) = pja(vy) .
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The discussion above shows that
Bsa(u;) =0 and Bgf(vj) =0.

As {u;}2, and {v;}32, are complete orthonormal bases for L?(M),

{a(un}i v {6(%)}:01

is a complete orthonormal basis for L2(M) by Display (3.2.d). Consequently

{Ai,a(un}i U {uj,/xvn}jl

is a discrete spectral resolution of A with transfer boundary conditions Bg.
Thus we may complete the proof by computing:

Tea(fe20) = [ {50 fe Matul + 3 1150

/ Z(cos2 6 fr +sin?6 f )e N
Mo

i

ui|2

+ / Z(sin20 fi +cos” 0 f_)e i |v;)?
Mo

J

= TIFLZ{(COS2 6 f. +sin’f f_)e tAosa }

+

Tr 12 { (sin?@ fy + cos* @ f_)e_tAO'BB } . O

3.2.3 Time dependent processes

Let © = {D;};>0 be a time-dependent family of operators of Laplace type as
discussed previously in Section 2.9. We assume given a decomposition of the
boundary OM = Cn U Cp as the disjoint union of closed sets; we permit Cy
or Cp to be empty. Let B = {B;}+>0 be a time-dependent family of boundary
operators that define Dirichlet boundary conditions on Cp and, pursuant to
Equation (2.9.b), a time-dependent family of Robin boundary conditions on
Cn by setting

Bip:=¢

[ee]
® {¢;m + Su + Z t"(Ta,rtsq + Sru)}
Cp r=1 Cn
We let u be the solution of the time-dependent heat equation
(at + Dt)u = 0,
Biu =0, (3.2.e)

U|t:0 = ¢ .
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There is a smooth kernel function K = K(¢,z,Z,9,%B) so that
u(z;t) = / K(t,z,2,9,B)(Z)dT
M

The analogue of the heat trace function becomes in this setting

a(f,D,B)(t /f Trv{ (tw,w,@,%)}dm.

Exactly as in the static setting, there is a complete asymptotic expansion as
t | 0 with locally computable coefficients a,, of the form

a(f,D,B)( Zan £,0,B)tnm/2 (3.2.f)

The following Lemma generahzes Lemma 3.1.6; we omit details in the in-
terest of brevity.

Lemma 3.2.5 For i = 1,2, let (D;,9B;) be admissible on vector bundles V;
over compact Riemannian manifolds (M;, g;). Let My be closed so no boundary
condition is needed for D1. Let (M,g) := (M1,g91) X (M2, g2) be the product
Riemannian manifold and let V := n{Vy @ w3 V5 be the tensor product bundle
over M. Define ® and B by setting

@2:©1®Id2+1d1®©2 and %Z:Idl(@%g on COO(V)
Let f = f1 ® fo. Then
an(F>©) %) = Zn1+n2:n Qpy (fl: Ql)anz (f2>©27 %2) .
We generalize the perturbation considered in Lemma 2.2.6:

Lemma 3.2.6 Let D be an operator of Laplace type on M. Let o and (3 be
real parameters. Let Dy := (1 + 2at + 33t*)D and let B be static. Then:

1. ax(f,®,B) = ax(f,D,B) — Faas(f,D,B).
2. a3(f,®,B) = as(f, D, B) — 2 aa(f,D,B).
3. ay(f,9,B) = as(f, D, B)—"2aay(f, D, B)+ (™22 a2 — 1 8)ay (f, D, B).
Proof: Let ug = e7tP5¢ and let u(x;t) := uo(z;t + at® + $t3). Then:
Dyu(z;t) = (14 2at + 38t%)(Duo) (z;t + at® + ft*)
Opu(z;t) = (14 2at + 3Bt%) (Opuo) (x5t + at® + Bt°).

This shows that (9; + D¢)u = 0. Since u|i—g = uglt—o = ¢ and Bu = 0, u
satisfies the time-dependent heat equation. Consequently we may conclude

K(t,z,z,9,B) = K(t + at* + Bt*,z,%,D,B) .

The Lemma will then follow from the expansions

a(f,D,B)( Zt(” ™21 4+ at 4 Bt2) ™ 2q, (f, D, B),

n=0
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(1+at + B2 ~ 1+ ajt + ({5202 4+ j8) 2 + O(F%). O
Next we generalize Lemma 2.2.7 by making a time-dependent gauge trans-
formation. Let D be a scalar operator of Laplace type and let ¥ € C*°(M).
Define ®, and B, by setting
Dy, = e 2 DeleY 4 0¥,
B¢ = dlop & {dm + 5 + teVimd}low -
Lemma 3.2.7 Adopt the notation established above. Then
6gan(f7 997 %Q)|Q=0 = _an72(fq]7 D: BO) .

Proof: Let up := e tP5¢ and let u, := e~*Yuy. We wish to show that
u, solves the time-dependent heat equation. We verify that the evolution
equation is satisfied by checking
(0; + Dy g)u, = e V(0 — 0W)ug + e~V (D + 0¥)ug
e*tg‘l’(at + D)’LLO =0.
Since upli=0 = Uoli=0 = ¢(x), the initial condition is satisfied. Clearly u,
satisfies Dirichlet boundary conditions on Cp. On C, we have that
{ugm + Sup + to¥imu, ey
= {e " (ug.m — to¥.muo + Suo + to¥.nug) Yoy = 0.

Consequently, we have that
K(t,x,#,9,,8,) = e “YK(t,z,& D,By),
G,(f, 3397 %9)(75) = a[(e—tg‘llf’ Da BO)(t)
= a(f: D: BO)(t) - tQa(f\I,) D> BO)(t) + 0(92))
900 (f,D g, By(t))|g=0 = —ta(f¥, D, Bo)(t).

We equate powers of ¢ in the asymptotic expansions to complete the proof of
the Lemma. O

Asin Lemma 2.2.9, we can make a coordinate transformation that mixes up
the spatial and the temporal coordinates. Give M := S! x [0, 1] a Riemannian
metric ds%\/[ and let dr = gdridxrs be the Riemannian element of volume.
Let 2 € C°°(M) have compact support near some point P € M. Define a
diffeomorphism of a neighborhood of M x {0} in M x [0, 00) by setting

(w1, 2;t) = (21 + LOZ, 223 1) .

Let A be the scalar Laplacian. Let ©, and B, be defined by pulling back the
parabolic operator 0;+A with boundary condition B using the diffeomorphism
®,, ie.

Dy y:=@,(0; +A) =9, and By, := ®,(B).

Lemma 3.2.8 Let A be the scalar Laplacian on M := S' x [0,1]. Let B be a
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boundary condition so that Ap is self-adjoint. Adopt the notation established
above. Then

6Qan(fyggv %)|Q:0 = _%an72(97161 (ng)7 AaB) .

Proof: Let ug :=e 284 and let u := ®jup. By naturality, u solves the heat
equation. As the operator determined by ®, at ¢ = 0 is A+ lower order terms,
the volume element is independent of the parameter p. Thus

K(t;x17m27f1;j2)99)%9) = K(tvml + QtE(m17m2)7m27f1>j2;A)B) .

We set 1 = Z; and z2 = ¥, to evaluate on the diagonal and expand in a
Taylor series

a’(fagQang)(t)
=/ f(z1, ) K (t,z1 + 02, 22, x1, 22, A, B)gd1da-
M

= / f(@y,22)K(t, 21,22, 21,22, A, B)gda 1 dxy
M

+t9/ fROTK (t, 71,9, Y1, %2, A, B) |4y =y, gda1dy + O(0°) .
M
As Ap is self-adjoint and real, we may apply Lemma 3.1.2 to see that the heat
kernel is symmetric, i.e.
K(t,$1,$2,i‘1,i’2,A,B) = K(t7f17j271‘17m27A78) .

Consequently, the linear term in the Taylor series expansion in g is given by
%tg /M f201 (K(t, 1, %2, 1,22, A, B))gdxidzs .
We integrate by parts to express this in the form
—%tQ/ g 'o(gfE)K (t, 21,32, %1, T2, A, B)gdr1dzs
M
= —3toalg 'O (9f3), A, B)(t).
We equate terms in the asymptotic expansion in ¢. O

We conclude our study of the functorial properties of time-dependent prob-
lems by deriving a property that involves commuting operators. For simplicity,
we suppose M empty; if M is non-empty, it is necessary to assume ) pre-
serves the eigenspaces of Dp.

Lemma 3.2.9 Let D be a self-adjoint static operator of Laplace type on a
closed manifold M. Let QQ be an auziliary self-adjoint static partial differential
operator of order at most 2 which commutes with D. Let Dy, := D + 2tpQ).
Assume D, is of Laplace type for all p. Then

00an(f,D)lo=0 = Opan—2(f, D + 0Q)] =0 -
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Remark 3.2.10 If we take Q = D, then D(p) = (1 + 2tp)D. The same
argument used to prove Lemma 3.2.6 shows that

6gan(f7 (1 + 2tQ)D)|Q=0 = n_VQn_Qanf2(f) D) .
On the other hand, rescaling shows that
an—s(f,(1+0)D) = (14 )" """ 2a,_,(f, D).

Thus we may establish Lemma 3.2.9 in this special case by computing;:
Bptn—2(f,(1+0)D)|p=0 = "=8=2a, 5(f,D).
Proof: Let K;(t) := (1 — t20Q)etP; K, (0) is the identity operator and
(0r + D + 2t0Q)(1 — t?0Q)e~ P

= {-2t0Q — (1 -1?0Q)D + D(1 - #*9Q) + 2t0Q(1 — t*0Q) }e 7
—2t3Q2Q2€_tD .

Because we are interested in the linear terms in o, we may replace the funda-
mental solution of the heat equation for D + 2tp() by the approximation

(1—ot?Q)e™tP |

A suitable generalization of Theorem 1.4.6 shows that there is an asymptotic
expansion

o0

Trp2(fQe *P) ~ Yt 220, (£,Q,D) as t10.

n=0
Consequently
a(f,D,)(t) = Tr ={f(1 - t2pQ)e"tP} + 0(p?)
= a(f,D)(t) = *pTr 2{f Qe "} + O(p?) .

We equate coefficients of #(?—)/2

agan(fvgg)h):O = _an—Q(f,Q7D) . (32g)

Since @ and D commute,

in the asymptotic expansions to see

Z agan(fa D+ QQ)|Q:0t(n_m)/2 ~ 89Tr L2 {fe_t(D+QQ)}
n=0

0=0
= Tr L2{ - the—tD} ~ =3 anlf, QD)2
n=0

Consequently

6gan(f;D+QQ)|Q=O = _an(f;QvD)' (32h)
The Lemma now follows from Equations (3.2.g) and (3.2.h). 0O
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3.2.4 The invariants a]

Let P be an operator of Dirac type on M if the boundary of M is non-empty,
we impose suitable boundary conditions for P and the associated boundary
conditions for D = P2. We expand:

Tr 72 {FPe_tPl%} ~ Z al (F, P, B)t(n—m—l)/Q,

n=0

TrLz{ } Zaanﬂ B)t(n=m/2

These invariants are closely related.

Lemma 3.2.11 Let P(e) := P — ¢fId be a smooth 1 parameter family of
operators of Dirac type on a Riemannian manifold of dimension m. If the
boundary of M is non-empty, impose suitable boundary conditions. Then

a a (]‘ PE7B))|5 0 — (m—n)an,l(f,Pz,B),
(9Ean(1,PE s B)le=o = 2“2—1(f: P,B).

Proof: We compute

e=0

> D29 a7(1, Pe, B)|e=o ~ 0-Tr [ {Pse_tPiB}

= TrLz{f(—l + 2tP2)e—“’5} = (—=1-2t0,)T {fe—”’s}
~ Y (m—k—1)t* ™ Pa(f, P?,B).

k

We set k& = n—1 to equate coefficients in the asymptotic expansions; Assertion
(1) now follows. To prove the second assertion, we compute similarly

S 10 /20, 0, (1, P2, B)].o = 0.Tx {e“’is}
n

e=0
= Tr {Qtfpe—tpé} ~ Y MmNl (f, P, B) .
k

We set k =n — 1 and equate powers of ¢ to establish Assertion (2). O

3.2.5 Spectral boundary conditions

Let v give a vector bundle V over M a Clifford module structure. Let V be a
compatible connection on V. Let

P:=vV, +¢yp and A:=—7y»7%Ve, +9a (3.2.i)

be operators of Dirac type on V and on V|sar, respectively. Let D := P? and
let A define spectral boundary conditions B for D; we shall present a slightly
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more general setting in Section 3.14, but postpone the discussion until that
time to avoid unduly complicating the present discussion.

Lemma 3.2.12
1. Let A(e) := A+ eld define Bs(e). Then a,(F,D,Bs(¢)) is independent of
the parameter €.

2. The invariant a,,(F, D, Bs) is independent of the compatible connection cho-
sen.

Proof: For generic values of the parameter ¢, the kernel of A(e) is trivial.
For such a value, the boundary condition determined by the Bs(¢) is locally
constant and thus independent of . Consequently a,(g) is locally constant
generically. Since a,, is given by a local formula, it is a smooth function of
¢ and hence independent of . This proves the first assertion; the second is
immediate. O

Grubb and Seeley [235] gave a complete description of pole structure for
the zeta function trace in the cylindrical setting which leads to formulae for
the heat trace invariants in terms of data on the double and on the boundary.

Identify a neighborhood of OM in M with the collar C = OM x [0, €). Assume
the metric is product on the collar so

ds® = gap(y)dy® o dy® + dz™ o dz™ .

Let V have a Hermitian inner product so that - is skew-symmetric and so that
the compatible connection V on V' is Hermitian. Assume that V., ¢p = 0
and that ¢p anti-commutes with -,,. Set

P:=vV, +¢p and A:=—v,(vaVe, +¢p).

We may then apply Lemma 1.6.7 to see A is self-adjoint on L?(V|sp). We
assume ker(A) = {0}. We then have Pg is self-adjoint on L?(V).

We double the manifold M along the boundary M to define a closed
manifold NV; since the metric is product on 0M, the Riemannian metric ex-
tends smoothly to N. We double P? to define an operator Dy of Laplace
type on N; since the coefficients of A are independent of the normal variable,
Dy = —082%,+ A2 on C and hence Dy is smooth on the double. We ignore the
effect of the 0 spectrum which adds a bit of additional technical fuss. Define:

s+1

(s, A) == Tr L2001 (A(A*)775),  ((s,4%) := Tr p2(0a1) (A7) 7°)

C(s, DN) := Tr 2(n)(DR°), C(s,Dm,B) :=Tr12(Dy/ p)-
Theorem 3.2.13 (Grubb & Seeley) Adopt the notation established above.
_ R(s)

C(SaDM,B) - F(S)
1 1 [(s+ 1) 1T(s+ 1)n(2s,A)
— D N 2 1 A2 = 2 )
* {2C(S’ N+ 4 (I‘(%)F(s +1) ) Cls, A7) 4 T(I(s+1) }

where the remainder R is regular away from s = 0.
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We may then combine Lemmas 1.3.7 and 1.3.8 with Theorem 3.2.13 to
establish the following result:

Theorem 3.2.14 (Grubb & Seeley) Let P be an operator of Dirac type
on a compact Riemannian manifold. Assume the structures are product near
the boundary and express P = v,,(0n, + A) near the boundary. Then:

1. If n is even, then a,(1,Dy, B) = $a,(1,Dy) — WGZA(LA)-
2

r(meptl)

2. Ifn 18 Odd, then U/n(l,DM) = i (W — 1) a,n_l(l,A2).
Spectral boundary conditions are motivated by index theory. If
P:C>®(V;) = C>®(V7)

is an elliptic complex of Dirac type, then one can impose spectral bound-
ary conditions. We postpone the precise definitions until Section 3.14 in the
interest of brevity. One then has the following result:

Lemma 3.2.15 Adopt the notation established above. If n < m, then
an(1, P*P,B;) — an(1, PP*,Bs) =0.

3.2.6 Higher order operators

Let P be elliptic with respect to the cone C. Then PF is elliptic with respect
to the cone C as well. We shall assume for the sake of simplicity that M is
closed; there are similar results for manifolds with boundary if we impose the
associated boundary condition for P*.

The following Lemma is an immediate generalization of Lemma 3.1.1 to
this setting; we omit the proof in the interest of brevity.

Lemma 3.2.16 Let P be a d order partial differential operator on C°°(V)
over a closed Riemannian manifold M of dimension m. Assume that P is
elliptic with respect to the cone C. Let F' be an endomorphism of V. Then

k
an(F,P —€ld) = Edkgn %an,dk(F, P).
By an abuse of notation, we set

D(72) T3 == lim D277 ()

We can relate the heat trace asymptotics of P*¥ to the corresponding heat
trace asymptotics of P.

Lemma 3.2.17 Let P be a d™ order self-adjoint partial differential operator
on C® (V) over a closed Riemannian manifold M of dimension m. Assume
that P is elliptic with respect to the cone C. Let F' be an endomorphism of V.
Then

an(F, P*) = $T(252) 7' T(252 )an (F, P) .
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Proof: Suppose first that P > 0. Since ((s, F, P¥) = ((ks, F, P), setting
t = ks, we may apply Lemma 1.3.7 to see that

an(F,P¥) = res_n o {T()C(s, F, P¥))

= res,_m- {T(s)((ks, F, P)}

ves,_m-s {D(L)C(t, F, P))
(

1
k
=l (DT s e (CEC P P)

= lp(mzn)-ip(menyg, (F,P).

The desired result now follows in the special case that P > 0.

More generally, let P. := P+c¢ld. By Theorem 1.3.4, P. > 0 for large values
of the parameter €. Thus

an(F, P¥) = L0(m52)~'T(1mn)q, (F, P.) (3.2)

for ¢ >> 0. On the other hand, a,(F,P*) and a,(F,P.) are polynomial
functions of the parameter €. Thus Equation (3.2.j) holds for alle. O

The following variational principle will be useful in Section 3.16 in comput-
ing the heat trace asymptotics of fourth order operators.

Lemma 3.2.18 Let Q be an operator of order % which is elliptic with respect
to the cone K on a closed Riemannian manifold M of dimension m. Let

Q. = Q+eld. Then L {an(F,Q2)}emo = {2 + 4252} a,,_o(F, Q?).

Proof: We compute
~ 2 Tr {Fe—tQ?}
e=0

Z t(n—m)/dg_;2 {an(F, Qg)}
n=0

= TrLz{F(—2t+4t2Q2)e_tQ2}

e=0

= (=2t —4t?0,)Tr 12 {FetQQ}

~ Yy glimmtd) /d{ —2+4mTj}aj(F,Q).
7=0

We set 7 + d = n and equate powers of ¢ to complete the proof. 0O

3.3 Heat trace asymptotics for closed manifolds

In this section, we determine the interior heat trace invariants. This result
will be fundamental to our investigations in subsequent sections.
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Theorem 3.3.1 Let D be an operator of Laplace type on V over M where
M is a closed Riemannian manifold. Let F' € C*(End (V')). Then:

1. ao(F,D) = (4m)~™/2 [, Tr {F}dz.

2. ay(F,D) = (4m)~™/2L [, Tr{F(6E + 71d ) }dx.

3. ay(F,D) = (4m)~™/2 L [, Tr {F(60E + 607E + 180E2 + 12744 1d
+5721d — 2|p[2Id + 2|RPPId + 30Q4;Q;) }da.

4. ag(F,D) = [, Te{F(B1ij; + EuTik — ZpijikPijik — = PikinPinsk
+ 2 Rijetin Rijrin + BTTin — 2 0ikPjkmn + 2 PjkPinskn
+ Y Rijti Rijhiznn + 517> — 3 710” + 35 7IRI” = 3% 0jkpjnPkn

— 2L pijpriRikjt — 2% pikRinti Rinti — %RijknRijlkanzp

— oo Rijin Rittep Rjtnp)1d + 45 Qijin Qijire + 155 Yigsj Qinsk + 5o Yigior i

+ 52 Qijikk — 3525 Ve Qni — GOszanszkn — 550k QjnQn

+ 25T Qn Qn + g5 Biiijj + 15 BB + 1550 + 13 E4Eyi + $EP

+ £ EQ Q5 + SQ5EQ + 50505 E + =TE g + SpikEji

+ 5Tk Bk — 55 B, Qijsi + 35 Qi By + 55 EET + 35 ETiee + 55 BT

1o Elol* + 180E|R| )}dw-

The remainder of this section is devoted to the proof of this result. We
shall establish the formulae for ag, as, and a4 and refer to [176, 347] for a
discussion of ag. We note that formulae for ag and ayo are available in this
setting [5, 12, 354].

Lemmas 3.1.14 and 3.1.16 involve conformal deformations. As these prop-
erties play a central role in our investigation, we begin with the following vari-
ational formulae which follow from Equation (1.1.a), from Equation (1.1.b),
and from Lemma 1.2.1. As the proof is straightforward, we omit details in the
interest of brevity and refer to [84] for details.

Lemma 3.3.2 Let M be an m dimensional Riemannian manifold.
1. Let g. := e*/* gy be a smooth 1 parameter conformal family of metrics.
(a) 85|6:0d5l75 =mfdr.
(b) 85|6:0T6 =-2fr—2(m— l)f;ii-
(¢) Ocle=0Teskk = —4f Tk — 2firr — 2(m — 1) fi4j5 + (m — 6) faTi.
(d) O:|c—or? = —4f7? —4(m — 1) f.uT.
(e) 85|e:0|ﬂs|2 = _402 - 2f;iiT - 2(m - Q)f;ijpij'
(f) 85|6:0|R6|2 = —4R* — 8f;ijpij-

2. Let D, := e 2/*Dqy be a smooth 1 parameter family of conformally equiva-
lent operators of Laplace type on M. Then
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(a) O:|e=0E- = —2fE + %(m —2) foii.

(b) 8E|8:0T8E8 =—4fTE + %(m - 2)f;iiT - 2(m - l)f;iiE-

(C} 85|€:0E3 = —4fE2 + (m — 2)f1”E

(d) 8s|s:093 = _4fﬂ2'

(¢) Ocle=0Eeiik = —4f Bk — 2fin B + 5 (m — 2) fij; + (m — 6) fx By

By Lemma 3.1.12, there exist universal constants so that
ao(F, D) = (47r)—m/2/ Tr {F}dw,
M
_ -m/21
a(F,D) = (4m) /7 [

Tr {F(clE + co7Id) }dm, (3.3.a)
M

a4(F,D) = (47r)7m/2ﬁ /M Tr {F(C?,E;kk 4+ cyTE + C5E2

+Cg7';kk]:d + C7T2Id + Cg|p|2Id + Cg|R|2Id + Clgﬂijﬂij)}dl‘ .

We prove Theorem 3.3.1 by evaluating the universal constants given above:
Lemma 3.3.3
1. ¢4 =6 and c5 = 180.
2. ¢c3 =1 and cqs = 60.

3. ¢ =5.

4. c3 =60, cg =12, cg = =2, and ¢y = 2.

5. c19 = 30.

Proof: Let D. := D —eF; E. = ¢F. Lemma 3.1.15 and Equation (3.3.a)
show

Ocle—0a2(1,D —eF) = %(471')_’”/2/ Tr{ch}dm
M
=ag(F, D) = (47r)*m/2/ Tr{F}da:,
M
O:|e=0a4(1,D — eF) = %(4@*”‘/2/ Tr {C4FT + 205FE}da:
M

= ax(F,D) = %(471')_’”/2/ Tr {chE +C2FT}dw.
M

These relations imply Assertion (1) as one has
c1 =6, cs = 180, and ¢4 = 60cs . (3.3.b)

We apply Lemma 3.1.16 with m = 4 and n = 2. We use Lemma 3.3.2 to
evaluate the relevant variational formulae. This leads to the identity

0= 85|5:00,2(6725fF,6725fD) = %(47‘(’)72/ Tr {F(Cl — 602)f,“}d$ .
M
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This shows ¢; = 6¢2. Combining this identity with Equation (3.3.b) establishes
Assertion (2) by showing that

co =1 and ¢4 =60.

Let M; and M> be closed Riemannian manifolds. Let M := M; x Ms,. Let
Anr, Ay, and Ajpg, be the associated scalar Laplacians. By Lemma 1.2.6,
E = Q = 0 for the scalar Laplacian. We have

™™ = TM; + TMa, TM;kk = TMy;kk + TMaskks

lpu” = lpan, P + lpans |, |Rarl* = [Bas, [* + [ R, |

2 _
T = 7'M1 + 7'M2 + 270n, T, -

We focus on the cross term || v, Ty d / i, TM A2 t0 express
as(1,Apn) = 207%(471’)_7”/ T, dxy / Tmydxs + ... .
M1 M2
Since Ay = Apr, ®Id +1d ® Apy,, by Lemma 3.1.6
a4(17AM) = a2(17AM1)a2(1)AM2)+

3L(47T) m/2 /M TMldwl-/M Tvydxe + ... .
1 2

Equate the two expressions for a4(1, A) to establish Assertion (3) by showing

cr=5c3=5.
By Lemma 3.1.16 with m = 6 and n = 4 and by Lemma 3.3.2,
0 = 85|5:00,4(6_25fF,6_25fD)
%(471’)_3/MF - Tr {(—203 — 10c¢cq + 4C5)f;kkE
+(2¢s — 10¢q) friijj + (—8cs — 8¢o) fiijpij

+(204 — 206 — 2007 — QCg)f;iiT}dZE.

Since the smearing functions F' and f are arbitrary, this yields the relations

0= —2c3 — 10¢4 + 4c5, 0 = 2¢3 — 10cg,
0=2c4y —2c6 —20c7 —2cg, 0= —8csg —8cy.

Since ¢4 = 60, ¢5 = 180, and ¢; = 5, we solve these equations to establish
Assertion (4) by checking that

c3 =60, cg =12, cg=—-2, and c9=2.

Only the universal constant ¢;g remains to be determined. We take m = 2.
For p =0,1,2, let E, and Q, be determined by the Laplacian A? on p forms.
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By Lemma 1.2.6 and by Poincaré duality
Eie; = —pijej, gjer = Rijrier,
Ey=Ey=0, ;5 =0,;=0.
Consequently
Tr{E1xk} = —Tekk,
Tr{E 7} = —7%,
TF{E12} = PijPij = %72;
Tr{Q,;;ij} = RijuiRijie = —7°.
Let Id ,, be the identity on AP. As 3~ (—=1)Tr (Id,) = 0, Lemma 1.3.10 shows
0 = a,4(1,A0) _a4(15A1)+a4(15A2)

(47‘()71% / Tr {C4TE1 + C5E12 + ClOQLijQI,ij — CgT;kk}dZ’
M

= (47‘()_1%(—64 + %C5 — Clg) fM T2d1'

Thus —c¢4 + %05 —ci0=0s0co=30. 0O

3.4 Heat trace asymptotics for Dirichlet boundary conditions

In this section, we shall begin our study of the heat trace asymptotics for
manifolds with boundary by imposing Dirichlet boundary conditions; these
boundary conditions are particularly simple as there are no additional struc-
tures which are involved.

Theorem 3.4.1 Let D be an operator of Laplace type on V over M where
M is a compact Riemannian manifold with smooth boundary. Let B define
Dirichlet boundary conditions and let F € C*°(End (V')). Then:

1. ao(F,D,B) = (4m)~™/2 [,, Tr {F}dz.

2. a1(F,D,B) = —(4m)~(m=D/2L [ Tr{F}dy.

3. ay(F,D,B) = (4m)~™/2L [ Tt {F(6E + 7)}da

+(4m)~m/2L [ Tr{2F Loy — 3F, }dy.

4. a3(F,D,B) = —z(47)=(m=D/2 [ Tr {96 FE + F(167 + 8 Ramam
+7LaaLpy — 10LapLap) — 30Fm Laa + 24F, yum }dy.

5. as(F,D,B) = (4r)"™/2 L [, Tr {F(60E;; + 607E + 180E2 + 300
+127.41, + 572 — 2|p?| + 2| R?|) }dx

+(4m) /2L [ Tr{F(=120E;n, + 120ELqaq — 187, + 207 Laq
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+4Ramameb - 12Rammeab + 4Rabchac + 24Laa:bb + %LaaLbchc
LabLachc + 320L bLbcLac) + Fm(—].8OE — 307 — @LaaLbb
+ LabLab) +24me aa 30Fum}dy

Formulas for a5 are available and will be discussed subsequently in Section
3.6. The interior integrands are given in Theorem 3.3.1 so we shall focus
on the boundary integrands; for dimensional reasons, there are no boundary
integrands in ag so Assertion (1) follows. In this Section, we will establish
Assertions (2)-(4). The proof of Assertion (5) is similar for the most part so
we refer to [84] for details.

By Lemma 3.1.11, there exist constants so

a(F,D,B) = —%00(471')_("‘_1)/2/ Tr{F}dy, (3.4.a)
oM
ax(F,D,B) = (47r)—m/2%/ Tr{F(GE-{—T)}da:
M
+ (47r)*m/2%/ Tr{chLM—i—QEm}dy, and
oM
as(F,D,B) = _ﬁ(zxw)*(m*l)/‘z‘/ Tr{F(C4E+c5T+c(3Ramam
oM

+ crLaaLpy + CSLabLab) + CQF;mLaa + CIOF;mm}dy -

The same argument as that used to establish Lemma 3.1.12 shows, owing to
the inclusion of suitable multiplicative normalizing factors involving powers
of (4x), that these constants are independent of the rank of the vector bundle
V and of the dimension of the underlying manifold M. We complete the proof
of Theorem 3.4.1 by evaluating these universal constants. We begin with:

Lemma 3.4.2
1. Co = 1.
2. ¢4 =96 and c5 = 16.
Proof: We use Lemma 3.1.3 to see that a;(1,—82,8) = —3 for M := [0, ).
Since OM consists of 2 pomts the volume of 8M is 2. Since we have included
a normalizing constant of — 2, the first assertion follows.

We use the product formulae of Lemma 3.1.6 to establish the second asser-

tion. Let M be a closed Riemannian manifold and let M, = [0, 1]. Let D; be
an operator of Laplace type on M; and let D5 := —83 on Ms. We set

D:D1®Id+1d®D2 on M:ZM1XM2.

Let F' = F(x2). Since a, (1, Dy,B) =0 for n > 2 and since a,,(F, D2) = 0 for
n odd, we use Lemma 3.1.6 to see

GS(FaDaB) = a2(F7D1)a1(17D27B) .
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The invariants { Remam, LaaLbs, LabLab, FimLaa, Fimm} vanish for this ex-
ample. Consequently, we may equate

_ﬁ(@r)—(m—l)/%/M

= 1 %(4ﬂ)—<m—1>/22/M

Tr {F(C4E + cm’)}dml

1 Tr {F(6E + T)}d:nl .

This establishes the second assertion by showing that

04:%:96 and 05:%:16. a

To determine the remaining constants, we use the variational results of
Section 3.1.10. We first extend Lemma 3.3.2 to this setting; again, we omit
the proof in the interest of brevity.

Lemma 3.4.3 Let M be a Riemannian manifold with smooth boundary of
dimension m. Let g. := e**/ gy and F. := e~ >/ F. Assume that f|spr =0 and
that F|opr = 0. Then on the boundary we have:

1. Ocle=oLaqa = —(m — 1) fin.

2. Ocle=oRamam = —Laa fim + (M — 1) fomm.-
3. ae|e:0LaaLbb = _2(m - l)f;mLaa-

4' ae|e:0LabLab = _Qf;mLaa-

5. Ocle=0F':m = 0.

6. Ocle=0F:mLaa = —(m — 1) f.nFim.

7. 66|e:0F;mm = _5f;mF;m'

We can now complete the proof of Theorem 3.4.1 by showing
Lemma 3.4.4
1. c1 =2,c0=-3,c6 =8 and c1g = 24.
2. ¢ =7, cg = —10 and cg = —30.
Proof: Lemma 3.1.14 implies that
O-|-=0an (1,637 D, B) + (n — m)a,(f,D,B) = 0. (3.4.b)

Set n = 2 in Equation (3.4.b) and use the formula given in Display (3.4.a)
and the variational formulae of Lemmas 3.3.2 and 3.4.3 to see

0 = Lmm/? /M {3(m—2)—2(m—1)}f;iida:

_|_

(=

)2 [ L= e+ 2= mea

the undifferentiated terms in f cancel out and the term (2 —m)cz f., is the
only boundary term introduced by (2 — m)as(f, D, B). After integrating by
parts, this leads to the relation

0=—(m—1)ec1 +(2—m)ecz — (m—4).
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We set m = 1 and m = 2 to determine ¢; and cs.
Let flopr = 0. By use Lemma 1.1.4,

f;ii|8M = (f;mm + f:aa - f;mLaa)|8M (340)
= (f,mm - f;mLaa)|8M .
We use this identity and Lemma 3.3.2 to see

8 |E OE e 2fmm - mTizf;mLaa on 8M7
Ocle—oT = —2( = D) fomm +2(m —1)fmLee on OM.
Set n = 3 in Equation (3.4.b) to see

0 = —§§(4wy*mfﬂ/2/n TY{ (3.4.d)
oM

{mT_204 - 2(m - 1)05 + (m - 1)06 - clO(m - 3)}f,mm
+(=22¢4 4+ 2(m — 1)cs — c6 — 2(m — 1)z — 2cs
—(m — 3)09}f;mLaa}dy.

Since ¢4 = 96 and c5 = 16, setting the coefficient of f,y,,, to zero shows
0=48(m —2)—32(m —1) +c(m — 1) — c1o(m —3) so
Ce =8 and C10 = 24 .

Furthermore, setting the coefficient of f.,;, Ly, to zero in Equation (3.4.d) and
using the values of ¢4, ¢5, g, and ¢19 previously obtained shows

0=—-48(m —2)+32(m —1) — 8 —2¢c7(m — 1) — 2¢cg — cg(m — 3). (3.4.e)

We complete the proof of Lemma 3.4.4 and thereby of Theorem 3.4.1 as
well by establishing the final assertion. We suppose that both F and f vanish
on OM. We apply Lemma 3.1.16 with m = 5 and n = 3 to compute

0 = 0d.as(e”*/F e %/D,B)
= (47T) m / (—4:09 - 5010)Emf;mdy .
oM
This leads to the relation —4c9 — 5¢19 = 0 so
co=—2-24=-30.

We then use the two relations of Equation (3.4.e) to determine ¢7 and cg. O

3.5 Heat trace asymptotics for Robin boundary conditions

In this section, we continue our study of the heat trace asymptotics by impos-
ing Robin boundary conditions which are defined by the corresponding Robin
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boundary operator

B := (¢;m + SP)lon -
Here ¢.,, denotes the covariant derivative of ¢ with respect to the inward unit
normal vector field using the connection defined by an operator D of Laplace
type; S is an auxiliary endomorphism of V|aps.

Theorem 3.5.1 Let D be an operator of Laplace type on V' over M where M
is a compact Riemannian manifold with smooth boundary. Let B define Robin
boundary conditions and let F' € C*°(End (V')). Then:

1. ao(F,D,B) = (47)~™/2 [, Tr {F}dz.

2. ay(F,D,B) = (4m)1-m)/2L [ Tr{F}dy.

3. ay(F,D,B) = (4m)~™/2% [, Tt {F(6E + 7)}da

+(4m)~m/2L [ Tr {F(2Laq + 12S) + 3F,, }dy.

4. a3(F,D,B) = (4m)d-m)/2 L [ Tr{F(96E + 167 + 8 Ramam
+13Laa Ly + 2LapLap + 96S Lag + 19252 +F,;, (6 Los + 965)
+24F, pm }dy.

5. ay(F,D,B) = (4m)~™/2 L [\ Tr {F(60E,4 + 607E + 180E2
+30Q2 + 1274 + 572 — 2|p|? + 2|R|?) }dz

+(4m) /2L [ Tr {F(240E,,,, + 427, + 24L g5 + 120ELg,q
+207Laq + 4Ramam Ly — 12RambmLap + 4Rapes Lac
+2LooLyyLec + 8LapLapLec + 2 LayLycLac + 360(SE + ES)
+120S7 + 144SLoq Ly + 48S Loy Lap + 48082 L, + 48053
+1208S.04) + Fin (180E 4 307 + 12L 4 Ly + 12L 44 Lap
+72SLaq + 2405%) + Fppm (24140 + 1208) + 30F. i }dy.

The remainder of this section is devoted to the proof of Assertions (1)-
(4). We refer to [84] for the computation of a4 as the computation of that
term is quite similar. As with the Dirichlet operator, there is no boundary
contribution to ag so Assertion (1) follows from Theorem 3.3.1.

The main new feature in the proof of Assertions (2-4) is the presence of
structure defined by the auxiliary endomorphism S. This variable has weight
1. The arguments of Lemma 3.1.11 extend to this setting to show that there
exist universal constants so that

a,(F,D,B) = co(4n)*<m*1)/2§/ Tr{F}dy, (3.5.a)
oM

w>(F,D,B) = (47r)m/2%/MTr{F(6E+T)}da:
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+ (47r)_m/2%/ Tr{chLaa+02Em+03FS}dy,
oM

GB(F)D>B)

(4ﬂ)*(m*1)/2ﬁ/8MTr {F(C4E + 57 + cg Ramam
4+ crLaaLpy + cgsLap Ly + cllSLU«U« + 61252)
+ Em(chaa + 0135) + ClOEmm}dy :

Although we have adopted a notational convention which parallels that of
Display (3.4.a), we emphasize that the universal constants are different for
Robin as opposed to Dirichlet boundary conditions.

The universal constants are dimension free. We generalize Lemma 3.4.2 to
this setting:
Lemma 3.5.2 Adopt the notation of Display (3.5.a).
1. Co = 1.
2. ¢4 =96 and c5 = 16.
Proof: Let M := [0, 7] be the interval. By Lemma 3.1.3, a1 (1, —0%,B) = +%.
Since we have included a normalizing constant of +1 (instead of —1 as was
done for Dirichlet boundary conditions), ¢y = 1.

Let M; be a closed Riemannian manifold and let M, := [0,7]. Let M be
the Riemannian product of M; with M>. Let

D=D;®Id +1d ® D,.
The product formulae of Lemma 3.1.6 show
GB(F)D>B) = a2(F)Dl)al(17D2;B)

Assertion (2) follows from Assertion (1) and from Theorem 3.3.1 using the
same argument as that used to establish Assertion (2) of Lemma 3.4.2. 0O

We relate Dirichlet and Neumann boundary conditions to prove:
Lemma 3.5.3 Adopt the notation of Display (3.5.a).
1. 5 =3 and c3 = 12.
2. c19 = 24, ¢12 = 192, and c13 = 96.

Proof: Let M :=[0,n]. Let b be a smooth real valued function on M. Let
by := Oub, by, := 02b, and so forth. Define

A:=09, —b, A* = -0, —b
Dy A*A = —02 + by +12, Dy:i= AA* = —02 — by + 12,
Bié := |am, Bap = A*¢lanm -

We assume f vanishes identically near x = 7 so only the component x = 0
where 0, is the inward normal is relevant. We have

By =-b,— 1, Ey=b,—b, and S=b.
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We apply Lemma 3.1.18 to see

0 = (TL - 1){an(fa D1,81) — an(f, DQ,BQ)} (35b)
- an72(fzz+2bfzyD1;BI)-

We use Theorem 3.3.1 and Theorem 3.4.1. We set n = 2 in Equation (3.5.b)
to see

0 = (4#)_1/2%/M6f{E1—E2}d5”

om g [ -euts+ 3 ein i
oM

_ T —1/2 TE T

e i

(47()*1/2% /M { — ]_2be — 6fII — 12bfz}d1’

+

+ (M)*”%/ {—cgfb+(—3—02)f;m}dy
oM

= a2t [ {az- e+ - et i

Assertion (1) now follows as we may set
12—¢c3=0 and 3—c =0.
The proof of Assertion (2) is similar. The normalizing factors for Dirichlet

and Robin boundary conditions are —ﬁ and +ﬁ, respectively. We take
n = 3 in Equation (3.5.b) and compute

0 = —337 /E)M {96(E1 + EQ) + 012fb2 + Cl3f;mb + (24 + clO)f;mm}dy

+ i/aM {f;mm +2bf;m}dy

= —m /BM {(012 — 192) b + (cro — 24) fimm + (13 — 96)f;mb}dy.

The proof of the second assertion now follows by setting the coefficients of
02, fnm, and f.mb to zero. O

We now consider conformal variations. Let g. := e>*fgy be a smooth 1
parameter family of conformally equivalent metrics. To simplify the discussion,
we suppose f|an = 0 so the normal vector field is unchanged on the boundary.
Since the connections change, we must adjust the 0" order term S to ensure
the boundary conditions are held constant. This is a crucial new feature not
present for Dirichlet boundary conditions.

Lemma 3.5.4 Let M be a Riemannian manifold with smooth boundary of
dimension m. Let g. := e/ gy, D, := e %/ Dy, and Bo¢ := (V,, + So)d|on -
Define S. by requiring that Bo¢ = (Ve m +Se)dlon. Assume flopr = 0. Then:
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1. Ocle=05: = 2(m — 2) fim,.
2. 0.e0S? = (m —2)fumS.
3. 88|8:055Ls,aa = %(m - 2)f;mLaa - (m - 1)Sf;m-

Proof: We use Lemma 1.2.1 to see that on the boundary, the connection 1
form is given by:

we,m = wo,m + 5 (Teiim — Lo,iim)1d = wo,m + 5(2 —m) fim1d (3.5.¢)
To counteract the change in the connection 1 form, we therefore set
Se =S50+ 5(m —2) fim .

This proves Assertions (1) and (2). We use Lemma 3.4.3 to derive Assertion
(3) as Ocle=0Lae = —(m —1)f.ry. O

We complete the proof of Theorem 3.5.1 by using the variational formulae
of Section 3.1.10 to establish the following Lemma:

Lemma 3.5.5
1. Cyg = 6.
2. Cc1 = 2.

3. cg =8 and c11 = 96.
4. ¢; =13 and cg = 2.

Proof: We use Lemmas 3.3.2, 3.4.3, and 3.5.4 throughout. To prove Assertion
(1), we use Lemma 3.1.16 with m = 5 and n = 3. We assume

flom = Flom =0
and study the coefficient of f.,, Fp, to see
0 = 85a3(e*25fF, efzng,B)

= ﬁ(‘lﬂ')_Q / (—409 — 5010 + 3013)f;mEmdy .
oM

Consequently 0 = —4c9 — 5c19 + %clg. We set ¢19p = 24 and c¢13 = 96 to
establish Assertion (1) by showing
cg=6.
We use Lemma 3.1.14 to see
0=0.a,(1,e /D, B) — (m — n)an_»(f,e ' D,B). (3.5.d)

We set n = m = 2 and compute

0 = i(m™* /M{—Qf;ii}da:—k%(éln)_l /E)M{—clf;m}dy.

We integrate by parts and set the coefficient of f.,, to zero to prove the second
assertion by checking that
Cc1 = 2.
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Next, we set n = 3 in Equation (3.5.d) and use Equation (3.4.c) to see
0 = —(471')_(’”_1)/2@ /E)M {(—mTQC4 +2(m —1)cs — ¢

—2(m — 1)07 — 2cg + mTQCH - (m — 3)Cg)f;mLaa
+(m77204 —2(m —1)es + (m — 1)eg — (m — 3)c10) frmm
+(=(m —Depr + (m —2)er2 — (m — 3)013)f;m5}dy. (3.5.e)

Substitute the previously determined values ¢4 = 96, ¢c5 = 16, ¢19 = 24,
ci2 = 192, and ¢13 = 96 into this relation. Setting the coefficients of f,,, and
f.mS equal to zero then yields the equations

0=48(m —2)—32(m— 1)+ cg(m — 1) — 24(m — 3)
0=—(m—1)c11 +192(m — 2) —96(m — 3).
This establishes Assertion (3).

We have ¢y = 6 and c;1 = 96. We set the coefficient of f,;, L4, to zero in
Equation (3.5.e) to obtain the relation

0 = —48(m—2)+32(m—1)—-8—2(m —1)cr —2¢cg
+ 48(m—2)—6(m—3).
Since m is arbitrary, this yields two separate equations
0=26—2c; and 0= —22+ 2¢7 — 2cg.

We solve these two equations to determine c¢; and cg and thereby complete
the proof. 0O

3.6 Heat trace asymptotics for mixed boundary conditions

We can combine Theorems 3.4.1 and 3.5.1 into a single result by using the
mixed boundary conditions introduced in Section 1.5.3. We assume given a
decomposition

Viem =Vy dV_. (3.6.a)
Our first task is to extend the bundles Vi to a neighborhood of OM in M.
Let II. be the complementary projections on V. defined by the decompo-
sition of Equation (3.6.a). We extend the endomorphisms II; to be parallel
with respect to the inward unit geodesic normal vector field on a collared
neighborhood of M. The relations

My +0_=1d, O} =TI, and Hyil+=0

are preserved by parallel translation and thus extend to the collared neigh-
borhood. The desired extensions of the bundles Vi to a neighborhood of the
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boundary are then given by defining
Vi :=range (II1).
To encode the splitting of Equation (3.6.a) into a single endomorphism, set
x =1y —II_.
We then have that
I, =1(Id £x) and Vi =range(5(Id £y)).

Let S be an auxiliary endomorphism of Vi over M. The mized boundary
operator may then be defined by setting

Bo =1y (d;m + So)|lomr ©T_lonr -

Theorem 3.6.1 Let D be an operator of Laplace type on V over M where M
is a compact Riemannian manifold with smooth boundary. Let B = B(x,S)
define mized boundary conditions and let F' = f-1d be a scalar operator where
f e C>®(M). Then:

1. ao(F,D,B) = (47)~™/2 [, Tr {F}dx.

2. a1(F,D,B) = (4r)=(m=1/21 [ Tr {Fx}dy.

3. ax(F,D,B) = (4m)~™/2L [\ Tr{F(6E + 7)}dz

+(4m)~m/2L [ Tr{2FLaq + 3F.mx + 12FS}dy.

4. a3(F,D,B) = (4m)~ (m=1)/2 351;4 oM Tr {F(96XE + 16xT + 8XRamam
+[13I14 — TH_]Laq Ly + [2114 + 10| LopLap + 965 Lgq
+1925?% — 12x.0X:a) + Fon ([6I4 4 30I1_]L,, + 965)
+24X Fnm bdy.

5. as(F,D,B) = (4m)~"™/2 L [, Tr {F(60E; + 607E + 180E2 + 300

+12741 + 572 — 2|p|*> + 2|R|?) }dx
+(4m)~m/2 s [, Te {F([240I1; — 120I1_] E,p,, + [4211 — 1811 _]r;p,

+120E Lo + 24Laq:p + 20T Lag + 4Ramam Loy — 12Rambm Lab

+4Ropeb Lac + T20ES + 12057 + 2211, + 3 H_]LaaLbbLCC
+[5Ey — 2200 LapLapLee + 52104 + 32OH JLapLieLac

+144S Lo Ly + 48SLap Loy + 4805 Ly + 48053 + 120S.44

+60xX:aQam — 12X:aX:aLltb — 24x:aX:6Lab — 120X:0X:aS)

+F.n (180X E + 30x7 + [T — 18801 L., Ly, + 2405?

[0, + O ]LapLa + 72SLaa — 18X:aX:a)

+Fonm (24144 + 1205) + 30F, i x }dy.

We present the formula for a; in Section 3.6.2 below to avoid encumbering
the discussion with a lengthy formula.
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3.6.1 The proof of Theorem 3.6.1

The interior integrands in Theorem 3.6.1 are determined by Theorem 3.3.1.
Thus we must determine the boundary integrands for mixed boundary condi-
tions to establish Theorem 3.6.1. We follow the discussion in [84] after correct-
ing an error in the calculation given there which was pointed out subsequently
by Vassilevich. See the discussion in [161].

We say that D respects the splitting of V.=V, & V_ near the boundary if
there exist operators D+ of Laplace type on Vi near M so that

[ Dy 0
D_<0 D).

If this happens, then the structures decouple and we may decompose
B=EB R(S) D Bp

where Bp(s) defines Robin boundary conditions on Vi |pn and Bp defines
Dirichlet boundary conditions on V_|gas. In this setting, we may use Lemma
3.1.5 to see

a)M(F,D,B) = ai™(F, Dy, Brs)) + a)™ (F,D_, Bp). (3.6.b)

We emphasize that the splitting V' = V. @ V_ is defined only near the bound-
ary and thus this decomposition of D need hold only near the boundary; the
boundary integrands are local.

The additional invariants involving the tangential derivatives of xy measure
the failure of D to split near the boundary. They enter only at the as level.
Consequently, we may use Theorem 3.4.1, Theorem 3.5.1, and Equation (3.6.b)
to establish Assertions (1-3) of Theorem 3.6.1.

As x? =1d,

XX:a + XeaX =0 and  XX:aa + 2X:aXea + XeaaX = 0. (3.6.c)

Because F' is scalar, F' commutes with the various endomorphisms involved.
We write down Weyl spanning sets to see there exist universal constants ¢; so

as(F, D, B) (47r)—<m—1>/2L/ Tr{F(96XE+ 16xT  (3.6.d)
oM

384
8XRamam + [13114 — TII_]Log Lys + 96S Ly,
[2I14 + 10M_]LqpLap + 1925 + ¢1X:aX:a)

4+ Fo([6TL4 + 30I1_]L,, + 96S) + 24xEmm}dy,

as(F, D, B) (4m) /2L / Tr {F(GOE;kk +607E + 180E>
M

360

b 3007 4 12+ 57 — 2 + 2|R|2>}dw
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+

(47r)_m/2ﬁ/ Tr {F([240H+ — 12001_]E,,,,
oM

[4211, — 1811 ]y, + 24 L4055 + 120E Ly,
207 Laa + 4RamamLivs — 12Rambm Lab
4RapepLac + [B2I0, + 3211 |LgoLypLee
[L8T1, — 28411 |L,yLapLec + 7T20SE + 4805
(2210 + 32001 Lyp Ly Lac + 120ST + 120844
144S Loo Lyy + 48S Ly Lap + 4805° Ly,
c2XX:aSam + €3X:aX:aLvb + caX:aX:bLab
csX:aX:aS + €1 X:aQam) + 30X Fiiim

m (2408 + 30xT + [B11, — 18001 _]Loq L

72SLqq + 180X E + [T, + LTI_]Lsp Ly

+ o+ + + + + o+ o+ o+ 4+

CSX:aX:a) + F';mm(24Laa + 1205) }dy .

A few additional remarks are in order concerning terms which do not ap-
pear. The fact that f is scalar is crucial as this permits to cyclically permute
the trace. Since Try = dim V. — dim V_ is constant,

Tr (X:aa) =Tr (X):aa =0.

One can use Equation (3.6.c) and then cyclically permute the entries in the
trace to see

Tr (XX:aX:a) =-Tr (X:aXX:a) =-Tr (XX:aX:a) 50
Tr (XX:aX:a) =0.

We also have Tr (xX:aa) = Tr (X:aaX) = —Tr (X:aX:a)- Thus we have omitted
the following invariants from consideration in ag

{Tr (fX:aa)> Tr (fXX:aa), Tr (fXX:aX:a)} -

Similar arguments are used in the study of as. As Tr (xX:a) = Tr(x:a) =0,
the invariants

{TI‘ (fX:aLab:b); Tr (fX:aLbb:a)> Tr (fXX:aLab:b); Tr (fXX:aLbb:a)}

do not appear in a4. The most difficult invariants to eliminate are those in-
volving S. Since x5 = Sx = S, one has

Tr (X:aaS) =Tr (XX:aaS) =Tr (X:aaXS) =Tr (X:aX:aS),
Tr (XX:aX:aS) =Tr (X:aX:aS) .
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One has
Tr (x:05) = Tr (x:axS) = =Tr (xx:aS) = =Tr (x:a5)
50 Tr (x.aS) = 0. Covariantly differentiating this identity yields
Tr (X:aaS) + Tr (X:aS:0) =0 s0
Tr (X:aS:a) = = Tr (X:aaS) = =Tt (XiaX:aS) -
Since xS =S5, X.aS + XS.qa = S.q. Consequently,
Tr (X:aX:aS + X:aXSia) = Tr (X:aSia) 8O
Tr (XX:05:a) = Tr (X:aX:aS) = Tr (X:aSia) = 2T (X:aX:aS) -
Finally, since Tr (x.aS + XxS:a) = Tr(S..) and Tr(x.,S) = 0, we have that
Tr (xS..) = Tr (S.,). Covariant differentiation yields
Tr (x:05:a) + Tr (xS:aa) = Tr (S.ga) SO
Tr (XS:aa) = Tr (Siaa) — Tr (X:aS:a) = Tr (Siaa) + Tr (XeaX:aS) -

This shows one must also omit the following invariants from consideration
when dealing with ay4

{Tr (fX:aaS), Tr (fXX:0aS), Tt (fXX:aX:0S),
Tr (fXX:aS:a: Tr (fX:aS:a)a Tr (fXS:aa)} .
We begin our computation of the unknown coefficients ¢; as follows:

Lemma 3.6.2 ¢; = 0.

Proof: We apply Lemma 3.1.4 to study c;. If (D, S,x) is real, then a4 is
real. Consequently the coefficient ¢; must be real. On the other hand, if V
is Riemannian and if S and x are self-adjoint, then Dpg is self-adjoint. Since
F is scalar, this implies a4 is real. Since v/—1Q and x., are self-adjoint, this
implies c¢7 is purely imaginary. O

We use the Gauss-Bonnet theorem to derive additional relations.

Lemma 3.6.3
1. ¢g =—12.
2. ¢y = 60.

3. c¢5 = —120.

Proof: Let M be a compact Riemannian manifold with smooth boundary
OM . Let AP be the Laplace-Beltrami operator on the space of smooth p forms
and let B define absolute boundary conditions. By Lemma 1.5.10,

>, (=DPan(1,AP,B) =0 for n#m. (3.6.e)

If {e;} is a local orthonormal frame, let ¢; and i; denote exterior multiplication
by e; and the dual, interior multiplication by e;. Let €;; be the curvature of
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the Levi-Civita connection acting on the exterior algebra. We use Lemma
1.2.5 and Lemma 1.5.4 to see

E = — 377 %;, (3.6.f)
x = —1 on A(OM)* = Span {dy’ A dz™},

x = +1 on A(OM) = Span {dy'},

X:a = 2Lap(epim + emis),

S = —e(eq)i(ep) Loy on A(OM) = Span {dyI} .

We let M be a compact Riemann surface. Let k := Lj; be the geodesic
curvature. By Display (3.6.1),

Y (CDPTr(LaaSy) = w7, D (F1)PTr(S)) = —+7,

Z(—l)pTI‘ (X:aX:a) = _8H2) Z(—l)pTI‘ (XPEP) =0,
> (=1)PTx(Ep) =, > (=1)PTr (1d,) =0,
> (=1)PTr (x,) = 0.

We may now use Equation (3.6.e) with mm = 2 and n = 3 to see

0 = Z(_l)ﬂa3(1,AP,B)

p

= (4m) /2L {96 - 192 — 8cl}n2dy.
oM

Assertion (1) now follows as this equation implies ¢; = —12.
Similarly by taking m = 2 and n = 4, we see that

0 = / {(192 — 480 + 480 — 8¢3 — 8¢y + 4cs) K>
oM

+ (120 — 360 + 120 + QCg)m'}dy .
Thus ¢ = 60, which proves Assertion (3). We also obtain the relation, that
we will use subsequently in the proof of Lemma 3.6.4,
0=48 —2c3 — 2¢4 + 5. (3.6.g)
To determine ¢z, we take m = 3, M := S* x St x [0,1], and
ds%, = 21 db? + e212dh2 + dr? .
We take f; = fo =0 on OM. We then compute, after a bit of effort, that
> (—1)PTr{144SLaoLp} =0, > (~1)PTr{48SLeyLap} =0,

p p
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Z(—l)p’I‘I‘ {CBX:aX:aLbb} - 0> Z(_l)p':[‘r {C4X:aX:bLab} = 0;

p p
Z(—l)pTr {4805°Lya} = 960L;, L3, + other terms,
p
> (=1)PTr {4805} = —1440Ly, L3, + other terms, (3.6.h)
p
Z(—l)pTr {esX:aX:aS} = —4cs L1y L3, + other terms .
/4

Assertion (3) now follows since 0 = 960 — 1440 — 4¢; implies ¢ = —120. O

We remark that the four vanishing results which are given on the first
two lines of Display (3.6.h) are not accidental; they follow from more general
vanishing results we will establish presently in Section 3.8 in our discussion
of the Witten Laplacian.

We complete the proof of Theorem 3.6.1 by showing that

Lemma 3.6.4 ¢3 = —12, ¢4 = —24, and ¢ = —18.
Proof: Let D. := e 2D for f € C°(M) and f|sar = 0. By Lemma 3.1.15,

0-a4(1,D,B) — (m — 4)as(f, D, B) =0. (3.6.1)
Equation (3.5.c) implies that

we,j = wo,j + 5(Ce jji — To,j5i)1d .
Thus O.w. is scalar so
Oele=0Vx = [0ew, x] = 0.

This makes the computation of the variations of the new invariants entirely
straightforward. The only tricky point is to note that the variation of S takes
the form

Ocle=0S = —fS + %(m = 2) fomIly;
this was incorrectly computed in [84] and the error subsequently pointed out
by Vassilevich. One has

Tr (X:aX:allt) = 5T (XcaXea + XXcaXea) = 5T (XeaXea) -
Setting the coefficient of Tr (x.qX:af;m) in Equation (3.6.1) to zero yields
—c3(m —1) — g + ges(m —2) — cg(m — 4) = 0. (3.6.j)

The Lemma then follows by solving the Equations (3.6.g) and (3.6.j) for ¢s,
cs, and c5. O

3.6.2 The formula for as

The following result is due to by Branson et. al. [87]; we give the formula
without proof as it is somewhat lengthy and combinatorial.
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Theorem 3.6.5 Let D be an operator of Laplace type on V over M where M
is a compact Riemannian manifold with smooth boundary. Let B define mixed
boundary conditions and let F = f-1d be a scalar operator where f € C*°(M).
Then:

as(F, D, B) = (4m)~ "D

Tr {F{360XE;mm + 1440E.,,S
+720XE? + 240XE.qq + 240XTE + 4874 + 20x7°
—8xpijpij + 8xRijri Rijrt — 120XpmmE — 20X pmmT
+4807S? + 12X Tmm + 24X Pmm:aa + 15X Pmm;mm
+2707,,,S + 1200mmS? + 9605 S.00 + 16X RammbpPab
—17XpmmpPmm — 10X RammsRamms + 2880ES% + 14405*
+(90TLy + 45011-) Lo By + (BI04 + 4211) LooTim
+30I0L4 Lap Rammb;m + 240L44S.66 + 420LapS.ap + 390Lga:6Sp
+480L 4p:0S:p + 420 L 40:56S + 60L 4p. 05 S

+(4BTI0, + 43T ) Logup Lees + (238104 — 58I1-) Lapiq Leesd

+(2I0, + 141H—)Lab:aLbc:c + (BB — 210 ) Lapec Lap:c
+(2L0) + 2211 ) LapieLac + (111004 — 611 ) Lo Lee
+(=15I04 + 30 ) Lap:ap Lec + (—2T4 + I1 ) LapiacLpe
+(2210, — 2B ) Lagive Lo + (114114 — 5411_) Lyc.qq Lie
+1440L4,SE + 30L 40 Sprmm + 240L4,ST — 60L 45000 S
+180LapS Ramms + (195114 — 105I1_) Lo Ly E

+(30I14 + 15000_) Loy Loy B + (X310, — 19510 )L, Lyp7
+(5I0y + 2511 ) Ly Loy + (22114 + 215H )LaaLtspmm
+(= 275H + 215H )LabLabpmm + (=114 — 1411_) Lee Labpab
+(4 9H+ - QH YLceLap Rammb + 16X LapLacpoe

+(121, + %H,) abLac Rymme — 32X LapLeaRacoa
+252 Loc Loy LapS + (353 Ty + 55 11-) Laa Lo Lec Laa
+150LapLocLacS + (LT3 + 2T )Lec LagLab Las
+1080L 4oLy S? + 360LabLab52 (3B, — T ) Loy LapLeaLea
+88 LaqLypLeeS + (25114 — 1) LagLapLoe Lac
+2160Lqq 5% + (22104 + 221 ) Loy LycLeaLa
—180E?% + 180YExE — 1208S., S + 720xS.045:4

=150 Qb + 120X a5 Qap + 222X QasXQab — 45Qam Qam
+180XQamQam - 45XQamXQam +360(QamXS:a — QamS:aX)
+45XX:aam Lee — 180X:aX:682ab + 90X X:aX:62ab
+90XX:aQamim + 120XX:aQab:b + 180X X:aQbm Lap + 300x.0E.q
—180x:aX:aE — 90X X:aX:a & + 240X 00 — 30X aX:aT
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—60X:aX:0Pab + 30X:aX:0 Rmabm
=82 X:aX:aLlvvLee = D x:aXeb LacLbe — 32 X:aX:abedLed
— 85y aX:bLabLee = 330X:0S:aLee — 300X:0S:s Lab
F L XeaXaXb Xt + 2 XcaXebXeaXeb — XcaaXebb — 192 X:abX:ab
—15X:aX:aXobb — 252 X:0X:aab }
FFn{ (X1, — 6011_) 7.y, + 24075 — 90pmmS + 270804
+(63011;. — 45011_) E,,, + 1440ES + 72053
+(90I04 + 450I1_)Loo B + (1810, — 2211 ) Lagprmm
+(15TL4 + 75T ) Loqr + 600L,0S? + (L2211, — 3511 )Ly 0up
— 22 XLap:ap + (1511 — 30I1_)L abpab
+(—1810, + 28811 ) Loy Ramms + 22 LaaLepS — B LapLapS
(459 I, + 495H VLo Ly Lew + (267 m, — 14851-[ )LchabLab
+(=54I14 + 225H )LavLycLac
—210X:05:0 — L2X:aX:aLee — 22 X:aX:6Lab + 135XX.aQam }
+Fm{30L40S + (B0, — L2131 )L, Ly,
+(—88I0, + 22210 ) Loy Las
+60xT — 90X Py + 360X E + 36052 — 30x.aX:a}

+F.mm {1805 + (—30IL4 + 105II_) Ly, } + 45xF;mmmm}dy.

——
3.7 Spectral geometry

Let M be a compact Riemannian manifold. Let Spec? (M, B) be the spectrum
of the p form valued Laplacian AP with either Dirichlet (B = Bp) or Neu-
mann (B = By) boundary conditions; we repeat each eigenvalue according
to its multiplicity. If the boundary of M is empty, we shall omit B from the
notation. Since the trace of the fundamental solution of the heat equation
is determined by the spectrum, the heat trace asymptotics a, (1, AP, B) are
spectral invariants. Let cg, = —% and cg, = i. By Theorem 3.3.1,

Tr 2{e A8} = (47t)~ m/2( ){vol (M) + cgvol (OM)t/? + O(t)} .

Consequently the dimension, volume of M, and volume of OM are spectral
invariants. In this section, we will explore other relationships between the
spectrum of the Laplacian and the geometry of the underlying manifold.

To simplify the formulae involved, we adopt the usual conventions defining
the binomial coefficient that 0! = 1 and that

(9) = gy £0<b<a,
b 0 otherwise.
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The following result follows from work of Patodi [301] and generalizes earlier
work of Kac [250] and of McKean and Singer [278]. It is central to this subject.
Theorem 3.7.1 Let M be a closed Riemannian manifold. Let f € C>(M).
1. ap(f,AP) = (47r)_m/2(rg)vol(M).
2. ax(f,AP) = 5(4m) =" [, () = 6(,20))rder
3. as(f,AP) = 3%;—0(477)7”1/2 fM{(IQ(Z}) - 60(1;,1:12))7';“
m m— m—4
+(3) - 607 15007 )
+(=2(}) +180(777) = 720(375)lol?
-2 —4
+2(5) =303 + 180(,5))IRI* Yde.
We say that M has constant sectional curvature c if and only if
Rijkl = C((Sil(Sjk — 6ik5jl) . (373.)
For r > 0, let H™ (r) := {x € R™ : x,, > 0} with the hyperbolic metric

o da4.. 4da?,

pl
m’lTL

ds]%l(r) =r
and let S™(r) be the sphere of radius r in R™*!. Then H™ (r) has constant
sectional curvature —r~2, R™ has constant sectional curvature 0, and S™(r)
has constant sectional curvature »~2. These model spaces are important be-
cause any two m dimensional manifolds with constant sectional curvature c
are locally isometric. Thus, in particular, if M is a closed connected m dimen-
sional Riemannian manifold with constant sectional curvature +1 and with
vol (M) = vol (S™), then M is isometric to S™. The following theorem, due to
Berger [58] and Tanno [347], shows that standard spheres in low dimensions
are characterized by their spectrum:

Theorem 3.7.2 Let M and M be closed Riemannian manifolds of dimen-
sion m < 6. Assume that Spec®(M;) = Spec®(Ms). If My has constant sec-
tional curvature c, then so does M.

By considering more than one operator, it is possible to garner additional
results of this form. Recall (M, g) is said to be Einstein if there is A € R so

pij = Adij .
Patodi [301] showed:

Theorem 3.7.3 Let M, and M, be closed Riemannian manifolds so that
Spec? (M;) = Spec?(Ms) for p=10,1,2. Then:

1. If My has constant scalar curvature s, then so does M.

2. If M, is Einstein, then so is M.

3. If My has constant sectional curvature c, then so does Ms.

Park [297] generalized Patodi’s result to the context of manifolds with
boundary under the additional hypothesis that the manifolds in question had
constant scalar curvature.
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Theorem 3.7.4 Let B = Bp or B = By. Let My and M be compact Rie-
mannian manifolds with smooth boundaries with the same constant scalar cur-
vature s. Assume Spec? (My,B) = Spec? (M, B) for p=0,1,2. Then:

1. If M, is Einstein, then so is M.

2. If My has constant sectional curvature c, then so does Ms.

Let M be a compact Riemannian manifold with smooth boundary. We say
that the boundary is totally geodesic if the second fundamental form vanishes
identically on M; geodesics in M which are tangent to dM at a single point
stay in M for all time. We say that the boundary is minimal if the normalized
mean curvature L,, vanishes. We say that the boundary is totally umbillic if
the second fundamental form has only one eigenvalue. The boundary is said to
be strongly totally umbillic if the eigenvalue in question is constant and does
not vary with the point in question. Park [298] showed the following result.
Theorem 3.7.5 Let My and My be compact Finstein Riemannian manifolds
with smooth boundaries and the same constant scalar curvature s. Assume
that Spec® (M, Bp) = Spec®(Ms, Bp) and Spec® (M, Bx) = Spec®(Ms, By).
1. If M, has totally geodesic boundary, then so does M.

2. If My has minimal boundary, then so does M>.
3. If My has totally umbillic boundary, then so does M.
4. If My has strongly totally umbillic boundary, then so does Ms.

The remainder of this section is devoted to the proof of these results. We
have not tried to present the most general possible results in this genre and
have contented ourselves with results which exemplify the general phenomena
and which are easy to state and to prove.

3.7.1 Proof of Theorem 3.7.1

Let M be a closed Riemannian manifold of dimension m. Assertion (1) follows
from Theorem 3.3.1 since

Tr (Id) = dim AP(M) = (ZL) .
If m = 1, then the remaining assertions are immediate since a,, vanishes for
n > 0 and since 7 =0, p = 0, and R = 0. We therefore suppose m > 2.

Since AP is a natural differential operator in the context of Riemannian ge-
ometry, the integrand as(x, AP) can be expressed in terms of 7 and a4 (x, AP)
can be expressed in terms of {T.xx, 72, |p|?,|R|?}. Therefore, there exist uni-
versal constants so that

ax(f, AP) = L (4m)=m/? / femprda, (3.7.b)
M
as(f, AP) = 3,%(4”)7’”/2/ f{én,pmi + T
M

-%cf,w|p|2 + cfn’p|l'%|2 }dm )
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The coefficient ¢, , is uniquely specified if m > 2; the coefficients ci, n,p are
uniquely specified if m > 4. The cases m = 2 and m = 3 are slightly excep-
tional. We have

PP =47 and [RZ=7 ifm=2,

3.7,
IR|? = =72 + 4]pf? if m=3. (3.1.0)

Let M = M; x S'. Since the structures on S! are flat, the heat trace
asymptotics on S' vanish for n > 0. Thus by Lemma 1.8.2, we have the
recursion relation

Conp = Chon 1+ 1 1 - (3.7.d)
We apply Lemma, 1.8.1 with ¢ = 0 to see
Cinp = Conm—p - (3.7.¢)

We use Theorem 3.3.1 to see that

ar(f,AP) = (4m) /21 /M f{ (") + T as (6E)}dm,

af. a0 = (ny g [l 2m 572 - 2 + 24

+  Trpr(60E.4; + 607E + 180E2 + 3090;;9;;) }dm

If p=0, then E =0 and © = 0 so Assertions (2) and (3) follow in this special
case from these two equations. If p = 1, then we use Lemma 1.2.5 to see

Eey, = =377 Qjer = —pikei -

Consequently,
Tr Al {E} =T, 60Tr Al {E;kk} = _60T;kk7
607Tr y1{E} = —6072, 180Tr o1 {E?} = 180]p|?,

30TrA1{QijQij} - —30|R|2 .

Assertions (2) and (3) now follow for p = 1 and general m. Assertions (2) and
(3) for (m,p) € {(2,2),(2,3),(3,3)} follow from the cases p =0 and p =1
using the duality relation given in Equation (3.7.e). Assertion (2) for general
(m,p) follows, by induction, from the recursion relation given in Equation
(3.7.d) from the case m = 2 using Pascal’s relation

k—1 k—1 k
(qfl) + ( q ) = (q) °
Let m = 4. Assertion (3) for p = 3 and p = 4 follows from Equation (3.7.e).

Thus only the case p = 2 needs to be established. We use Theorem 1.9.1 to
compute the supertrace

i) = e Ry = (4m) 7 5{47° — 16| + 4|R*} .

We use this relation to determine the coefficients of (73:24) appearing in
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az(w, A?); the terms involving (7;) and (2}__12) cancel in taking the super-

trace. This establishes Assertion (3) for m = 4 and p = 2. This completes
the proof if m = 4. We use the recursion relation given in Equation (3.7.e) to
complete the proof for general m. O

3.7.2 Proof of Theorem 3.7.2

Fix the constant c. Let ¢ be an auxiliary real parameter. Define the reduced
scalar curvature 7, the reduced Ricci tensor p, and the reduced Weyl curvature
tensor W by setting

7: = 17—m(m— 1),
pij = = pij—(m—1)cd;;, and
Wik © = Rijri —(Pudjr + pjrdu — Pirdji — Pj1dix)

c(6i16jk — 6ik5jl) .

If M has constant sectional curvature ¢, then p = 0 and 7 = 0; hence W =0as
well. Conversely, if p = 0 and W = 0, then M has constant sectional curvature
c. We may express

W = |RP —2e{puRijji + pixRijki — PirRijij — pjtRijir}
e2{pupudjkdir + PikPikdudu + PirPirdjdj + Pjipjidirdik
2pi1pjk0jk0i — 2PupikOikdji — 2piPji0ikdix — 2Pk Pikditdji
2P~jkﬁjl(5il(5ik + 2P~ikp~jl(5jl5ik} + *(m, g, C)T + *(m, g, C)

|R|? — 8¢|p|*> + e2{4m|p|* + 47% — 8|p|*} + *(m, &, ¢)T + x(m, &, ¢)

+
_+_

where *(-) denotes suitably chosen constants that are not of interest. Thus
IR|?> = [W|? + (8 + (8 — 4m)e?)|p|? — 46272 + x(m, &, ¢)T + *(m, €, ¢) .

Let M be a closed Riemannian manifold of dimension m. By Theorem 3.7.1,
as(1,A%) = ﬁ(élﬂ')fm/2 /M {57‘2 — 20" + 2R2}dw
= i (4m)Tm/? /M {2|W|2 + ((16 — 8m)e? + 16 — 2)|p|?
+ (5 —8%)1% + x(m,e,c)T + *(m, ¢, c)}da}.
Since ag(1,A°) = (47)~™/2 [, dz and ay(1,A°) = (4m)~™/2 [, Tdz,
/M {2|W|2 + ((16 — 8m)e? + 16e — 2)|5)* + (5 — 852)%2)}da:

= *(ma g, C)a0(17 AO) + *(ma g, C)(Ll(l, AO) + *(ma g, 0)0,4(1, AO) .

If we can choose ¢ so that both the coefficients {(16 — 8m)e? + 16c — 2}
and {5 — 82} are positive, then this spectral invariant will vanish if and only
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if M has constant sectional curvature c; this will complete the proof of the
Theorem.
We set € = £. We then have 5 — 82 > 0. If i < 5, then
16e + (16 —8m)e* —2> 18 28 _9 =25,

In the limiting case that m = 6, the optimal choice is € = % which yields

/ {2|vi/|2 + 3%2}613;2 ~0.
Mo

This implies that M has constant scalar curvature and that W = 0. The
remaining difficulty is to show that g = 0. This rests upon an analysis of ag
and we refer to Tanno [347] for further details. O

3.7.8 Proof of Theorem 3.7.3

We apply Theorem 3.7.1. It is immediate that fM dx and fM Tdx are spectral
invariants of A®. Our first task is to show that the invariants

/T2da:, /|p|2da:, and /|R|2da:
M M M

are determined by the spectrum of the three operators A®, A', and A2.
The cases m = 2 and m = 3 are slightly exceptional. We use Display (3.7.c)
to see that if m = 2, then
as(1,A%) = 5 (4m) ™! / (5—1+2)rdx
M

so [y, 7*dz and hence [,, p?dx and [, |R|*dx are spectral invariants. Fur-
thermore, if m = 3, then

as(1,A%) = 7 (4x) 3/ /

y {(5 —2)r* + (-2 + 8)|p|2}dm,

as(1,AY) = L (4m) =3/ /M {(3(5 —2) — 60 + 30)7°

+ (3(=2+8) + 180 — 120)|p|2dm} i

3 6
—-21 78

is non-singular, the following invariants are spectrally determined if m = 3

/T2da:, /|p2|da:, /|R|2d:v.
M M M

Finally, suppose m > 4. We adopt the notation of Equation (3.7.b) to define

Since the coefficient matrix
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the constants ¢! . We consider the coefficient matrix
m,p
,

2 3 4
an,O gn,O CT,O
A= cgn’1 cg“ CTJ

By Theorem 3.7.1,

det A = det| —60 180 —30
180 —720 180

5 -2 2
= 30-180-det| -2 6 -1

1 -4 1
= 30-180-{5(6 — 4) +2(—1) + 2(8 — 6)}

# 0.
Thus in this case as well, [,, 7>dz, [, |p|*dx, and [, |R|*dx are spectrally
determined. We may therefore complete the proof of the Theorem by noting:
L. [,,(T = s)?dz = 0 if and only if M has constant scalar curvature s.
2. [i;lp— £g|’dx = 0 if and only if M is Einstein with scalar curvature s.

3. [u |Rijkt — cOadjn + i 0i1|>dz = 0 if and only if M has constant sectional
curvature c. O

3.7.4 Proof of Theorem 3.7.4

We use Theorems 3.4.1 and 3.5.1 with S = 0 throughout Section 3.7. Let
B denote either Dirichlet or Neumann boundary conditions. To simplify the
notation, we introduce the reduced invariants and the reduced coefficients

an(1, A7, B) := an(1,A7, B) — (7)an(1,A% B), and

éi m,p (7;) cin,O .

ap i c
Since the scalar curvature 7 = s is a fixed constant, one uses az(1, A% B) to
see that fBM L,.dy is a spectral invariant.

The scalar invariants involving the curvature tensor and the second funda-
mental form in the formulae for a4 are multiplied by (') and therefore do
not appear in the reduced invariant a4 (1, AP, B). We showed in the proof of
Theorem 3.7.1 that

Tr (E on AP) = ('Z:lz)T so Tr(E,onAP)=7,=0.

Thus the only boundary contribution appearing in a4(1, A?, B) is a multiple
of the spectral invariant

/ TLaady:s/ Ly.dy .
oM oM

© 2004 by CRC Press LLC



We wish to show [, |p|*dzx and [}, |R|*dx are also spectral invariants. Once
this is shown, the remainder of the proof will then follow along exactly the
same lines as those used to prove Theorem 3.7.3. This is immediate if m = 2
by Equation (3.7.c). If m = 3, we use Equation (3.7.c) to see

as(1,A", B) = 3= (4m) > /M {(180 —120)|p|* + *(m, s)}da:

and hence [, |p|*dz and [, |R|*dx are spectral invariants. If m > 4, then let
o Bn Br ) _ 180 ~30
=\, d, )T\ 180m=—2-720 —300m—2)+180 ) -

Since det(A) # 0, we conclude that [y, [p|*dz and [, |R|*dz are spectral
invariants as desired. o

3.7.5 Proof of Theorem 3.7.5

Since the scalar curvature s is fixed, we may use a2(1, A%, B) to see faM L,.dy
is a spectral invariant. We set £ = 0 in studying A°. Since the manifolds are
Einstein, Rumam = 1 As we are considering pure Neumann boundary
condltlons we set S = 0 Thus Theorems 3.4.1 and 3.5.1 yield that

/ { 7LaaLbb - ].OLabLab}dy and / {13LaaLbb + 2LabLab}dy
oM oM

are spectral invariants. Since the coefficient matrix is non-singular, we see that

/ LaaLbbdy and / LabLabdy
oM oM

are spectral invariants individually. We may now complete the proof of The-
orem 3.7.5. We argue that:

1. M has totally geodesic boundary if and only if faM Loy Lapdy = 0. This is
a spectral invariant.

2. M has minimal boundary if and only if fBM Ly, Lypdy = 0. This is a spectral
invariant,.

3. M has strongly totally umbilic boundary with eigenvalue A if and only if
Jons Lab — Adap|*dy = 0. This is a spectral invariant.

4. Let k, be the eigenvalues of the second fundamental form. Then M has
totally umbillic boundary if and only if 3~ _, (ke — k3)* = 0. Since

Z(na—nb)Q = (m—3)ZﬁZ—Znaan
a a b

a<b
= (m - 3)LabLab — Loq Ly,

this is spectrally determined. O
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3.8 Supertrace asymptotics for the Witten Laplacian

Let (M, g) be a compact m dimensional manifold with smooth boundary O M .
We adopt the notation of Section 1.2.6. Let ¢ be an auxiliary smooth function
on M which is called the dilaton. We twist the exterior derivative d and the
coderivative ¢ to define

dy = e ?de? and 0g = e?se?
The associated Witten Laplacian is then given by
Ay :=dpdg + 6pdy on CC(A(M)).
There are operators Ag of Laplace type on C'*°(AP(M)) so that
Ay = BpA%
We adopt the notation of Section 1.8 to define the invariants

a3 (6,9)(2) = 3 (~1)?an (e, AZ), and

agt? (6,9)®) =Y (~1)Pani(y, AL, Ba).

If {e;} is a local orthonormal frame, let ¢; and i; denote exterior multiplication
by e; and the dual, interior multiplication by e;. Let €;; be the curvature of
the Levi-Civita connection acting on the exterior algebra. We use Lemma
1.2.1 to express
Ay =—(Tr (V?) + E)

where, by Lemma 1.2.8, V is the Levi-Civita connection and

Epg = =577 — $uidii — dyjileil; —ijei).
Thus the formalism of the previous sections can easily be employed to compute
the heat trace asymptotics a,, and heat content asymptotics 3, for small n.

We summarize some vanishing results established previously in Section 1.8:
Theorem 3.8.1
1. If m is odd and if ¢ =0, then altl =
2. If n <m orifn is odd, thena‘”‘i =0.
3. Ifn+k<m, thenad+5k =0.
Let e/ be the totally anti-symmetric tensor defined in Equation (1.7.i). If I

and J are m tuples of indices indexing an orthonormal frame for the tangent
bundle of M, set

It
RJ,s T Risis+1js+1js"'Rii—litjijt—l .

The following results, which generalize earlier results of Gilkey [181] for the
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special case ¢ = 0, are due to Gilkey, Kirsten, and Vassilevich [202, 203] and
to Gilkey, Kirsten, Vassilevich, and Zelnikov [204]. They deal with the first
non-vanishing interior heat super-trace asymptotics:

Theorem 3.8.2 We have
1. a3, = (wm8mml) Tl Ry
4 mQm I,m
2. a2:%+2 2mt+1 — (V78 m') 5J mlRJ,2 .
3. Let m = 2. Then a‘”‘s 2m) tel(@iyji biin )i + (247) L Rijjikn -
4. Let m = 2m > 4. Then ag;ﬁrzzm = (127m8™m!) el (R 5;”) kk
1,
+4( m8m( - 1) ) §(¢;i1j1 ¢;i2RJ,;n);j2
_ _ I,
+(67m8™ (M — 1)) (Riyinkji ik R 73 )i
Next we study the boundary terms. Let
Rg’; = Rasas+1bs+1bs"'Ratflatbtbtfl and Eg’; = Lasbs"'Latbt .

We introduced the following invariants previously in Display (1.8.1), setting

k . A2k pAm—1
fmfl,m . BR ﬁB ,2k+1°
1,k . A 2k Am—1
fm,m = BR ¢ a2k+1b2k+1‘CB 2k+27
2,k .__ A 2k Am—1
fm,m . BR ¢ a2k+1¢ b2k+1[’B,2k+2’
3,k .__ A 2k A,m—1
fm,m . B{R a2k+1a2k+2b2k+2m[’B,2k+3}!b2k+1 :
By Lemma 1.8.11, there exist unlversal constants so that
d+(5 § d+(5 § i,k
mmO_ CmmO —1,m> m+1m0 cm+1m0‘7:mm7
d+t5
Cnt1,m,1 E :Cm+1 m1 . (3.8.a)

The following result corrects a minor error of [202] in the computation of the
coefficient cfﬁ’iLm’a

Theorem 3.8.3 Adopt the notation established above. Then

1. c* = !

m,m,0 7 gk8kklvol (Sm—2k=T1)(m—2k—1)!"
2 ck — LS
m+1,m,1 8k k klvol (S™—2k)(m—2k)!
3. bk = L
©mA41,m,0 T\ /r8k gk klvol (S™—2k=2)(m—2k)!
2.k .
4' m+1 m,0 T 0.
5 >k = L
© Cmt1,m,0 = T /m8kakklvol (5™ —2F—2) (m—2k—2)!

We introduce constants that describe the value of certain invariants on the
standard sphere (S™, ggm) and the standard disk (D™, gpm ). Let

R, = SJR U(gsm) =4™m! for m = 2m,
Lo = sA,cB = (gpm) = (m—1)!.
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3.8.1 The proof of Theorem 3.8.2

Let m be even. By Lemma 1.8.9, there is a universal constant so that
I
d+6 m(®,9) = cm,mggR,]:;n .

Thus ¢ plays no role in afn":fn so Assertion (1) of Theorem 3.8.2 follows from
Theorem 1.9.1.

Before establishing the remaining assertions of Theorem 3.8.2, we must first
establish a normalizing constant in the 1 dimensional setting:

Lemma 3.8.4 If M = S*, then ad+5(¢, g) = ﬁd’;ll-

Proof: Let M = S'. By Lemma 1.2.8,
By = =00, — ¢,ji(eii; —ije;).
Consequently by Theorem 3.3.1 we have
as(z, AY) = (4m) 72 Tr (Bo) = (4m) ™2 {—¢2 + 1},
ax(z, AY) = (4m) 7P Tr (By) = (4m) "2 { =60 — b},
aft’ =2(4m) Y2y . O

Suppose that m = 2m + 1 is odd. By Lemma 1.8.9, there is a universal
constant ¢py41,m so that

d+9d I 1,
m++1 m(¢v ) = cm+1,m8J¢3illeJ,gn :

Give M := S' x §*™ the product structures. The product and vanishing
results established previously then yield

a:ln++61,m(¢M7 gM) = agjé (¢17 gl)ag:g;r’n((b% 92) . (38b)

Let ¢ = ¢(6). We may use Theorem 1.9.1 to see
a;ianl (@ d6* + ggem) = Cmt1,mBm—10;11
= aft’(¢,d0”) - al ,_1(0,g52m) = m%mfﬂﬁ;n .

Assertion (2) now follows as this relation implies that

— 1
CmtLm = g ot -

Assertions (3) and (4) can now be verified. Let m = 2m. By Lemma 1.8.9,
there are universal constants so that

qd+o 1 I I,m
Appyo, m(¢7 ) = Cn+2,m (5J¢;i1j1 ¢;i2RJ,3 );jz
IpIm 3 I I,m
+cm+2,m(€JRJ,1 );kk + cm+2,m(5JRi1i2kj1;kRJ,3 )?jz
Note that by the second Bianchi identity one has

I,m
{5JRl1l2kJ1,kRJ3 J2 = 6JRhlzkhJ»Jz,RJ,B : (3'8'C)
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Give M := S™ 2 x S1 x S! the product metric. Let ¢ = ¢1(01) + ¢2(62).
One has

?n+Jf2 m(@,9) =2¢1 15 mRim—2O1m—1m—102mm
= ag %y o 5(0, gsm-2) - a5’ (61, db}) - a3 1° (92, dB3)
= mmoTgm-T(m_1)! %mm—2¢1;m—1,m—1¢2;mm SO
Cmt2,m = TEEE (R

For the remainder of the proof we shall set ¢ = 0 as it plays no further role.
We first suppose m = 2; in this context the invariants

I I,
{ETRT ks (€7 Riyinkjik RS )ijn }

are not linearly independent. By Lemma 1.2.5, F = —%’yifyjﬂij. Thus

0 on A%M,
FE = —R12211d on AlM
0 on A2M

If £ is a collection of endomorphisms &, of AP M, then the supertrace is defined
by setting
Te(€) := D (—1)"Tr (€ on APM).
p
For example, Tr(Id) = 0. We verify Assertion (3) by computing

ait’(gn) = 1= T{ Elur + O(R?) = 4§ Rijjin + O(R?).
Next we suppose that m = 4. By Theorems 3.3.1 and 3.8.1,
0=agh’ = 42;2 Te{ld },
0=a3" = Z=Te{E},
af’ = ZE=T{3EE + 5950}

42 T2

This permits us to express

d+0 __
aﬁ 4 — 42ﬂ.2 Tt{ 15 z] sz] ke T IBOQ” Jsz k+ GOQz] kaz]

+ &9 Qjke + tEE; + S5 EGE} + O(RY). (3.8.d)

We study the expression Ri221 R3q43 in a4 % and the expression Ry221,2R3443;2

in agj and suppress other terms. Since Tr x»(€;;€2;;) does not give rise to

R1221 R3443, Assertion (1) implies
1,4
azzd - 2.41271-2 Tt{Ez} + e = 827:22!RJ,1 - 82?7222!R1221R3443 + e (388)

Similarly only Tr o» (E.; E.;) can give rise to the monomial Ry221;2 R3443;2. Con-
sequently Equations (3.8.c), (3.8.d), and (3.8.e) yield

ag’ = P STHEE} + ... = F= 5T {E L+

1 ¢, d+6 _
15 (ag )" )ikl + oo = g—szﬁ22,R1221;2R3443;2 +...

© 2004 by CRC Press LLC



2 1 2
= 265485 Risisjajiik Rizisjajaik + - = 04¢g 4 Ri1o01:0 Ragazn + .o

This shows that

2 =1 _1
6,4 — 12 82x22! -

If m=2m >4, let (M,g):=(N*x S™ 4 gn +ggm-1). Let

14
Xy = €11 (Rilizjzjl;kRi3i4j4j3;k) (gn) -
The invariants a;ilﬁ,‘i(o, g) are defined solely in terms of the metric. Thus they
are invariant under isometric actions. The sphere S™~* is a homogeneous
space; the orthogonal group O(m—3) acts transitively on S™~*. Consequently,
altt?(ggm-4) is constant. Since by Theorem 1.3.9 the integral vanishes for
n # m, we have a pointwise vanishing. Consequently by Lemma, 1.8.2,
afn*fz’m(o, g) =m(m — 1)cfn+2,mX49fim,4 + ...
d+6 d+6
G’GI (0’ gN)am+—4,m—4(07 gSm*‘*)

2L 1 L XaR—a

12 827221 7m—28m—2(m—2)!

This implies that

_ 11
Cmt2m =  T27memml
We complete the proof of Assertion (4) by determining ¢}, 5 ,,. Let

(M,g) = (N? x 8™, gn + ggm-2).

Let X5 := Ryjjikk(gn). Then making a similar argument and by applying
Assertion (3), one has

5 _
g”++27m(0’g) = (2mcgn+27m + c?n+2,m)X2mm72

_ d+4d d+9d _ 1 1
= 55" (0,98) 5" 1y 5(0,95m—2) = 7§ =g 2 Rm 2 -

a

This implies that

= 2 3 _ 1
2MCnt2,m + Cnto,m = Frmgmmont 5O
3 _ 1
Cm+2,m = Grmsm(m—1)! * n

3.8.2 The proof of Theorem 3.8.3

To establish Theorem 3.8.3, we must evaluate the universal constants of Equa-
tion (3.8.a). We break the proof into 3 different Lemmas. We will begin by
using product formulae to show:

Lemma 3.8.5
1. If k>0, then:

k _ 1 0
(0,) cm,m,[) - ﬂ—kskk!cm—Qk,m—Qk,O’

k _ 1 0
(b) Cm+1,m,1 = 7kgFRI Cm—2k+1,m—2k,17
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(c) T
¢ cm+1m0 TE8F R Cm—2k+-1,m—2k,0°

2. We have

(a) c?nm[):m7

1
(b) Cm+1 m,0 = Jzvol(S™—2)(m—2)!’

(C} cm+1 m,0 — 0

Only the universal constants ¢, m1 and ciﬁrl m,0 femain to be deter-
mined. Introduce universal constants c;, ,, , so that if B defines mixed bound-
ary conditions for an operator D of Laplace type, then

Gk (y, D, B) = & TS 4 ¢ T {ES™ 70
+ ci,m,kTr {E.»,S™ ¥~} + other terms.
Lemma 3.8.6
1. Ifm > 2, then ¢y oy =0y g and ¢y g =€

3,0 — 3
2. If m >3, then ¢,y o = Ct1,mo0-

We shall complete our computation of a%? and alh +1 m by showing:
Lemma 3.8.7
1.c = (4m)=(m=D/2 n,l,k'

2. If n >3, then ), .| = cnmo
3. Ifn>5, thenc}  o=¢2 5, .

Proof of Lemma 3.8.5: Let M := M; x M> be given product structures
induced from the corresponding structures on the manifolds M;. We suppose
M, is a closed manifold. We then have

agnffn,()(qu;gM) = afnt(,smlel,ng) 'agn—z?mzyo((sz)gMz))

a1 (b, gnr) = alto (Dar, gan) - Ay a1 (B0, 1)

agn+f1,m,o(¢MagM) = a;intil,ml(¢M17gM1) 'a’gnttjmz,[)(d)Mz?gJVh)
+a?nt(,5m1 (Dry>9Mm,) - a;intil,mz,o(quz  IMs) - (3.8.f)

Give M = S2F x D™~2k the natural product metric. By Theorem 3.8.2 and
Equation (3.8.f),

Zﬁn 0(0,900) = im0 Fm—1.m (0, 901) = &y 0 Rk Lin—2k

4
= agk,Qk(OagSZk) ' a;in+_2k7m_2k70(0,g[)m72k)

10
= FRFR Cm—2k,m—2k,0 N2k Lm—2k -

The first identity of Lemma 3.8.5 (1) now follows; the remaining two identities
are proved similarly.
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The curvature tensor of D™ vanishes. We derive the first identity of Asser-
tion (2) by computing

1 = x(D")= / 0t (0, gpm)dy
oDm™
= c%’m’OVOI(Sm_l)(m — 1.

Let M := S' x D™~! where ¢ = ¢(f) depends only on S'. By Lemma 3.8.4,

agﬁé f¢ 11- Consequently,

d+6 1,0 2,0
m++1 m, 0(¢v ) {cm+1,m,0¢;11 + cm+1,m,0¢51¢;1}2m—1
a5 (¢, d6%) - gy 1y 5(0,9pm-1)

m—1,m—1,0

— 1
—  /avol(sm—2)(m— 2)v¢11£m L

We solve for cn;H’m’O and Cn;;l,m,[) to complete the proof. o

Proof of Lemma 3.8.6 (1): Let m > 2. We will use the method of universal
examples to show that only the monomial Tr {S™~'} is relevant in computing

{aﬁj‘fn 0(0,9), aﬁfw’l(o, 9)}. To have a uniform notation, let

. adtd — 0 .— 0
mel(g) i am m, 0(0,9), Cm—1 = cm7m70; Cm—1 = cm,m,O or
d+6 . 0 .— 0
Pm—l(g) - a’m—i—l m, 1(0,9), Cm—1 = chrl,m,l’ Cm—1 = Cerl,m,l .

Let (y1, ..., ¥m—1) be the usual coordinates on R™~!. Let f(y) be a smooth
even function function of y and let

M :={(y,r) €R™ : 7 > f(y)}.
Let {A4,..., Apm—1} be distinct real constants. We choose f so that
f(0)=0, (9/f)(0)=0, and L;;(0)= Aidi; . (3.8.)
Then
Pn_1(9)(0) = (m —1)lc;p—1 A where A:=A;.. A, 1. (3.8.h)

We have R =0, E = 0 and 2 = 0. Thus there exists a polynomial @, of
total weight m — 1 in the tangential covariant derivatives of {x, L, S} so that

P =Te{Qm()} .

Let V be the Levi-Civita connection of the boundary and let R be the
associated curvature. Let {ej,...,e;,—1} be an orthonormal frame for TOM
so e;(0) = 9Y. We must control V’”L for £ > 1. Since the curvature of R™
vanishes, Lemma 1.1.4 shows that VL is a totally symmetric tensor field.
The components of @kL(O) are polynomials in the derivatives of the defining
function f for any k. Let K denote the ideal in the algebra of all polynomi-
als in the jets of f which is generated by the monomials {4%,..., 42 _;}. In
light of Equation (3.8.h), we shall work modulo £ since such elements do not
contribute to A.
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We first study V2L. This is not a symmetric tensor field. However,

Rb1b2b3b4 = Lb1b4Lb2b3 - Lb1b3Lb2b47 and
Lalaz:a3a4 - Lalaz:a4a3 = Ra3a4a1a5La5a2 + Ra3a4a2a5La5a1 .

This shows that A2 divides {Ruyasa105 Lasaz + Ragasasas Lasay }(0). Conse-
quently @QL(O) is totally symmetric modulo the ideal K. Thus we may choose
the 4 jets of f to kill the symmetrization of (V2L)(0) and thereby ensure
(V2L)(0) € K. Similarly, by choosing the derivatives of order k +2 of f at the
origin appropriately, we may suppose that

(VEL)(0) e & for k>0.

We therefore suppress V¥ L henceforth. Since y.q = 2L (epim + emip), fur-
ther covariant differentiation of y only involves covariantly differentiating the
endomorphism epiy, + ¢nip. Thus inductively there exist suitably chosen en-
domorphisms &, of weight 0 so

X:al...ak = LalblLazbz---Lakbkgbl...bk .

If a x.q,... term appears, it must be contracted with another index a;; the
above equation contains no L,,,, term. Thus this contraction involves a dif-
ferent variable which produces an A2 term; such terms can be ignored in light
of Equation (3.8.h) since we are working modulo the ideal &. Similarly as

S = —Lgpepi, on A(]Rm_l)
o 0 on AR™1)Adr.

V#S plays no role if k& > 1. If an Lg,p, term appears where a; is not to be
contracted with by, then A must be divisible by A2. If the term L,, appears
in a monomial @), then we may factor Q = L,,Qo and then apply Lemma
1.8.10 (1) to see the supertrace of Q¢ vanishes. Thus L does not appear as a
variable. This shows that only the monomial S™~! is relevant. Consequently

Po1(9)(0) = e 1Te{S™1}(0). (3.8.)
Decompose A(R™ 1) = A(R-dy') ® ... ® A(R-dy™ ). Then

S = Z ®..9Id®S,®Id®..2Id where
1<a<m-—1

S, =0o0n A°(R-dy*) and S, = —A, on A'(R - dy?).
One then has that

Te(S™ ) = (m — 1D)!Te(S1) ... Te(Sp1) = (m — 1)1A. (3.8.j)
Assertion (1) of Lemma 3.8.6 follows from Equations (3.8.h), (3.8.j), and
(3.8.). 0

Proof of Lemma 3.8.6 (2): Let m > 4. To simplify the notation, we set

. a4+ . 3,0 3
Pn(g) = am+1,m,0(0’g)’ Cm i= Conigmyor and  Cm t=Cpiy g
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Let (u1,us2, Y1, -, Ym—3,7) be coordinates on R™. Let f(y) satisfy the normal-
izations of Equation (3.8.g). We set

M:={zeR":r> f(y)}, and
ds?; == du' o du' + e™22("17) dy? o du?

+dytodyl + ...+ dy™ 3 ody™ 3 +drodr.

where f5 is a suitably chosen cubic polynomial. We then have R(-)(0) = 0 and
the non-vanishing components of L and VR at the origin are given, up to the
usual Zo symmetries, by:

L((?f’, 6;’)(0) = Aiéij, and

R(9Y,05,05,01;0,) = R(9Y',05,05,0r;01') = Ao .
Consequently
P, (9)(0) =2(m — 3)!¢;y A where A := ApgAy... A3 (3.8.k)

Let & be the ideal generated by the elements {42 A2, ... A2 .}. If we set
Ag = 0, then this manifold is a product of the manifold considered previously
with a flat factor. This shows that V¥ R(0), V¥E(0), V*Q(0) are all divisible
by Ag for k > 1 and vanish if £ = 0.

We consider terms which can give rise to A after taking the supertrace. Let
& denote a generic polynomial in the tangential covariant derivatives of L, of
S, and of x when Ay is set to zero. Since we are not interested in terms which
are divisible by A2 and since Ag has weight 3, we factor out a term which can
be linear in Ay to express P, symbolically in the form

P = Y T{VFR-ER , 3+ T{VFE-EF 5}

k>1 k>1

+ Y T{VEQ-ED L3+ D T{VRL-EL )

E>1 k>2
+ ) T{VES € b+ ) T VA EX b+
k>2 k>3

We set Ag = 0 in studying the “coefficient” monomials £. Thus the argu-
ments given above in the proof of Assertions (1) of Lemma 3.8.6 show that
only powers of S are relevant. This shows that we may express

P = %{ > errVER-S™E 4N " pVEE-S™F2 (381)
E>1 E>1

+ ch@v’“ﬂ L gmTk=2 Z C]mL@kL . gm—k—1

k>1 k>2
+ chﬂ@ks Lgmekl Z Ck7X@kX . Smk} +....
k>2 k>3
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Furthermore, all auxiliary indices must be fully contracted within the variables
{VER, V*E, V*Q, V*L, V*S, VFx}.
By Lemma, 1.8.10 (1),
Te{S*} =0fork<m—1 and Fe{ES*}=0fork<m—3. (3.8.m)

Thus the terms in V¥ R and V¥ L do not appear in Equation (3.8.]) since, being
scalars, they could be moved outside the supertrace. Since € is skew-adjoint
while S is self-adjoint, this term does not appear. Terms involving V*S must
be fully contracted. Thus, modulo lower order terms which can be absorbed
at an earlier stage, these terms in V*$ have the form

Tt{szalalazaz...sk} = %ﬂft{sk+l}:a1a1a2a2... mod K
= Omod R.
Similarly, we can eliminate the terms X.a,a;asas...S* from Equation (3.8.1).
Extend S to be covariant constant along the geodesic normal rays from
the boundary. This permits us to move covariant derivatives outside the trace

once again and apply Equation (3.8.m) to conclude that the only relevant
invariant is F.,,S™ 3. Consequently

Pn(9)(0) = ¢y Te{E.;n S™ 2}(0) . (3.8.n)
We may decompose A(R™ 1) = A(R?) @ A(R™?) and E,,,, = E.,, ® S for
[ 0on A°(R?) @ A2(R?),
Em(0) = { —Aold on A*(R?).
Consequently
Te{ B, S™31(0) = 2(m — 3)1A4. (3.8.0)
Lemma 3.8.6 (4) now follows from Equations (3.8.k), (3.8.n) and (3.8.0). O

Proof of Lemma 3.8.7: To prove Assertion (1), we use product formulae.
Let M; = T™ ' be the torus and let D; be the scalar Laplacian. Since the
structures are flat,

T VT S
an,m—l(xlle):{ ( 7r) 0 if Z>0

Let (MQ,DQ) = ([0,1],—63) Let M = M1 X M2 and D = Dl +D2 Let
B:=V,, + S where S is constant and where e,, is the inward unit normal;

ém = Op when r = 0 and e,,, = —0,, when r = 1. Assertion (1) follows from
the identity:
an,m,k(yaDaB) = Z an1,m—1(mlaD1) 'anz,l,k(y27D27B)
ni+ns=n

= (47T)7(m71)/2an,1,k(y27D278) '
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In view of Assertion (1), it suffices to take m = 1 in the proof of the
remaining assertions. Let

M :=[0,1], Do:=-98% and B:=V., +S.

We choose f so that f vanishes identically near r = 1 so only the component
r = 0 where 9, is the inward unit normal is relevant.

To prove Assertion (2), we consider a conformal variation D. := e~2¢/ Dy
Lemmas 3.1.14 and 3.5.4 imply that

O:an(1, D, B)|c=0 = (1 —n)an(f, Do, B) and 9.S5:|-—0 = —%f;m.

For n > 3, f.,,S"~? arises only from 9.5"~" and not from any interior varia-
tion. We compute:

d-an(1,D.,B) = ag/ 0 108" dyle—o + ...
oM
= —%(TL - l)tn7170 / f;mSn_2dy + ...
oM
= (1= man(£ D0 B) = (=), [ Syt
oM
This shows ¢) ;| =

To prove Assertio
Lemma 3.1.15,

¢.1,0 and establishes Assertion (2) of Lemma 3.8.7.

1
20,1
n (3), we consider a scalar variation D, := Dy — gof. By

0
n,
(

9oan(1, Dy, B)|p=0 = an—2(f, Do, B) .
If n > 5, then f.,S" % arises only from 9. FE.,,S" *. We compute:

0pan(1,Dy, B)|p=0 = 85/ ch’l,OE;mS”*‘ldyb:o 4.
oM
= / ciﬁlyof;msnf‘ldy + ...
oM

= an—2(f, Do, B) = / t?z—2,1,1f;m5n74dy +o
oM

This shows ¢} ;o =) 5. i

The remainder of this section is devoted to the proof of Theorem 3.8.3.
Assertions (1), (3), and (4) are now immediate from Lemma 3.8.5. We shall
apply this Lemma together with Lemmas 3.8.6 and 3.8.7 to prove the remain-
ing assertions. By Lemma 3.8.5, we set k=0.

Computation of ¢}, . ;. Suppose first m = 3. Then one has that

30 _ _
F3’s = 2Ri223;1 + 2R21132 = 2R1223;1 — 2R1213;2

- _2R1212;3 - Rabba;m .
Thus only the term R,ppq;m is relevant. We have

Tr 41 (24011, — 120I1_)E.,, = —240Rappasm + -.-)
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Tr 52(24011, — 12011 )E.,,, = 120Rapbasm + -y

ai%(0,9) = /{9M(4W)73/2%(240 + 120) Rappa:mdy + ...

1 1 _ 1
T 2ym4m T 4y/mvol (ST)1!*
On the other hand, if m > 3, then

30
43

3,0 _ 3 _ .0 1.0

Cm+1,mo = cm—&—l,m,O - cm—l,m,O - §cm—1,m,0
- 1.1 .0 _ 1 O
- 227 m—-1m—=10 7" 4/7vol (S™-2)(m—2)! "

Computation of c?n+17m71. First suppose m = 1. Applying Theorem 3.6.1
to [0, 1] yields

a1, A% B0) = aa(£. AL B) = s [ {(3m) = (=37 [y

= ﬁ/f,mdy,

Therefore
0 _ T
€2,1,1 = VoISt -

If m > 1, then Lemmas 3.8.5, 3.8.6, and 3.8.7 imply

0 - O — — 2/ 0
Crm+1,m,1 = Cm+im,l = Cmt1,m,0 = 2 Sm+1,m+1,0

0 _ VT
VTt me10 = vor(smymi - O

3.9 Leading terms in the asymptotics

In previous sections, we have determined exact formulae for certain of the
heat trace coefficients. In this section, we present partial information for all
the coefficients a,, with n sufficiently large. We begin our discussion with two
theorems computing what has been called the large energy limit. These are
the terms with a maximal number of covariant derivatives. These terms have
also been called the leading terms in the asymptotics of the Laplacian; they
play an important role in compactness theorems for isospectral deformations
proved by various authors [106, 117, 118, 119, 294].

There are several proofs of the following two results. Gilkey [182] gave a
combinatorial calculation, Branson et. al. [88] used functorial methods, and
Avramidi used a modified de Witt Ansatz [12]. It is worth noting that the case
m = 2 is due to Osgood et. al. [294]. We omit lower order terms involving fewer
jets of the symbol. If £ is a tensor, we use the reduced or Bochner Laplacian
to define

AYE == (=1)"E.iivinin...ivi -
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Theorem 3.9.1 Let D be an operator Laplace type. If n > 1, then modulo
lower order terms,

aan (2, D) = (47) "™ gy T S AP T {— (8 + 4)E — 2n71d } +

For example, we have
as(z, D) = 5 (4m) "™/ *Tr {12E + 271d } + ..
as(z, D) = k= (4m) "™/ *Tr {20E,1, + 4T;kk1d} + ..
ag(x, D) = toies (47) ™/ *Tx {28 B335 + 670155} + --.
which agrees with the formulae of Theorem 3.3.1.

Information is also available about the corresponding integrated invariants.
If £ and &, are tensors, we define

Vk(gl - ngz = gl;il,,,ik((:Z;il...ik
Theorem 3.9.2 Let D be an operator of Laplace type on a closed Riemannian

manifold. If n > 3, then modulo lower order terms,

az(1,D) = (4m) " g gy [ T {(n? = n = 1))V 21
+ 2|V"%pPId +4(2n + 1)(n — 1)V 27 . V" 2E
+ 2(2n+ 1)V 2Q -V 2Q
+ 42n+1)(2n - 1)V" 2E.- V" ?E+ . }dz.

If the boundary of M is non-empty, we study the low energy limit to obtain
information about the boundary terms involving the least number of covariant
derivatives. We adopt the notation established in Section 3.8. The following
result is due to M. Bordag et al. [75] who gave a different derivation of it:

Theorem 3.9.3 Let B define Robin boundary conditions for an operator of
Laplace type. Expand

a’n,m,O(y,D,B) - Cn m, OTr{Sn 1} + .. fOT' n>1
an,m,l(y,D,B) = cn,m,lTr{Sn 2} + ... fOT‘ 2.

S
AV

1. Ifn=1, then ¢, o = +(4m)(m=1/2

2. If n>2, then ¢}, . o= (4w)(”*m)/2m,
3. Ifn=2, then<cl , | = %(471')_(’”_1)/2,
4. Ifn >3, then ), = 3(Am) "™/ ooy,

Remark 3.9.4 By Lemma 1.1.8, we have that
vol (S') =2m, vol(S?) =4m, vol(S®)=2r", wvol(S*) =38x".
Thus we may use Theorem 3.9.3 to compute that

aftty = (4m) @2 L T () 4+ = 2(4m) T T (S) + o

© 2004 by CRC Press LLC



ag ey = (4m) M2 S Te (8%) + = 5 (dm) AT (87) +
aff o= (@4m* M2 S Te (8%) + = 5 (4m) TP T (S%) +
a’gj;rf,o = (47T)(57m)/2m1’r (SH+ .. = i(4ﬂ' —(m=1)/2y. (84 + ...
6

This agrees with the formulae given in Section 3.6 as does the calculation

aftl | = L(am)=m=DPT(S) + L = Ladtl o+
a0 = 2(4m) AT (S?) 4. = a4
agt? | = $(m) P (%) 4= Ladll 4

3.9.1 Proof of Theorem 3.9.1

Express
o (z, D) = (47) "2 Tr {¢; nAVTVE + 0y AVTIIA

where we have omitted terms that are quadratic or higher order in the struc-
tures {E, R, 1} and that therefore involve at most 2n—4 covariant derivatives.

We first determine ¢; ,. We adopt the notation of Lemma 3.1.17. Let b be
a smooth real valued function on S*. Set

A:=0y -0, Dy :=A*A=—(05 — 0pb—1?), Ey :=—0pb— b7,
A* = —0g —b, Do:=AA* = —(0 + 0pb—b%), E>:= 0pb—1.
We compute that
(2n — ) {a2n (8, D1) — azn(6, D2)}
(2n — 1)(4m) "V {e; f)AVTVE — ¢ f AT Ry 40}
= (2n—1)dn) 2 {=2¢; ,A" 1Opb + ...} .
We use the recursion relation given in Lemma 3.1.17 to equate this to
(82 — 20gb)agn_a(z, Dy) = (47) /202 {—c1 n 1 A" 20pb + ...}
= (4n) Ve, 1 AVTIOpb + )
This implies that

—2(2” — l)cl,n =Ci,n—1- (39&)
By Theorem 3.3.1, ¢;; = 1. We use induction and Equation (3.9.a) to see

_q)n-1 _1)
Clin = i =~ + D -

Next we study c2,. Let m = 2n + 2, let M := S! x ... x S* be the flat
product torus, and let A be the flat scalar Laplacian on M. For F and f
smooth functions on M, define the variations

F.:=e 2fF and D,:=e *'A.

By Lemma 3.1.16
asa2n(F5, D5)|5:0 =0. (39b)
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Since 79 = 0 and Ey = 0, we may use Lemma 3.3.2 to see that

OAF A EYemo = —2(m —2)FA" f + .., (3.9.c)

OAF A" 1.} o = 2(m — )FA"f + ...
We use Equation (3.9.b) and Equation (3.9.c) to conclude that

0= {(—nclm +2(2n + 1)ca ) / FA™fdx + } .
M

Since F' and f were arbitrary, the coefficient of FFA™f must vanish. This
completes the proof of Theorem 3.9.1 by showing
(=n"

C2n = mcl,n = —2nm :
3.9.2 Proof of Theorem 3.9.2

Let n > 3. We wish to study the integrated global invariant term a, (1, D).
Terms that are linear in the covariant derivatives of { E, (), R} integrate to zero
since M is closed. Thus only the quadratic terms count in the high energy
limit. Commuting covariant derivatives introduces lower order terms which
may be ignored.

Since M is a closed manifold, we may integrate by parts to reduce the
number of invariants to be considered. For example, we can use the first and
second Bianchi identities to see that

/ V"2 R[2dz = / {4|Vn—2p|2 — V22 4 }dm for n>3.
M M

We absorb terms with fewer than 2n — 4 covariant derivatives into the er-
ror term and omit lower order terms. We use invariance theory, the Bianchi
identities, and integration by parts to express

an(1,D) = W%M@n)—m/? /MTr{an|V”_2T|2Id
+ cnV'PPId 4¢3, VP VTR (3.9.d)

+ e V"IV 2O 45,V PE -V 2E + ...}dm :

Let D be a scalar operator of Laplace type on M. Set D, := e >*/D. Let

Eri=— /M {V"zf;kk . V”QT}dm = /M {fA”lT + ...}dl“,
Ep = — /M {Vn2f;kk - V"2E}dm = /M {fA”lE + }da:

By Lemma 3.1.14 and Theorem 3.9.1,
O-a2n,(1, De)|e=0 = (m — 2n)as,(f, D) (3.9.e)

stettzcitintin) " [ { = onnes e i
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Note that 2p;;,; = 1. We use Lemma 3.3.2 to compute that
clynag/ (V"_27'5 - V"_2T€)da:|5:0 =4(m—Deypnér+... (3.9.0)
M
CQ,nas/ (Vn_2pe ' Vn_2ps)d$|s:0 = ch,TLET + ...
M

3.n0= /M(v"—% V" 2E.)dx|.—o (3.9.g)
=cy{—22E +2(m—1)Ep +.. .}
C4n0- /M(VHQE V20V d om0 =0 + ...
5,0k /M(V"_2Eg V2B )dx|.—g = —csn(m—2)g+....
We use Equation (3.9.e) and Display (3.9.f). By equating coeflicients of £

and &, the following relations are obtained

8n+4)(2n—m) =2(m — 1)z, — (M —2)c5,, and

2n(2n —m) = 4(m — 1)ci p + meap — 3(m —2)eg p -
We solve these equations to see

Cin = (n®> —n—1), Con = 2,
csn=42n+1)(n—1), c5, =4(2n+1)(2n —1).

Let m = 2. By Lemmas 1.2.5 and 1.2.6, E and Q vanish on A°(M) and
A?(M) while on A'(M) we have that

—Ry221 0 0 Ri221
< 0 —Rism > an - < —Rizz 0 >

Consequently since the scalar terms cancel in the supertrace we have by The-
orem 1.3.9,

0 = a(1,A% —as,(1,A") + as,(1,A°)
= —mel)(‘”)_l /M TrAl(M){C&nV”_QT'V"_T

+ VTV Q + ¢, VTPE - VT2E + ...}dm

_ —pn 1
= T3 @t (=Cs,n — can + 365,n)

(4m) /M {v“f : Vn27'}dm.

We use this relation to complete the proof of Theorem 3.9.3 by computing

Capm = —C3n+ %c&n =2(2n+1). |
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3.9.8 Proof of Theorem 3.9.3

We adopt the notation of Section 3.8.2 and expand, for £ = 0,1,
Ao (y, D, B) = ¢ Tr(S"7 R4 ).

We may use Theorem 3.5.1 to see that

C(1),m,0 = 411(471')(1 m)/2’

cg,m,O = 2(47r)7m/2 cg,m,l = %(47()77”//27
cg,m,O = %(4’”)(1 " /27 cg,m,l = %(4’”)(1_”1)/2
Dm0 = gAML = Fam)Uimm/2

We may therefore assume n > 5 in the proof of Theorem 3.9.3. We use Lemmas
3.8.5, 3.8.6 and 3.8.7 to compute

Qo = (R = (am)=nla
= (4m)” (m—n)/2 On :(4W)*(mfn)/2m,
md = 3omo = (@m) TP e O
|

3.10 Heat trace asymptotics for transmission boundary conditions
We adopt the notation of Equation (3.2.a) and consider structures

(MagavaDaf) = ((M+,g+,V+,D+,f+),(M_,g_,V_,D_,f_)) .

Here g+ are Riemannian metrics on compact manifolds My, Vi are smooth
vector bundles over M1, and D are operators of Laplace type on Vi, re-
spectively. The functions fi are assumed smooth over the manifolds M. We
impose the compatibility conditions of Equations (3.2.b) and (3.2.c):

OMy =0M_ =3, gilv=g9-Is,
Vile=V_]g=Vs, file=[f|z.
No matching condition is assumed on the normal derivatives of f or of g on
the interface X.
We use transmission boundary conditions as discussed in Section 1.6.1. As-

sume given an impedance matching endomorphism U defined on the hyper-
surface . Set

Bup:={d+ls —¢-Is} & {Vi,btls+ Vi o[z ~Ugyls} .
Let
we =V, =V, .
Since the difference of two connections is tensorial, w, is a well defined endo-
morphism of V. The tensor w, is chiral; it changes sign if the roles of + and
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— are reversed. On the other hand, the tensor field U is non-chiral as it is not
sensitive to the roles of + and —.

The following result is due to Gilkey, Kirsten, and Vassilevich [200]; see also
related work by Bordag and Vassilevich [77] and Moss [286]. To simplify the
notation, we define invariants reflecting the chirality

o = Loy + Loy, Lop =Ly, — Ly,
]_‘;ven = f;t/+ + f;u*: }-;(;/dd = f;l/Jr - f;u*a
ﬁivfn = f;t/+u+ + f;u—u—v -7:;?/(}/(1 = f;u+u+ - f;u—u—;
geven .= g+ 4 B godd .= g+ _ g,
£y =Er +E,_, &M =Er, —E,_,
REE = Rz_jkl + R R?]?lk(} = R;;kl — Ry
Q?}’e“ = Q;; + Qi_]-, Q?jdd = Qj; — QZ_J .

Theorem 3.10.1 Adopt the notation established above.

. ao(f,D,By) = (4m)"™/2 [, fTr (1d )dz.

2. a1(f,D,By) =0.

3. a>(f,D,By) = (4m)~™/2L [, fTr {r1d + 6E}dz
+(4m)~m/2L [C2fTr {L"1d — 6U }dy.

~

4. as(f, D, By) = (4m)=m/2 o [ Te { F[SLo%m Lgye™ + 3Leyem L£oyen ]1d

QLY FeYen I + 48 FU + 24 fwawa — 24f L U — 24FEYe" U dy.

5. as(f,D,By) = (4m)"™/2 L [ fTr{60E,4, + 60R;;;; E + 180E>
+3092;;Q; + [12755 + 572 — 2|p|* + 2|R|?]Id }dx
+(4m) T ks fo T {[-5RY Fo + 2R, Fodd — 5904 Lgyen Fodd
— L340 Loyen FRid 4 LB open Lopen Fgren — L2Loen L5yen Feyen
F12L500 Fo |l + f[— L350 £330 Leren — £ojen L334 £o34
+2L50 £330 Lo + IRE0 £330 + 12REyeE,
AL LR L — LG Lo L + LG Ly Lo
F2AL5, + ORI L5 + 2RO L™ — GRLE L34
+2REye Loven |Id 4 18w Foyer — 30£°49 Fold + 15U £990 Fod
—30UFoem —QU L™ F&em +30U2FS + f[12w2 L5 +24w,wp LS5
+60E5" — 60w, Qo0 4 60EVen LIV — 60U — 30URSS — 180U &
—60U.qq — 18U LM LN — 6U LY LV +60U2LEV"™ — 60Uw?]}dy.
We shall omit the computation of a4 in the interest of brevity and instead
refer to [200] for details. We note that some information is available concerning
as in this setting.
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3.10.1 Proof of Theorem 3.10.1
We may decompose

an(vaBU)_a (f: ) az(frD)BU)

where the interior integrals defining a}(f, D) are given by Theorem 3.3.1.
We begin by determining the general form of the invariants a>. There exist
universal constants so that

ay (f,D,U) =0,

a%?(f,D,U)z/clfTr{ }dy,

>

ay(f,D,U) = (47r)*m/2%/ Tr{dlfﬁe"e“Id +dy FM Id +d3fU}dy,
>

a?(f,D,U) = ( )(1 m)/23é /E {fCQEOddLOddId +f63£0dd oddId

+c4£ggd .7:3,dd Id + 05‘7_~;(3jven Id + cﬁfgeven +ec fReven 1d

ijji

_+_Cngeven Id + d4f£even Eeven Id + deEeven Ezzen Id

avva

oL FNId + dr fU? + ds fLE U + doFY* U + e fwawa}dy

We can simplify the task of determining these unknown coefficients at the
very outset. We apply Lemma 3.2.1. Suppose Dy is an operator of Laplace type
on a closed Riemannian manifold My. Let ¥ be a closed hypersurface of My
which separates My into two components M, and M_. Then we can regard
M=M;UsM_and D =D UsD_.Set U =0.If f is smooth on M, then X
plays no role in the computation of the heat trace asymptotics; the singularity
is entirely “artificial”. This implies a(f, D, By) = 0. Consequently

cil=c=c3=ci=cs=cg=cy=cg =0. (3.10.a)

We can double the manifold to relate the heat trace invariants for the
boundary condition By to the corresponding invariants for the decoupled
Dirichlet and Robin boundary conditions. Let Dy be an operator of Laplace
type on a compact Riemannian manifold My with boundary X. Let

Bogo := ¢olon, and Bsego := (Ve,, + S)dolon, -

Let My := My, Dy := Dy, and let U = —25. Let M = M, Uy M_. Extend
fo € O (M) as an even function feven on M by setting

feven (l':l:) = fo(l') :
Then by Lemma 3.2.2,
(feven;D BU) =a (fO;D();BD) +a, (fO;DO)BR(S)

The following observation is then an immediate consequence of Theorems 3.4.1
and 3.5.1.
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di =2, dy=0, ds = —6,
di=3, ds=3, dg =9, (3.10.b)
d7 =48, dg = —-24, dy=—-24.
To complete the proof of Theorem 3.10.1, we must determine e;. We set
m = 2 and use the index theorem for the de Rham complex. Set

e; :=¢e(e;) and i; =i(e;).
We consider AL on My. By Lemma 1.6.3,
wa = (L}, + L, )emis + imes
U= (LY, + L) {emimiaes + imemeqis} -

We have relative to the basis {1,e;,es,e12 :=e; Aes} for A(M)|x that
wi(1) =0, wi(er) =L Mes, wilex) =—LE"ey, wi(erz) =0,
U1)=0, Ule)=LE""e;, Ui(ex) =L "ey, Ulez)=0.

By Lemma 3.2.3,

0 = az(1,A% By) — az(1,A', By) + az(1,A%, By) .

The scalar invariants cancel in the supertrace. Consequently

0 = —/ TrAl(M){d7U2+d8£Z‘;e“U+elwf}dy
b))

(2d7 + 2dg — 2¢1) / L7t Lo dy .
b
This shows that
96 —48 —2e1 =0 so e; =24. a

Remark 3.10.2 The coefficient e; was first computed by Moss [286] using
very different methods.

3.11 Heat trace asymptotics for transfer boundary conditions

As in the previous section, we adopt the notation of Equation (3.2.a) and
consider structures

(M,g,V,D) = ((M+,g+,V+,D+), (M_,g_,V_,D_)) .
We assume only the compatibility conditions of Equation (3.2.b)
OMy=0M_=%¥ and gi|lx=9g_|sn.

We do not assume an identification of Vi |y with V_|x. Let Fy be smooth
endomorphisms of V. ; there is no assumed relation between F and F_. Let
Tr 4 denote the fiber trace on V4.

© 2004 by CRC Press LLC



We adopt the notation of Section 1.6.3 and impose transfer boundary con-

ditions
__ Vi, + St Sy ¢
som{ (TS s ) (00))

We set S;_ = S_; = 0to introduce the associated decoupled Robin boundary
conditions

b

Br(s, ¢+ = (Vi, + Sy)pils, and
Bris__yp— == (V,_ +S-)¢_|s.
Define the correction term a,(F, D, S)(y) by means of the identity

an(F,D,Bs) = / an(F, D) (z)dsr + / an(Fy, Dy, Brys,ydy
M >

+ /an(FfanaB‘R(S__)dy*_/an(F)D>S)(y)dy'
b)) >

Since the interior invariants a,(F, D) are discussed in Theorem 3.3.1 and the
invariants a,(F,D,Bg) are discussed in Theorem 3.5.1, we must determine
only the invariant a,, (F, D, S) which measures the new interactions that arise
from S;_ and S_.. We follow the discussion of [201].

Theorem 3.11.1 Adopt the notation established above.

1. an(F,D,S)(y) =0 forn < 2.

2. a3(F,D,S)(y) = (4m) =™ /2 L {Tr ( (Fy Sy S-1) + Tr - (F-S_4.81-)}.

3. ay(F,D,8)(y) = (4m) "/ L
Tr {480(F4 Sty + Sy Fy)Sy -S4 +480F, S, S S
+(288F, L, + 192F, L, +240F4,,,)S+_S_+}
+Tr _{480(F_S__ +S__F_)S_;S _ +480F_S_; S, S _
+(288F_L, +192F_L}, 4+ 240F_,,_)S_;S;_}}.

If Si_ =0and S_; =0, then a,(F, D, S) = 0 as the boundary condition
decouples and there is no interaction between M. and M_. To ensure that the
fiber trace is well defined, if S;_ appears, then S_, must also appear. Since
a,(F,D,S) is homogeneous of total weight n—1, we conclude a,,(F,D,S) =0
for n < 2. This establishes Assertion (1) of Theorem 3.11.1.

The heat trace coefficients must be symmetric with respect to interchanging
the labels “4” and “—”. We write down a basis of invariants of total weight
2 and 3 which involve both Sy _ and S_4 to conclude

as(F,D,B)(y) = (4m) ™/* L
co{Tr 4 (FpS4-S—4) + Tr _(F_S_4.54-)},
as(F, D, B)(y) = (4m)~™/* 15{

s {Tr ¢ (F Sy S-Sy )+ Tr (F-S__S S, )}
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e {Tr o (S14F 84 S 1)+ Try (S F.S +S: )}
+CQ{TI“ +(F+S+_S__S_+) + Tr_ (F_S_+S++S+_)}
e {Lg, Tr 4 (Fy Sy-S_y) + L, Tr _(F_S_1S;_)}
ea{ Lo, Tr 4 (Fu 54 -5—4) + Ljanf(F S_+S5+-)}
s {Tr 4 (Flrp, S4-S— 1) + Tr (F;y S S1 )}
We complete the proof of Theorem 3.11.1 by showing:
Lemma 3.11.2
1. We have c;1 = c1 2.
2. ¢ = 192.
3. c1,1 =960, ¢ =480, c3 + c4 = 480, and c5 = 240.
4. c3 = 288 and cq4 = 192.
Proof: We apply Lemma 3.1.4. If the structures in question are real, then
an(-) is real. Thus all universal constants given above are real. Suppose the
bundles V. are Hermitian, that the operators D. are formally self-adjoint,
and that the endomorphisms F. are self-adjoint. If S;4 and S__ are self-
adjoint, and if S;_ is the adjoint of S_, then Lemma 1.6.4 implies (D, Bg)
is self-adjoint and thus a,(+) again is real; Assertion (1) now follows.

Since ¢1,1 = ¢1,2, the lack of commutativity involved with dealing with
endomorphisms plays no role; thus it suffices to consider the scalar case where
everything is commutative. We assume therefore for the remainder of the proof
that the bundles V. = M4 x C are trivial line bundles and that the operators
D are scalar. Thus we may drop “Ir” from the notation.

Let My be a compact flat Riemannian manifold with smooth boundary and
let A be the scalar Laplacian. We impose Robin boundary conditions defined
by an auxiliary function S. By Theorem 3.5.1,

as(f, A, Br(s))(y) = (4m) ' =™/2 T (1925 + ..),
as(f, A, Brs))(y) = (4m) ™/? 55 Tr (4805 (3.11.a)
+480S5 Lo + 240S% fo + ...)
where we have suppressed terms which are not at least quadratic in S. We
apply Lemma 3.2.4 to prove Assertion (2). Fix the parameter 6 € (0, 7). Let
St+ and Sy_ be arbitrary. Set
S—+ = S+—v
S__:=814 4 (tanf — cot9) Sy _,
Sa = S++ + tan0 S+7 = 577 + cot 9 574,,
SB = S++ — cot 05+_ =S__—tan @ S_+
Let B, and Bz be Robin boundary conditions on My defined by S, and by
Sg, respectively. Let f_ = 0. Then

an(f: AvBS) = an(COS2 6 f+, AvBoz) + an(Sin2 6 f+, A)Bﬁ) . (311b)
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We use the first identity of Display (3.11.a) to see
ag(cos® 0f 1, A, Ba)(y) + az(sin 8.f1, A, Bs)(y)
= (47r)(1_m)/2ﬁ{f+517 (192 cos® f tan” 6 + 192sin” @ cot? 6) + ...} (y)
(4m) =2 {£(19285 ) + . }(y)

where we have omitted terms in S3 | and S; S, _. On the other hand,

as(f, A, Bs)(y) = (4m) =™/ Leo {157 _}(y).

We use Equation (3.11.b) to equate these two expressions and complete the
proof of Assertion (2) by showing

co =192.
The proof of Assertion (3) is similar. By Display (3.11.a),
as(cos® 8 f+, A, Ba)(y) + as(sin® 0 f1, A, Bs)(y)
= ohs(4m) ™2 {480 f (cos? 0S5 + sin” 0S3)
480 f4 Laa(cos® 05, + sin® 6S3)
240f4,y, (cos® §S2 + sin® 05%)}
= 5s(4m)T™/2S% {480f4 (3844 + Si—[tand — cot 6])
+ 480f1 Lag +240f5, } + ...
On the other hand, we have by the defining relation that
as(fr, A, Bs)(y) = 4m) " 2587 {ein fr St
+ea f+ (S + Sy_[tan @ — cot ])
+(c3 + ca) f+Laa + 5 fri0, H(Y) + -

Equation (3.11.b) permits one to equate these two expressions and thereby
derive the following relations which establish Assertion (3)

C1,2 +C2 = 3-480, ¢ =480, c3+c4 =480, and c¢; = 240.

+
+

The missing information about {cs,c4} is obtained via conformal transfor-
mations. We vary the structures on M, to define the one-parameter family

D(e) := (e*/+*D,,D ).

To ensure that gy(¢)|s = g—|n, we assume fi|s = 0. As the connections
change, we must adjust S appropriately; in particular

S1-(e) =51-(0), S—4(e)=5-4(0), and S__(e)=5-_(0).
We set m = 6. By Lemma 3.1.16,
d.as(e”>TF e /D Bs) =0.
We apply Lemmas 3.4.3 and 3.5.4 and set F' = 1. One then has

Oce=0S++(e) = mTﬂer;qu =2f1e
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85|€:0L;ra(6) = _(m - l)er;VJr = _5f+;,,+,
O |e=0{ Vv, (e)(e> F)} = —2ftwy -

This then yields the relation 2¢i 1 — 5c3 — 2¢5 = 0. Assertion (4) now follows
from this relation and from Assertion (2). O

3.12 Time-dependent phenomena

Let ® = {D;} be a time-dependent family of operators of Laplace type. We
use the initial operator D := Dy to define a reference metric gg. Choose
local frames {e;} for the tangent bundle of M and local frames {e,} for the
tangent bundle of the boundary which are orthonormal with respect to the
initial metric gg. Use go to define the measures dz on M and dy on OM . The
metric gog defines the curvature tensor R and the second fundamental form L.
We also use D to define a background connection V that we use to multiply
covariantly differentiate tensors of all types and to define the endomorphism
E.

We assume given a decomposition of the boundary M = Cy U Cp as
the disjoint union of closed sets. It is permissible for either the Robin com-
ponent C'y or the Dirichlet component C'p or both components to be empty.
Motivated by the discussion in Section 2.9, we consider a 1 parameter family
B = {B;} of boundary operators which we expand formally in a Taylor series

Bip:=¢

Cn

@ {¢;m +5¢+ Y t"(Trata+ sm)}
Cp

r>0

We consider the time-dependent heat equation described in Display (3.2.e)
and let K(t,z,%,9D,%B) be the associated kernel function. Let a,(f,D,B) be
the heat trace asymptotics defined in Equation (3.2.f). In this section, we
present results of [195] which extend Theorems 3.3.1, 3.4.1, and 3.5.1 to the
time-dependent framework.

Expand © in a Taylor series expansion

00
Diu:= Du+ Z tr{gr,iju;ij + .7:7‘71‘11;@‘ + Sru} .

r=1

By assumption, the operators G, ;; are scalar. Our main result is the following
theorem which describes the additional terms in the heat trace asymptotics
which arise from the structures described by G, ;;, Fri, &, [y, and S;.

Theorem 3.12.1
1. ao(F,®,B) = ao(F, D, B) and a,(F,9,B) = a,(F, D, B).
2. ax(F,®,B) = ax(F,D,B) + (4m)"™/2L [ Tr {3FG, ;;}dx.
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3. a3(F,D,B) = a3(F, D, B) + (4m) =™/ ok [ Tr{-24F G 40 }dy
_{_(47‘-)(1_7”)/2@ fCN Tr {24Fgl,aa}dy'

4. ay(F,D,B) = as(F,D,B) + (4m)"™/2 L [ Tr {F (%G, G j;
+4.G1,:jG1,ij +60Gs ;i — 180&1 + 15G1 ;7 — 30G1,ijpij + 90G1 i E
+60F1,i;i + 15G1 is;j — 30GH ijsi5) bda + (4W)_m/2ﬁ op TE{f(30G1,aaLus
_6ogl,mmeb + 30g1,abLab + 30g1,mm;m - 30g1,aa;m - 30-7:1,m)
+Fn (—45G1 a0 + 45G1 mm ) Yy + (47) "2 o5 [ Tr{F(30G1 aaLss
+12091,mmeb - 150g1,abLab - 60g1,mm;m + 6ogl,aa;m
+150F7 m + 1805G1 4a — 180S5G1 1mm + 360S1)
+-F;m(45g1,aa - 45gl,mm)}dy
We use dimensional analysis to see that G, ;; is homogeneous of weight 2r,

that F,; is homogeneous of weight 2r + 1, that &, is homogeneous of weight

2r + 2, that I'; , is homogeneous of weight 2r, and that S, is homogeneous

of weight 2r + 1. Thus these invariants do not enter into a, for n = 0, 1.

Assertion (1) of Theorem 3.12.1 now follows.
There exist universal constants so that

U/Q(F,:D,%) = a2(F’D’B) + (47T)_m/2%/

Tr {CoFgLii}d:U, (312&)
M

a(FD,%) = ar(F.D.B) + (40 gl [ 1o {Fe; 61

Cp
+62g1,mm)}dy
+(47T)(17m)/2ﬁ /C Tr {F(efgl,aa + e;gl,mm)}dya
N

ay(F,®,B) = ay(F,D,B) + (47r)_m/2$/ Tr {F(Clgl,iigl,jj
M

+¢2G1,i501,i5 + ¢3G2,4i + a1 + 501,57 + 601,55 pij

+crGi i B+ csFu i + coGiiigg + Clogl,ij;ij)}dﬂf
+(471’)7m/2% / Tr {F(eg_gLaaLbb + €3 G1,mmLub

Cp

+e5_g1,abLab + e()‘_gl,mm;m + e;gl,aa;m + eg_gl,am;a + 69_-7:1,m)

+Em(el_ggl,aa + el_lgl,mm)}dy
+(47T)7m/23é—0T1“ {F(C;gl,aa[fbb + €Igl,mmeb + eg_gl,abLab

+eg_gl,mm;m + e?gl,aa;m + eg_gl,am;a + eg_fl,m + eigsgl,aa
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+€135G1 mm + €451 + €511 a:a) + Fin (030100 + eﬁgl,mm)}dy :

The product formulae of Lemma 3.2.5 show that the universal constants
involved do not depend upon the dimension of the underlying manifold. We
will complete the proof of Theorem 3.12.1 by evaluating these unknown co-
efficients. The possible non-commutativity in the vector valued case plays no
role in these invariants. Consequently, for the remainder of this section, we
shall assume that D is scalar valued, set F' = f, and omit the “Tr” henceforth
in the interest of notational simplicity.

We begin our study by using Lemma 3.2.6 and Theorem 3.6.1 to evaluate
many of the coefficients:
Lemma 3.12.2 1. ¢y = %
2. e =24, e, =0,ef =24, ef =0.

3. c1 =% ;=% ¢3=60, cs =180, c5 = 15, cg = —30, 7 = 90.
4. e =30, e, +e5 =30, e;g = —45, e;; = +45.
5 ef =30, ef +ei =30, ef, = +45, ef; = —45, ef, = 180, e, = —180.
Proof: Let B be a suitable boundary condition for an operator of Laplace
type on M. Let o, 8 € R. We define a time-dependent family of operators of
Laplace type by setting
D = (14 2at + 36t)D.
We set By = B to keep the boundary condition static. By Lemma 3.2.6,
ax(f,9,B) = ax(f, D, B) — Faae(f, D, B), (3.12.b)
a3(f,D,B) = as(f, D, B) — 25Laai (f, D, B),
as(f,9,8) =as(f,D,B) — mT_2aa2(f,D,B)

() o2 mg)ay(f, D, B).

We use Display (3.12.a) to study a,(f,®,%) and we use Theorem 3.6.1 to
study a,—2(f, D, B) and an—4(f, D, B). The identities of Display (3.12.b) then
permit us to derive a number of equations from which the Lemma will follow.
Note that since m is arbitrary, equations involving this parameter can give
rise to more than one relation.

We have the relations

G5 = —20d;5, Fi,=0, Ga4; =388, & =-2akF.

Studying a» gives rise to the equation

—(47) ™22 e, af)dr = —(4r)"™/2m af)dz
(4) /22 /M< f)dz = —(4) Q/M( f)d

which yields Assertion (1). Studying as gives rise to the equations:

=N {on=vet 4t fany = -zt [
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i [ {on-ve ve bena= 52 [ @pay.

which yields Assertion (2). Examining the interior integrands in a4 yields the
following relationships from which Assertion (3) follows

%(m%l + mc2)/ (a2f)da: — w /M(OéQf)dm,

M
— Zomes(B1) /M de - /M(Bf)dw,
— 385 (ca + mer) /M(afE)dw = —mT*Q/M(afE)dm,
— 325 (mcs +CG)/M(afT)da: =-—m2 M(afT)dx_

The boundary integrals over the Dirichlet component Cp show that

~sinlm =D+ + e} [ (@f Luo)dy =~ /C (af Laa)dy,

—%{(m —Deg +eqp} o (afm)dy = mTi2 o (afim)dy .

This establishes Assertion (4). Finally, we use the boundary integrals over the
Robin component C'n to see

—s25{(m—1)es +ef +ef} | (afLaa)dy = 252 /C (af Laa)dy,
N

Cn
—%{(m — ey + e} . (af.m)dy = —mT_2 . (afim)dy,
— 355 {(m = Defy + e} | (afS)dy = —m=2 | (ars)y.

We use these relations to complete the proof of the Lemma. 0O

Remark: The product formulae of Lemma 3.2.5 provide useful cross-checks
on the values determined above but yield no additional information.

We make a time-dependent gauge change to establish the following result:

Lemma 3.12.3

1. Cg = 60.
2. ef, — 2ef = 60.
3. eg = —30.

Proof: Let D :=—983 on M :=[0,1] and let
Dy, =e ¥ Dete? + o¥, E = —o¥,

G111 =0, Go11 =0,
Fi1 = —20¥,, & =—0T.0.
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Choose B, suitably. By Lemma 3.2.7,
00 (f,D0,Bp)|o=0 = —an—2(f¥,D,B). (3.12.¢)

We set n = 4 and apply Theorem 3.6.1 to compute a4(f, D, B) and as(f, D, B).
To study the variation of the interior integrands, we note

9o{Eipo}lo=0 = =Wi99,  0p{&1}o=0 = —Wi09,  Op{F1iii}lo=0 = —2W;9 .
Since [,,(f¥.90)dz does not appear in the interior integral for ax(f¥, D, B),

(=60 — ¢4 — 208)/ fU.0pdz =0.
M

Since ¢4 = —180 by Lemma 3.12.2, ¢s = 60. This establishes Assertion (1).
To prove Assertion (2), we take Robin boundary conditions

Bt o® := {d:m + SP + to¥.md}ons -
We then have S; = o¥,,,,. The relevant variational formulae then become
O{Em}lo=0 = —im, O{Fim}o=0 = —2¥.m, 0p{S1}lo=0 = ¥;m -
Studying the boundary integral [,, (f%.n)dy then yields the identity
—240 — 2ed + ef, = —180.

Assertion (2) now follows. To prove Assertion (3), we take B to be the Dirichlet
boundary operator. We use the invariant fa u fY:mdy to see

120 — 2e, = 180.
The final assertion of the Lemma now follows. O

We make a time-dependent change of coordinates to determine the remain-
ing coefficients.

Lemma 3.12.4
1. ¢cg = 15 and ¢19 = —30.
2. ey =—60, e =30, e =30, e; =30, and eg = 0.

3. ef =120, el = —150, ef = —60, el =60, eg =0, e = 150, ef, = 360,
and efy = 0.

Proof: We apply Lemma 3.2.8. Let M := S* x [0, 1] be given the metric
ds? = e*Vidx? + e*V2dx?
where the functions v; are smooth on M. The volume form becomes
dr = gdridx, where g:= ef(W1tv2)

Let 1;/; := O0jvbi, i1 = 0j0ktb; and so forth. The scalar Laplacian can then
be represented in the form

A=—g7"9,g9"0; = —{e V1] + e V0]
+e(o1 — Y1/1)01 + (112 — 1h2)2)02} + O(€7) .
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Let = be an auxiliary function of compact support on M. We define a
diffeomorphism ®, of a neighborhood of M x {0} in M x [0, 00) by setting

Py (z1,205t) := (£, 71 + 0tE(w1,72),22) .

Let 2/; = 0,%, E/;; := 0;0;= and so forth. We then have that
drda' = da' + o(2dt + t21da’ + 12 pda?),
®,(01) =01 — to= /10,

@Zdwz = dz?,
®7(02) = 02 — o= 501,
Xdt = dt,

@Z(@t) = c’)t - 9561 .
We suppress terms which are O(e?) + O(o?) and expand in a Taylor series
Pre Y =e 2V — 2eptZ¢)1 )y + ...y
<I>Ze*2€’*z’2 =e V2 _ 2e0t=y 1 + .oy
®oe(he1 —Pr11) = (21 — P1y1) +E0tE(Y2/11 — Y1j11) + -
(1)25(1/11/2 - 1/12/2) = 5(1/11/2 - 1/12/2) + 50t5(¢1/21 - 1/12/21) +....
This implies that

@2{—67251#1612} = —e V192 ¢ 2tngi/11/18f
+tQ€_25wl {5/1131 + 25/1612} + ceey
@;{—6—2“@63} = —e 2292 4 QtSQEz/)Q/l(?%

+tgef25¢2{5/2281 +25/30102} + ...,
ey {—(hay1 —h11)0} = e{—=tboy1 + Y11 — 0tE(Y2/11 — P1/11)
+toZ /1 (Y21 — P1/1) 101 + .oy
€@ {— (V12 — 2y2)02} = e{ =12 + Yay2 — 0tZE(W1 /21 — P2/21) }O2
02 5 (12 — a)2)Oh + ...
Consequently, we have that
, B%(3 +A) — 8 = A — =0,
to{e > (22,107 + Z/1101)
€22 (2250, By + Z2a0h)}
teo{201 /1207 + 24py /1203
(Y21 = ¥1/1)Z/1 — (Y211 — Y1/11)2
+  (Y1y2 = ¥2/2)Z 2101 — (Y112 — P2/12)E02} + ...

Since the coordinate frame is not orthonormal, we must be careful with
which indices are up and which indices are down. Let w be the connection 1
form determined by Dy. Again, we omit terms which are O(g?) + O(o?). The

+ + + +
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previous Equation may then be used to see that

Dy = A — p=0y, wp = %ekwlgE + .
G M = e FV120E ) 4+ 2001 1B+, w2 =0+

G1,# = 2501/12/1~ G2 =e 25¢2Q =/t
E=—302, — —59(1/11/1 + 1) + & =0+.

To compute F, we must express partial differentiation in terms of covariant
differentiation. Since w is linear in g, it plays no role. The Christoffel symbols
of the metric, however, play a crucial role. Relative to the coordinate frame,

21 =To11 = -T2 = %51/11/2 +0(e%),
212 = T2 = —T21 = %51/12/1 +0(e%),
I = %51/11/1 +0(e%),
F222 = %81/)2/2 + 0(82) .
Consequently,
11fn = (G1,"' 07 — 2e0h1 )12 /101 + 2e0h1 521 02) f + ..
2f 12 = (291 1231(92 - 259¢1/2~/231 - 2591/12/1~/2(92)f + .
1’ 2f;22 = 91,2282f + ...
We use this computation to determine the tensor Fi:
Fib o= 0(eTFVIE 4 eV E )
59{(1/12/1 - 1/11/1)5/1 - (1/12/11 - 1/11/11)5
(V172 = V2y2)E 2 + 201 1E /1 + 2901252},
Fi? eo{— (Y112 = ¥2/12)E — 2001251 + 20515 2} + ..
Let B; , := ®,B;. By Lemma 3.2.8,
0on(f, D4, B)|p=0 = — an 2(g _lal(ng)vAaB)'
To prove Assertion (1) of the Lemma, let P € int (M) and let
Y1(P) =12(P) =0

We study monomials =/, and ¢5/,1, = appearing in the interior integrals for
Oplo=0a4. Let R = E or let R = 7. We integrate by parts to define A[R] by
the identity:

+ +

b [ o otermmar = gk [ rAwIar.
M M
One then has that

—Lad (5710, (gf5), A) = (dm) 1k /MfA[GEJrT]dm-
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We have 7 = —2¢e1)5/11 + ... We compute

aQ|Q:060E;ii = —305/111 —3061/12/1115 + ceey
aQ|Q:060.7:1’i;i = 605/111 —6061/12/1115 + ...,
Oplo=0CoG1,ii;j; = 209Z/111  +2c0e¢P2111Z + .oy
Oplo=0c10G1,ij;ij = 2c10Z/111  +0c106¢2/111= + ooy
A[6E] = 0= /111 +0ethy/111E + ..,
A[T] = 05/111 —6051)[12/1115 + ...

Assertion (1) follows since one has
—30+ 60+ 2¢c9 + 2¢10 =0, and
—30 — 60 + 2¢9 = —60.

We now study the boundary terms. We pull back the Robin boundary op-
erator B := e °¥20, + S to express

&, B = e TVanteE R 675¢2tQE/281 +to=(eSYon +Sn)} + -y

Fl = —6751'0295/2 and 51 = QE(€S¢2/1 + 5/1) + ...
With Dirichlet boundary conditions, we set S = I' = 0. We study the terms
that make up 0,|,=0a4(f,D,, B,), focusing on the boundary contributions.
Let = indicate we are working modulo O(g?). Thus, for example, we have
that L1y = —e¢1/5. At the point of the boundary in question, we suppose

1 (P) = 12(P) = 0. We list the coefficient as — for Dirichlet and + for Robin
boundary conditions.

Oplo=0(—1207, 240+)fE;m

= (60, —120") f{Z /12 + (e¥h1/12 + €W2/12)E

+(Eei1 +eta1)E 2},

Oplo=0120fELy, = 608f1/}1/25/1,
Oplo=0720fSE = —360fS{E; + 6(1/11/1 + 1/12/1)5},
Oglo=0€5 FG1.aaLun = €5 F(28)1)(—e¢h12),
Oglo=0€3 F G mm Ly = 0,
Oolo=0€3 fG1,abLav = €3 (22 )1)(—et1 o),
Oplo=0€s FG1 mmim = €5 f (2612122 + dethy 1),
Oyl o=0€7 FG1 aaim = e7if{25/12 + 261 /19= + 261 )1 E 0 — 260215 0},
Oyl o=0€5 FG1 amia = esif{_ﬂ/)z/laﬂ +Z/12 FeP11E ) — 2891951 ),
Oplo=0€s fF1.m = €5 F{—(ethij12 — €8n/12)E — 2e1hy /221 + 2602122},
Dyl o=0€15fSG1 a0 = ef2f{25/15 + 291 1 ES},
Bolo=0€13f SG1,mm = efo{%?/’Q/lES},
Bolo=0ei1 fS1 = ef4f5{51/12/15 +S}
Bolo=0€15 T 1,0:0 = efsf(51/12/15/2 —Z/12 — 1 1E)2),
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0l o=0(£180) f,nE = :Fgof;m{E/l + (5¢1/1 + 51/’2/1)5},
0plo=0€10 fimG1.a0 = eﬁ)f;m(QE/l + 21 1),
a9|9:0€?[1f;mg17mm = eif;m25¢2/15-

We must also study the boundary terms comprising —%agM(-). As when
studying al!, we integrate by parts to define A and compute:

A[2fLaa] = —60e f1h1/12Z,
A[12fS] = —360{Ze fSv2/1 — fES/1},
Al£3f.m] = FI0{ ()1 /12 + €¥2/12) [E + 2691 (fimE + [Z2) }-
We established the following relations in Lemmas 3.12.2 and 3.12.3
ef =30, et +er = —30, e, —2ef =60 and e; = —30.

We use Lemma 3.2.8 to derive the following equations and complete the proof,
the relevant monomial being listed in the first column.

monomial a4 (-)|s=0 =—La, ()
fevs S (607, —120%) + def — 2eF — ef +2ef +efy = F180,
fehay1o= (607, —120%) + 2e5 + 5 = F90,
fei/1o=E (607, —120%) + 267 — ey = —60 F 90,
fE12 (60—, —1207) + 2eF + e5 — e =0,
f5¢1/25/1 —265i — 263: — 269jE =0,

fSpE el = 360,

fews 1 BS =360 + 2ef; + e = —360,
fEn8 —360 + 2¢7, =0,
fim&a1E F90 + 2ef, = F180,
fmZn F90 + 2¢i, _o.

This completes the proof of Lemma 3.12.4 and thereby also the proof of The-
orem 3.12.1. O

Remark 3.12.5 One can use Lemma 3.2.9 to derive additional relations pro-
viding a useful cross-check of the computations performed above. The redun-
dancy of the computational algorithm provides a useful amount of robustness
in helping to guard against calculational mistakes!

3.13 The eta invariant

In the next section, we will study spectral boundary conditions. Theorem
3.2.14 expresses the boundary correction terms to the heat trace asymptotics
in terms of the invariants a; if the structures are product near the boundary.
In this section, we present results of Branson and Gilkey [85, 86] concerning
these invariants.

Let M be a compact Riemannian manifold. Let P be an operator of Dirac
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type. If the boundary of M is non-empty, then we must impose suitable bound-
ary conditions. Suppose there exists an endomorphism x of V|gas so that x
is self-adjoint and so that
X* =1, X¥m+ymx =0, and X7, =7a.X-
We let B¢ := II @|orr. The associated boundary condition for D := P?is
defined by the boundary operator
Bi¢p = Bop ® BP¢

and is equivalent to a mixed boundary operator B, s where S is given in
Display (3.13.a) below.

Let D = P? be the associated operator of Laplace type. Let F be an
endomorphism of the bundle. As ¢ | 0, there is an asymptotic expansion

Tr 12 (FPeT5) ~ Y all(F, P, B)tn=m=1/2

n=0

where the indexing convention is chosen so that the local invariants a!l are
given by local formulae that are homogeneous of total weight n in the jets of
the symbol of P. These invariants measure the spectral asymmetry of P;

al(F,P,B) = —a](F,—P,B).

Theorem 3.13.1 Let M be a compact Riemannian manifold of dimension m
with smooth boundary. Let v define a Clifford module structure on a bundle
V over M. Let V be a compatible connection and let P = 'V, + ¢p be
an operator of Dirac type on V. Let W;j; := ;5 — R,Jkl%% where Q) is the
curvature ofV Let f € C*°(M). Then:

1. al(f,P,B) =

2. al(f,P B) = ( )2 (m - 1) [,, Tr {fop}da.

5(f, P,B) = i(47r) (m=0/2 [0 (2= m)Tr { fpx}dy.

4. ag(fap B) = =& dm)~™/2 [, f{Tr{2(m — 1)V, ¥p + 3(4 — m)¢pyitbp
+37j1/)P7j%1/1P};z + (m = 3)Tr {—1p — 67:7;Wijtbp + 67:¥pVe,bp
+(m — )¢} — 3Ypypys} fde
— 35 (4m) "2 [0 Te{6(m = 2) fimxtop + f[(6m — 18)x Ve, PP
+2(m — 1)Ve, P + 6xXmYa Ve, P + 6(2 — m)x¥p Laq
+2(3 = m)1hpLaq + 6(3 = m)xYm VP + 3m PPV PYa
+3(3 = m)xYm¥YPXYP + 6X Ve Wam] }dy.

Remark 3.13.2 We have changed the sign convention for ¢)p from that em-
ployed in [85] in the interest of making the formulae in this section compatible
with formulae in the next section. We emphasize that V is in general not the
connection V7.

3. a
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Proof: One has by [85, 86], that
Vg_ = Vei +6; where 0;:= —%(1/]13’)/1' +’)/i’(/Jp),
E = 2(Ve,vpyi — 1iVehp) — ¥p — 0i6; — 27y Wiy — 17,

S = %HJF(’)/mi/JP — UpYm — LaaX) M+ . (3.13.a)
Let P. := P —ef. Lemma 3.2.11 shows that
O=an(L, (P —ef)?, Bi)|=0 = 2an_(f, P, B). (3.13.b)

The Theorem now follows, after bit of calculation, from these relations, from
Equation (3.13.b), and from Theorem 3.3.1; the metric contributions are un-
changed. We shall omit the details in the interest of brevity and refer instead
to Branson and Gilkey [85, 86]. O

As we discussed in Section 1.6.6, if m is odd, then P may not admit suitable
local boundary conditions. Thus it is natural to impose spectral boundary con-
ditions as shall be discussed presently in Section 3.14. Lemma 3.2.11 together
with Theorem 3.14.1 could then be used to analyze the boundary contribution
for a]! in this setting for n < 2. We omit details in the interest of brevity.

3.14 Spectral boundary conditions

Let M be a compact Riemannian manifold of dimension m with smooth
boundary. Let V; be smooth vector bundles over M which are equipped with
smooth fiber metrics. Let P : C®(V;) — C°°(V4) define an elliptic complex
of Dirac type; this means that the associated second order operators

D, := P*P and Dy := PP*

are of Laplace type.
Let v be the leading symbol of P. Then

(93)

defines a wunitary Clifford module structure on Vi @ V5. By Lemma 1.1.7, we
may choose a unitary connection V on Vi & V5 which is compatible with
respect to this Clifford module structure. By averaging V with respect to the
chirality endomorphism
1 0
(o )

we can assume that V respects the splitting and induces connections V; and
V3 on the bundles V; and V5, respectively.
Decompose P in the form

P = ’Yiv(ii +
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where ¢ € End (V1,V5). Near the boundary, the structures depend on the
normal variable. We set the normal variable z,, to zero to define a tangential
operator of Dirac type

B(y) == Ym(%,0) ™" (7a(y,0)Ve, +1(y,0)) on C=(Vilan) .

Let B* be the adjoint of B on L?(Vi|sp); Lemma 1.4.15 then generalizes to
show

B* = 7 (y,0) "y, 0) Ve, + 5
where g := ¥, (y,0) 4 (y,0). Let © be an auxiliary self-adjoint endomor-
phism of V;. We set
A= %(B + B*) +0 on COO(V1|3M),
A# = —ymA(y™)L on C®°(Valonr) -
The leading symbol of A is then given by

Ya = T Va
which is a unitary Clifford module structure on V;|sar. Thus A is a self-adjoint
operator of Dirac type on C™ (Vi |sar); similarly A# is a self-adjoint operator
of Dirac type on C*(Va|anr)-

Let I} (resp. 1T, ) be spectral projection on the eigenspaces of A (resp.
A#) corresponding to the positive (resp. non-negative) eigenvalues; there is
always a bit of technical fuss concerning the harmonic eigenspaces that we
will ignore as it does not affect the heat trace asymptotic coefficients that we
shall be considering. Introduce the associated spectral boundary operators by

Bygy := 11 (d1]onr) for ¢ € C* (W),
Bagps := Wi, (golonr)  for ¢o € C(Va),
Bsp1 := Biy @ Ba(Ppy) for ¢ € C°(V7).
If Pg,, Pg,, and Dy s are the realizations of P, of P*, and of D; with respect
to the boundary conditions B;,B2, and Bs, respectively, then
(Pgl)* = P[*;Q and Dl,Bs = Pl§1 P81 .

The argument proving Lemma 1.6.7 extends immediately to this situation to
show that (D1, B;) is self-adjoint and elliptic with respect to the cone C.

It is worth putting this in the framework considered previously. Suppose
P = —v; V., + ¢p is an operator of Dirac type on a vector bundle V' where
V is a compatible connection. We suppose for the sake of simplicity that P
is formally self-adjoint or, equivalently, that v* = —v and ¢¥p = ¢¥p. We take
Vi =V, =V and set

B = _7m7avea - 7m1/}P .
Then by Lemma 1.4.15,

B* = ~Ym¥aVe, + YPYm,
A= _'Ym’)/avea + %(¢P7m - ’mep) + 97
tha = %(IZJP’Ym - 7m1/}P) +0.
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Thus the formalism of this section for the boundary condition is essentially

equivalent to that used previously. It is convenient, however, to work in this

new framework both because problems of this type arise in the study of index

theory and also because it simplifies the invariance theory which is involved.
By Theorem 1.4.6, we have an asymptotic series

m—1
Tr g2 (fe P5) ~ > ai(f, Dy, B)tE ™72 4 0 1/%)
k=0

Define:

Ya = Ym'Vas $ =m0, and
B(m) :=T(3)I(3)”'T(2F) ™"
We refer to [144, 193] for the proof of the following result:

Theorem 3.14.1 Let f € C*°(M). Then:
1. ao(f,D1,Bs) = (4m)~™/2 [, Tr (f1d )dz.

2. If m > 2, then ay(f,D1,Bs) = 1[8(m) — 1](4m)=(m=D/2 [ Tr(fId)dy
8. If m > 3, then as(f, D1, Bs) = (4m)™™/2 [, +Tr {f(r1d + 6E)}dx
+(dm) 72 [ Te{3[0 + ¢71f + 5[1 = $78(m)]Laa f1d
— sty [1 = 37B(m)] fimId }dy.
4. If m > 4, then
as(f, D1, B) = (4m)=(m =02 [ T (L (1= EU) £( + o)
ok (5 — 2m + T8mE2ZmE B foe* — L(m=LB(m) — 1) frId
+ ey (2m — B — 2608 3 () £ (3 Ty T o) + 4T T )
+16(771171) (1+ 37537271 (m)) fra %ZJ’Yg“/}* (1 - 4% ;0 (m)) f pmm1d

sty (M + 22 5(m)) f Loy Loy Td
2 3
+48(mlzfl)(_17+87m + 4m 711m L 3(m)) f Laa Lpld

+ iy B(m) F(00 + 27 077 0)} + aitts; (26(m) — 1) fnmld
+8(m1—3)(5ms_7 - Emég Q/B(m)) aafim1d }dy .

We shall give part of the proof Theorem 3.14.1 and refer to the discussion
in [144, 193] in the interest of brevity.

The asymptotic coefficients a,,(f, D1, Bs) are locally computable for n < m.
The interior integrands vanish if n is odd while if n = 0,2, 4, 6, they are given
by Theorem 3.3.1. The boundary integrands are homogeneous of weight n—1;
Assertion (1) now follows.

Since the bundles V; and V5 are distinct; we must use v, to identify V; and
V4 near the boundary. This observation reduces the number of invariants that
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are homogeneous of weight 1; for example, Tr (1)) is not invariantly defined
and thus does not appear in our list of invariants. After a bit of work, we see
that there exist universal constants so that

a1 (f, Dy, By) = by (m)(47)~(m=1)/2 /BM Tr {fId }dy, (3.14.a)

as(f,D1,Bs) = (47r)*m/2%/

Tr {fTId + 6fE}da:
M

+am 2 [ n{co(mmz/? L)+ e (m)f( — §7)

oM

ea(un) 10 + calim)f Loald + ca(m) T .

In contrast to the situation when the boundary operator Bs is local, the con-
stants exhibit non-trivial dependence upon the dimension.
We begin our evaluation of the unknown coefficients with the following:

Lemma 3.14.2 b;(m) = § reg) 1] and co(m) = L.

[F(ém%“) B 2
Proof: We adopt the notation of Theorem 3.2.14. Let the structures be
product near the boundary. This means that P = ~,,(V,,, + B) where B is
a self-adjoint tangential operator of Dirac type with coefficients that are in-
dependent of the normal variable. We assume that B is self-adjoint or equiv-
alently that 1/3 = 1/3*. We take ©® =0so A = B.

Since B is defined on a manifold of dimension m —1, Theorem 3.13.1 implies
that

a(B) = —(4m)~(m=Y/2(m — 2) ; Tr () dy. (3.14.b)
M
We combine Theorem 3.2.14, Theorem 3.3.1, and Equation (3.14.b) to see

_ 1 rs) _ —(m—1)/2
a,(1,Dy,B,) = 1 (F(%)F D 1) (47) /E)MTr{Id}.
as(1,D1,B,) = (47T)*m/2%/ Tr {fTId ¥ GE}dm

M
1 —(m—1)/2 oV
+ =2t (4) /8M Tr {(m 2)¢}dy .

The desired identities now follow from the defining relations given in Equation
(3.14.a) and by noting that 2I'(1) = (4m)1/2. O

Next we study the coefficients ¢; (m) and cy(m).
Lemma 3.14.3 We have ¢;(m) =0 and cz(m) = 0.

Proof: We apply Lemma 3.2.12 to see c(m) = 0. To show that ¢;(m) = 0,
we change the connection involved. Let

Vee; = Ve, —V—1eh;
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where H := hje; is a smooth vector field on M. By Equation (1.1.k), V. is
again a compatible unitary connection. One has

Ye =1+ V—1chy;,

e =1 — V=1ehiymi,

A = A= V=1ehaYmYa,

0: = 0 — V=1ehaYmYa,

Y + 92 = + 9" — 2ehaYmYa,

b — P = — " 4+ 2V/~Teh,1d .
Consequently as Tr(v,7v,) = 0 and as a, is independent of the particular
compatible connection which is chosen, one has

2v/—1¢; (m)(47r)_m/2/ Tr (fhm)dy = 0;

M
the desired conclusion ¢;(m) = 0 now follows. O

The remaining coefficients by (m), c3(m), and c4(m) are determined by mak-
ing a special case computation on the ball. We shall omit the details and in-
stead refer to Dowker et. al. [144] for details as it is a bit outside the line of
development that we have been following. We also refer to Kirsten [258] for
an excellent discussion of the method of special case computations.

3.15 Non-minimal operators

We follow the discussion in [83] for the most part and refer to related work
in [22, 239, 293]. Let A and B be positive constants. As in Section 2.11, we
consider an operator of the form

DY := Ad§ + Béd— E on C™(AP(M)).

If OM is non-empty, we let B define either absolute or relative boundary
conditions. Then the analysis of Section 1.5.4 extends to show that (D%, B)
is elliptic with respect to the cone C.

We begin by treating the case E = 0.

Theorem 3.15.1 Let DP := Add + Bdd on C*°(AP(M)) where M is a com-
pact Riemannian manifold with smooth boundary. Let B define either absolute
or relative boundary conditions. Then:

an(1,DP,B) = B ™/2q, (1, AP B)
+ (Br=m)/2 _ p(n—m)/2) Ek<p(—1)k+pan(l, AP B).
If E # 0, then the situation is considerably more complicated. Define

emp(4,B) =B ™"+ (B™" — A7) Y (—=1)FP (M) T L (3.15.)
k<p
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Theorem 3.15.2 Let DY, := Add+ Béd— E on the bundle of smooth p forms
where M is a compact Riemannian manifold M with smooth boundary. Let B
define either absolute or relative boundary conditions. Then:

1. ao(l,D%,B) :ag(l,D‘D,B).
2. al(l,D%,B) = al(l,D”,B).
3. ax(1, D%, B) = ax(1,D?, B) + (4m)"™/%¢p, (A, B) [, Tr (E)dz.

Proof of Theorem 3.15.1 We apply an argument similar to that used to
establish Lemma 2.1.16. Let Ef 5 be the eigenspaces of the realization of the
Laplacian defined by the boundary conditions B. By Lemma 1.5.6, we have
two long exact sequences

0 B 5oL g o Ly B 0
0 By Bl e B B 0.
If A # 0, then we may decompose
EY 5 = {image (@ ")n EX 3} © {image (6") N E 5} .
We define

fp(t,d,B) Ze A dim {nnage(dp l)ﬂEfg}

A>0

fp(t,8,B) : Ze 1”‘dlm{lmage(ép)ﬁEfB}
A>0
By = ker(A}).

Set f_1(t,6,B) =0 and fo(t,d, B) = 0. We may then express

Tr 12(e28) = f,(t,d, B) + f,(t,8,8) + B,, and
'I‘rL2 (eitDp'B) = fp(Ata d: B) + fP(Bta 6) B) + BP . (315b)

On the other hand, as dP~! is an isomorphism from image (67) N EX 5 to
image (d?) N EZ”'|r1 for A # 0, we have that

foltsd,B) = f, 1(t,6,). (3.15.0)
Consequently, we have the shuffle formula

Fot,8,B) = Trpa(et88) — B, — f,(t,d, B)
= Trpe(e "8) =8, — f, 1(t,6,B)

which then leads by induction to the formula

£,(t,6,B) = Z(—l)k+p{Tr 12(etAB) — Bk} . (3.15.d)

k=0
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We combine Equations (3.15.c) and (3.15.d) to see

p—1

fo(t,d,B) = Z(—l)’“ﬂ’*1 {TrLz (e 1A5) — ﬂk} . (3.15.e)

k=0
We now apply Equations (3.15.b), (3.15.d), and (3.15.e) to conclude
P

Trpo{e ™5} = B, + Z(_l)HP{TYLz (ethAl';) - /Bk}
k=0

p—1

- Z{Trm(e—"‘m@) —Bk}.

k=0
The Betti numbers cancel and we are left with the expression
Tr L2 (Cith) =Tr L2 (eiBtA%)
+ Z(—1)k+p{Tr 12(e”BAE) — Ty 1 (e—AtA?s)} .
k<p

We equate coefficients in the asymptotic expansions to complete the proof of
Theorem 3.15.1. a

Proof of Theorem 3.15.2 Assertions (1) and (2) follow since E has weight
2 and thus does not enter into the invariants ag and a;. Furthermore, the
boundary integrand for a; does not involve E. Thus we may assume without
loss of generality that M is a closed manifold in the proof of Assertion (3).

We must recall a bit of the construction of the invariants a,, using the Seeley
calculus [339, 340]. Let P be a second order differential operator on a smooth
vector bundle V' over a closed Riemannian manifold M. If we fix a local frame
for V and choose local coordinates on M, then we may express

P = p (x)0:0; + p¥ () + po(z) .
The total symbol of P is given by

o(P)(,€) = pa(,6) + 91 (2,€) +pole)  where
pa(,6) = 1Y ()65, and pi(a, ) = VI ()6

We suppose P is self-adjoint and elliptic with respect to the cone C. This
means that p(z,&) is self-adjoint and that the eigenvalues are positive for
& #0. Let v be a curve around [0,00) in C. If X € v, define

7”0(.75,5,)\) = (pQ(«T,f) - A)il

and inductively for n > 0

rn(z,&A) == — Z ﬁagrj'aﬁpk'ro
n=j+|al+2—k,j<n
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where a = (a1, ..., ) is a multi index. There is a universal constant ¢, so

an(1,P) = cm/e_ATr{rn(x,f,)\)}d)\dfdm.

We specialize to the case P = Adé + Béd — E on C*°(AP(M)). Expand
T2 (1’, 6) >‘) = _TOETO

modulo terms which are linear in the second derivatives of the metric and
quadratic in the first derivatives of the metric. We suppress these terms as we
are interested only in the dependence upon E in the formula to compute

ax(1,D%. B) = —cm/e—mr {rgEro}d)\dfda:+...

= —cm/n{E/e*rgdAdg}dm+....

We use Lemma 1.2.5 to see

p2(w,§) = Ae(§)i(§) + Bi(§)e(§) -
Consequently

U,,0(A,B) = / e~ Mr2d\dE

is a universally defined natural endomorphism which is self-adjoint and which
depends smoothly on the parameters A and B. Since the action of the orthog-
onal group on AP is irreducible, ¥4 p is a universal multiple of the identity.
Consequently, there exist universal constants ¢, ,(A, B) so that

a>(1, D%, B) = ay(1, D?, B) +/ Cm,p(4,B)Tr{E}dz .
M

The universal constants ¢, ,(A,B) can be evaluated by setting E = 1.
Lemma 3.1.1 generalizes immediately to this setting. We have

Tr 2 {e " PE=1D} = ot Ty 2 {e~tP5)

SO
ag(].,Dp - Id,B) = GQ(].,D‘D,B) + ao(].,Dp,B) .

Since ao(1,A%,B) = () [,, dz, the universal constant ¢, (A, B) can now
be evaluated from Assertion (1) and is seen to be given by the expression in
Equation (3.15.a). a

Remark 3.15.3 The analysis of Avramidi and Branson [22] shows that in
general the formulae for non-minimal operators is extraordinarily complicated.
The present setting is relatively easy to treat owing to the naturality of the
operators involved and the shuffle formulae that intertwine the relevant oper-
ators.
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3.16 Fourth order operators

Let M be a closed Riemannian manifold. The scalar Laplacian is given by
Af = —f.i. There are several natural fourth order operators on C'*° (M)
whose leading symbol is given by the square of the metric tensor. For example,
one could define

Pif = Fuigs Pof = fujjio and - Paf = fujij - (3.16.a)
The symmetrized 4" order scalar Laplacian is the average of these operators
Nof o = 3{fuigj + Fgis + Fiazii} = Faii + 3pik Fian — 57 ik

we refer to Gray and Willmore [222] for details concerning this and other
related operators.

Let V be a connection on a vector bundle V over a closed Riemannian
manifold M. We consider a 4'" order operator of the form:

Pu = U:gi55 + D2,ijW;i5 + P1,iU;i + Do (3.16.b)
where ps ;; = po,j; and where {ps ;;,p1,;,po} are endomorphism valued. The
3 operators given in Display (3.16.a) can all be put in this form as can be the
symmetrized 4" order scalar Laplacian. As noted in Section 3.2, the function
[(2m52) 1 (2=2) is entire. Set

(=) (5

) = lim {I'(%F

s—n

)00} -

We assume M closed in the interest of simplicity. We shall also suppress the
divergence terms to study the invariants a, (1, P).

Theorem 3.16.1 Let M be a closed Riemannian manifold of dimension m.
Let P be as given in Equation (3.16.b). Then:

1. ag(1, P) = 1(4m)~m/2D(2)~IT(2) fMTr Y.

2. ax(1,P) = L (4m)~m/2T(152)~ 1r m=2)L [ Tr{rId + 2p, ;i }dz.

3. as(1, P) = $(4m) 2T (%) ' T(5) 555 Jor Tr {75 p2,iiD2.ij + s D2,iiP2,jj
+(m —2)(57°1d — 2|p|’Id + 2|R|*Td + 3092;;Q:;) + 3072 i;
—60p;jp2,i; — 360po }dx.

Let P be given by Equation (3.16.b). We suppress divergence terms. We
introduce the non-zero normalizing constants

(M TET(R) I and g(am) DR TR

and use dimensional analysis to see there are universal constants so that

ao(1,P) = L(4n) m/2r(%)1r(%)c0m/Mn{I}dx (3.16.c)
ax(1,P) = %(47r)m/2F(T2)1F(T2)%/MTr{chTId
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+ CQ,mPQ,ii}dma

a4(1,P)

am) D) T g [ T et 4 eunlpTd
+  esm|BIPTd + c6,m Qi Qij + Cr.mTD2.ii + C8,mPijD2ij
+  ComP2,iiP2,j; T C10,mP2,ijP2,ij + C11,mPo }diﬂ .

The non-commutativity of the endomorphisms in the vector bundle case
plays no role and consequently we may restrict to the scalar case and omit
“Tr” for the most part henceforth. If P; are operators with leading symbols
given by |¢;|*Id on manifolds M;, then the leading symbol of P, + P» is not
given by {|&]? +|&2|*}21d and hence is no longer an operator in our category.
Thus product formulae do not imply that the coefficients are dimension free.
As in the case of spectral boundary conditions, the coefficients involve non-
trivial dependence upon the dimension of the underlying manifold as is shown
by Theorem 3.16.1.

We begin the proof of Theorem 3.16.1 by showing
Lemma 3.16.2 1. ¢y, =1, c1,m =1, and c2 p, = %
2. cgm =5(M—2), cam = —2(m—2), c5,m = 2(m—2), and cg m = 30(m—2).
3. 2meq m + 2c8,m = 60(m — 2).
4. 4mZ2cq m + 4mcio,m + c11,m = 180(m — 2).
Proof: Let ¢ be a real parameter. Let Df := —(f.;; +ef). Expand

D*f = fuijj +2efui +€°F .

Thus pa ;j(€) = 2¢6;; and py = €°. By Lemma 3.2.17,

an(1,D%) = :0(252)7'T(™2)a, (1, D). (3.16.d)

We use Theorem 3.3.1 to compute a,(1, D) for n = 0, 2,4. Consequently after
taking into account the normalizing constants in Display (3.16.c), we have

coym/ d:r:/ dx,
M M

/ (c1,mT + 2¢2,medi;)dr = / (1 + 6e)dz .
M M

The first assertion of the Lemma now follows.
We use the functional relation sI'(s) = I'(s + 1) to express

[(med)~ip(med) = modm=2 4 pimy=ipmy (3 16.e)

2 2 2 m-4
= (m-2)L()"'T(}).
Thus Equation (3.16.d) and Theorem 3.3.1 yield

/ {03,m7—2 + C47m|p|2 + C57m|R|2 + 067mQZ’jQij
M
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+  (2mer,m + 2c8,m)TE + (4m209,m + dmceio,m + cll,m)EQ}dw

= (m-2) / {572 —2|p? + 2|R|* + 607e + 30022 + 18052}dm.
M

We equate coefficients to complete the proof. 0O
We complete the proof of Theorem 3.16.1 by establishing:

Lemma 3.16.3

1. Cll,m = —360.

90

2. Com = mte

m4—i2, and cio,m =
3. crm =30, c3,m = —60.
Proof: By Lemma 3.2.16,
a4(F,P —€) = a4(F, P) + eao(F, P).

Because pg = —¢, ¢11,m = —360cq . Consequently, Assertion (1) follows from
Lemma 3.16.2.
By Lemma 3.16.2 (2) and Assertion (1),

mcy,m + Clo,m = 45. (316f)

To complete the proof of Assertion (2), we derive another relationship between
cg,m and cig,m,. Give the flat dimensional torus A = T™ the product metric.
Let Z;; be a collection of self-adjoint Pauli matrices which satisfy the relations:

i =525 and Z;Eg + EgZi; = {0idj + dudjr}- (3.16.g)
Let Q-f :=E;jf.ij +&f and let P. := Q2. Then
P.f = ZiySufijm +2Eifuj+°f
= ${EiZk + EuZij} fijm + 2650 faj + €2 f
= fuijj +265i a5 +€°F .
By Lemma 3.2.18 with n = d = 4, 82a4(1, P.) = (m — 2)ag(1, Py) so

2 == ==
360 /M Tr {409,m—'ii—‘jj +4ci0,m =i 245 + cll’m}dm

= (m-2) /MTr{Id}d:n.

The commutation relations of Equation (3.16.g) show that
- - _ 1 ifi=y,
Tr {‘—‘ii‘—‘jj} = Tr (Id) { 0 ifi ;é 7,
- 1 ifi=j
sz - wa{ ) oY
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This leads to the relationship 4mcg ., + 2m(m + 1)c10,m — 360 = 180(m — 2)
or equivalently that
209,m + (m + I)CIO,m =90. (316h)

We solve Equations (3.16.f) and (3.16.h) for ¢y, and ci9,m to establish the
validity of Assertion (2).
By Lemma 3.16.2 (3),

2mer m + 2¢8,m = 60(m — 2) . (3.16.1)

Suppose that m = 2. By Equation (3.16.1), 4c72 +2cg2 = 0. As pjp = %63-167',

/ {07,2Tp2,ii + Cg,zpijpz,ij}dﬂf = (cr,m + %08,2)/ {sz,ii}dﬂf =0.
M M

Thus we may take c7 » = 30 and cg,» = —60. We therefore suppose m > 2. One
relationship between the coefficients c7 ,, and cg, is provided by Equation
(3.16.i). We shall derive an independent second relationship between ¢z ,, and
cs,m to complete the proof of the Lemma.

Let V7 = V5, = M x C be the trivial line bundle over a closed m dimensional
Riemannian manifold M and let © be a smooth co-vector field on M. Give
these bundles the flat connection. We define

Aof: = fui+20ifi+Ouf :C*(V1) = C(V2),
Asf: = fii—20ifi—05if =A of : C(V2) = C(V1).
The index of this elliptic complex vanishes if ©® = 0 and hence vanishes for all
O as the index is a continuous integer valued invariant. Therefore by Theorem
1.3.9,
an(1,A*A) —a,(1,AA*) =0 forall n.

We use Equation (1.1.g) to commute covariant derivatives and to see that
20if.ijj — 20 fiij = 20ifjij — 20 faji + 2pikOifik = 2pirOifik -
We may then compute
ATAf = Faiji + 205k + Ok) fijn
+ Q(Gk;jj + ®j;jk + pjk;@j)f;k + @j;jkkf + 0(92)5
Fiijj = 2(Ojik + Okij) fjn
— 2(Ojj + Ojiji + P 0;) firt — Ojijir f + O(O7).

The vanishing of a4 then leads to the relation

/ {807,m7'9k;k + 8¢8,mpjkOjik }da:
M

AA*f

0

_/ {867’m7';k9k +808,mpjk;k®j}dm
M

= —/ {807,m+4087m}7}k®kdm.
M
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Setting © = dr then implies 2¢7 ,, + cs,,m = 0. We combine this relation with
Equation (3.16.i) to complete the proof of the Lemma and thereby also of
Theorem 3.16.1. O

We have restricted to 4" order operators in the interest of simplicity; sim-
ilar methods can be used to study higher order operators. We omit details in
the interest of brevity and refer instead to [180] for further details.

3.17 Pseudo-differential operators

We begin by reviewing some facts which we shall need concerning classic
pseudo-differential operators; we refer to Agranovic [1], to Duistermaat and
Guillemin [152], to Greiner [224], to Grubb [229], to Grubb and Seeley [234],
and to Seeley [339, 341] for further details.

If f is a function with compact support in an open subset O of R™, then
the Fourier transform of f is defined by

f6) = m 2 [T @)
The Fourier inversion formula expresses f dually as
f@) = 2m) ™2 [ eI e fee.
Let P =) .pa(x)0% be a partial differential operator and let p be the total
symbol of P;
p(a,&) = palx)(V-1)17e".
@
We may then use the Fourier inversion formula to see that

Pfa) = (20 S pa@)of [T f e

= (em) 2 / VT, €) F(E)dE

More generally, given a suitable symbol p(z, &), we can define an operator
P = P, on C§°(O) by setting

Pf(x) = (2m) ™2 / VT, €) F(E)dE

We shall suppose p has compact x support in O, that p is smooth in (z, &),
and that p satisfies estimates of the form

|ddEp(z, €)] < Oy 5(1+ €))7

We also assume there exist symbols py_;(z, &) with pg_;(z,t€) = t479(z,¢)
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for t > 1 and |£| > 1 so that the difference p — pg — ... — ps—; satisfies similar
estimates for any j where d is replaced by d — j — 1. In this situation, we say
that P is a classic pseudo-differential operator. The passage to the context
operators on vector bundles over closed manifolds is relatively straightforward
using suitable partitions of unity.

Let d € N = {1,2,...} be a positive integer henceforth. We say that a classic
pseudo-differential operator P of order d on C*°(V) is elliptic with respect to
the cone C if pg — A is invertible for |¢] > 1 and A € C. Let ¥4(M, V') be the
space of all such operators and let Py(M,V) C ¥4(M,V) be the subspace of
partial differential operators. We shall work in the self-adjoint setting for tech-
nical convenience only; most of the results given subsequently are valid, with
suitable modifications, in the setting of classic pseudo-differential operators
which are elliptic with respect to the cone C.

Let V be a unitary connection on a Hermitian vector bundle V. We con-
struct a self-adjoint positive second order partial differential operator which
is elliptic with respect to the cone C by setting

Dou = — U5 + 1. (3.17.&)
This operator will play a central role in what follows. Since D& € Py, (M, V),
these spaces are non-empty for any & € N. It will follow from the following
result, due to Seeley, that Dg/2 € ¥,4(M,V) and hence these spaces are non-

empty as well.

Lemma 3.17.1 Let M be a closed manifold. If P € Wy4(M,V), then P?® is a
self-adjoint classic pseudo-differential operator for any s € C.

A new feature of the heat trace asymptotics for classic pseudo-differential
operators which is not present for differential operators is the presence of log
singularities. This is caused by the fact that the symbols in question must be
smoothed off near £ = 0 and are not homogeneous for |{| < 1.

Theorem 3.17.2 Let M be a closed manifold. If P € Vy4(M,V), then the
fundamental solution of the heat equation, e~ t*, is of trace class and ast |0
there is a complete asymptotic expansion

Trp2{e™ )~ > " an (Pt =™/ £ " by (P)tF log(t) -
n=0 k=1

The invariants by, (P) are locally computable for all k € N. If 2= ¢ N, then
the invariants a,(P) are locally computable as well.

Remark 3.17.3 One can also introduce a smearing endomorphism F' or even
more generally consider Tr 72 {Qe "}, where @ is a suitable chosen auxiliary
operator, to define heat trace invariants. We omit details in the interest of
brevity.

We have a corresponding ( function expression of these invariants. The
analysis of Section 1.3.4 extends to yield:
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Theorem 3.17.4 Let M be a closed manifold. If P € Vy(M,V), then the
zeta function ((s,P) := Tr2{P~*} is well defined for R(s) > . It has a
meromorphic extension to C with isolated simple poles at s = (m —n)/d and
n=20,1,2,.... We have

an(P) = 1e8,—(m_n)/ail(s)¢(s, P)},
bp(P) = —ress=—p{(s+Kk)T(s)((s,P)}.

We say that a property holds generically on ¥4(M,V) or on Py(M,V) if
the corresponding set of symbols defining operators for which the property
holds is a Baire category II subset in the appropriate C*° topology.

If a d*™ order partial differential operator is elliptic with respect to the cone
C, then necessarily d is even. In this setting, the invariants by (P) vanish for all
k. Furthermore a,, (P) = 0 for n odd. The following result was first established
by Gilkey and Grubb [192] and we shall follow the development there for the
most part. We also refer to earlier related work by Cognola et. al. [125].
Theorem 3.17.5 Let M be a closed manifold. Let P € Uq4(M,V).

1. If a;(P) # 0 for 0 < i < d, then an(P + €ld) # 0 for all n for generic
values of € > 0.
. Ifbi(P) #0, then b, (P + €Id) # 0 for all k for generic values of € > 0.
. The invariants {ao(-), ..., aq—1(-)} are generically non-zero on Wy(M,V).
If d is even, then as,(-) is generically non-zero on Py(M,V).
. The invariant by (-) is generically non-zero on V4(M,V).
. If (n —m)/d €N, then an(-) is not locally computable on U4 (M, V).

The remainder of this section is devoted to the proof of Theorem 3.17.5. In
the proof of Assertions (1)-(4), we introduce a sequence of parameters ; and

0;j; these are assumed to be small positive real numbers.
Let P € U4(M,V). Set P. := P+eld. As Tr po{e tF} = e =Ty 2 {e 1},

an(P) = Y fi(=e)fa;(P) and b(P)= Y g(=e)b;(P).

j+dk=n jtk=¢

SRS S

The invariants a,(P:) are polynomial in . If a;(P) # 0 for 0 < i < d, then
these polynomials do not vanish identically and hence for fixed n have only a
finite number of zeros. Assertion (1) now follows; the proof of Assertion (2) is
similar.

The invariants {ao(+),...,aq—1(-),b1(+)} are given by local formulae. Thus
the set of all P where such an invariant is non-zero is an open subset of
U4(M,V). To prove Assertions (3) and (4), it suffices to show that the set
where such an invariant is non-zero is dense in ¥y(M, V).

The Seeley calculus yields

ag(P) = (2m) " 51— /Tl“ {/e—*(pd(m,g) - /\)_1d>\} dédz

where the d\ integral runs over a suitably chosen contour in the complex
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plane, where the d¢ integral runs over the fiber of the cotangent bundle over
z, and where the dz integral ranges over M.

The Cauchy integral formula shows that the d\ integral defines an opera-
tor whose eigenvalues are the negative exponential of the eigenvalues of pg.
As these eigenvalues are necessarily positive, the trace is positive and expo-
nentially decreasing in &. Thus the dédz integral is absolutely convergent so
ao(P) > 0. This proves Assertion (3) for the invariant ao.

Fix 1 < i < d. By Lemma 3.17.1, Pi/d ¢ \IJ%(M, V). Set

Pi.:=P+eP %/ for £>0.

Since (i —m)/d ¢ N, a;(P;.) is given by a local formula and hence, since
we are perturbing the lower order terms, is polynomial in €. Thus either it
vanishes identically or it is non-zero for all but a finite number of values of ¢.
We compute

O.Tr po{e e} g = —tTr L2 { P/ de=tP)

A straightforward computation with the Mellin transform along the lines de-
veloped in Section 1.3.4 yields

8E{F(S)C(S: Pi,s)}|€:0
= / ts_lagTI' L2{€_tPi‘£ }|E:Odt
0

_ /OO t(3+1)_1’I‘I‘Lz{P(d_i)/dE_tP}dt
0

= —I(s+1){(s+1+54 P)=-T(s+1)¢((s+ L,P).

Since 1 <i < d, I is regular at s = md_i + 1. Consequently,
0-0i(Pic)ls=0 = —T("F +1res ,_m_s((s+ &, P)
= —D(Z- 4+ 1)0(2) 'res s=m{T(s)((s, P)}

= T(mH £ 1T(2) ag(P) £0.

It now follows that a;(-) is generically non-zero; this establishes Assertion (3).
The proof of Assertion (4) is similar. Let d = 2d and set

Pe:=D% 46, DI ' + ...+ e0ld € Py(M,V).

The argument given to establish Assertion (3) shows a,(Ps) for 0 < n < d
and n even is non-zero for generic values of £ generically non-zero. Assertion
(1) then yields a,(Pz) generically non-zero for all even n. Fix such a value of
€. Suppose that R € Py(M,V). Let

Ry := R+ (1—o)P- for ge€0,1].

The invariants a,(R,) are analytic in p. They do not vanish for p = 0 by
assumption. Thus these analytic invariants do not vanish for generic values of
o which establishes Assertion (4).

© 2004 by CRC Press LLC



Next, we study the invariant by. Let P € ¥4(M, V). The arguments given
above show there exist small constants o; and g, so that

m+1(Q) #0 where @ := p2ld 4 lel/d + 02 € Uy(M,V).

Since T is regular at s = —1/2, Theorem 3.17.4 implies

res . 1{¢(s,Q)} #0. (3.17.b)
We have Q1/2 € ¥, (M, V). Since ((s,QY?) = ((£,Q), Equation (3.17.b)
shows that ((s,@Q'/?) has a non-trivial simple pole at s = —1. Therefore

Theorem 3.17.4 shows

bi(Q2) = —res o 1{(s + DT()((s,Q/2)} £0.
We apply Assertion (2) to choose g3 small so

ba(R) #0 where R:=QY?+ psId € U (M,V).

We now have that I'(s)((s, R) has a non-trivial double pole at s = —d so
((s, R) has a non-trivial residue at s = —d. Consequently

bi(RY) = res =1 {(s + 1)['(s)¢(ds, R)} #0.
We note that R? and P have the same leading symbol. We now set
Ry, = (1 — 04)P + 04R* € W y(M, V).

The invariant b; (R,, ) is analytic in o4 and non-trivial as b; (R?) # 0. Therefore
b1 (R,,) # 0 for all but a countable number of values of g4. Assertion (5) now
follows.

To prove Assertion (6), we let n = m + dk for k£ > 0. Suppose that a,(-) is
given by a local formula on ¥4(M, V). Fix a Riemannian metric g on M and
a Hermitian connection V on V. Let Dy = Dy(g,V) be defined by Equation
(3.17.a) and set

P(g,V;d): = o01{(Ds+ 01Dy/” + 021d)"/? + g31d }*
+ (1—0)D5"” € Wy(M,V). (3.17.c)

The invariants by are analytic in g and, by the argument given to prove As-
sertion (5), non-trivial.
For ¢ > 0, set P.(g,V; d) := c?P(g,V; d). We have

Dy(g; V) = Da(c?g; V).
Consequently, Equation (3.17.c) implies
Pe(9,V;8) = P(c%g,V;co1,¢* 03,03, 04) -

Agsume that a, is given by a local formula. The analysis performed in
Section 1.7 shows that the integrands comprising a,, would rescale according
to a power law in c¢. On the other hand, it is immediate from the defining

© 2004 by CRC Press LLC



asymptotic series that

bi(Pe(9,V; d)) = c*bi(P(g,V; ), and
an(P.(g,V; ) = c*an(P(g,V; ) + log(c)c* b (P(g, V; 9)) -

Since the log(c) appears with a non-trivial coefficient, a,, is not given by a
local formula. m|

© 2004 by CRC Press LLC
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